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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 115 ]. This is test number [ 22 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed

Rubi % 100. (115 ) %0.(0)
Mathematica | % 99.13 ( 114 ) %087 (1)

Maple % 91.3 ( 105 ) % 8.7 (10)

Maxima % 13.04 (15) | % 86.96 ( 100 )
Fricas % 26.09 (30) | %7391 (85)
Sympy % 23.48 (27) | % 76.52 (88)
Giac % 29.57 (34) | %7043 (81)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 37.39 0. 61.74 0.87
Maple 50.43 39.13 1.74 8.7
Maxima 13.04 0. 0. 86.96
Fricas 20.87 5.22 0. 73.91
Sympy 15.65 7.83 0. 76.52
Giac 27.83 1.74 0. 70.43




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.
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System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.27 283.78 0.96 242. 1.
Mathematica 0.84 261.14 0.92 212. 0.93
Maple 0.03 867.32 2.73 397. 1.78
Maxima 0.67 150.27 0.93 135. 1.37
Fricas 3.87 1093.07 6.38 856.5 5.78
Sympy 7.79 253.33 1.44 216. 1.36
Giac 1.61 259.24 1.52 244, 1.68

1.4 list of integrals that has no closed form an-
tiderivative

{103, [107, [LT0, T12, 115}

1.5

known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6

verification

list of integrals solved by CAS but has no

list of integrals solved by CAS but failed

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

LNV AEWNR
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2)/3, 4[5} 617, 8l O} 10}[L1} L2} 13, 1415} 16} 17} 18| 19| [20} {21} 22} 23} 04} 25| 26, [27]
[28,29,30,B1}[32}[33, 34} 35}, [36} 37} 38} 39}, [40} [4 T}, 2} |43} [44} (451 46, |47, 48, 49, [50} [5 T} 524 53, (54
55156, [57, 58, 159} (60} 61624 [63, (64 (65}, (66, (67, 68, 694 704 711,72, [73} [74} [75}, (76477, 78, [79}, B0} BT,
[2,83,84}851[86, 187,88, [8% |00} 01} 92}[93) 94} 95}96} 97 [98} 99} [L00} [101}, 102} [103} 104} 05} 106}
[107[108} [109} [TT0} 11} 112 [TT3} {14} 115}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: (R BAEEABHI
(62} 96} 97,08} [103} [104] [108] [106,[107} 109 mmm

B grade: { }

E
=]
(=]
=

[17)[18}[19} 20} 21} 22} [57, [58, [5% [60} 61}

5}

—
—
—

5

B
[
N
—
[

C grade: { 23,2425 39} {40} [41) [42} 43} [44}[49)
@@L@@@ @I@@L 73747576, [77,[78,
[79,/80[81} 82} [83) [84} 1851 [86} 87} [88} 89} [90} [O1 (9} {00} 10T} 102}

F grade: {108}

2.1.3 Maple

A grade: {[1}[2}[3} 4} 5} 6} 7} B} [0} [10 [19][25][26][31] 37, 38| 39 [43] [£4] [£5], [46]
F£8, 19} 50} 51} 52} 53} 66, 673 168, 73, 77 78, 79,80, 51, 83 85 86, 87, 91, 92, 04} 65}, 06, 97} [00} 103}

[[07,110}112}[115]}

B grade: (T3} 14,20} 21,22, 23, 20,27 25,2
50167 52 65 64 65, 69, 70,71 T 74, 70} PO

C grade: {}
F grade: { [55,50){[07 10 107} 08} 09 LT3} (13114}

2.1.4 Maxima
A grade: {[1}[2} B} [4 [0} [L0} [T} [16} 17} [18}[103} 107} 110} 112}, [115]
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B grade: { }

C grade: { }

F grade: { [5}[6}[7} B} 12} 13} [14} 15} 19} 20} 21} 22} 23} 24} 25} [26), 27} [28), [29} 30} 3T} B2} B3} B4} B
(36137, [38} 39} 40} (411 42} 43 [£4} [£5 46, 47, 48} [£9), 50, 511, 52 (53, 54} 55,56} 57, 58, 59, 60}, 611, 62
@@@L@@@@@L@
90}[91}[921[93}, (94} [951}[96}[97,[08},[09}, [100} 101}, 102}, [104]} 105}, [106] 108} 109}, 111} 113} [114] }

21.5 FriCAS

A grade: {[1}[2,[3}[4} 5} (6} [7} 9} [L0} [11} [12} [13} [14}[16} 17} [L8} [L9} [20} [21} 57} [58} [5%} [110} 115 }

B grade: {[8}[15}[22,60}[61}[98]}

C grade: { }

F grade: {[23,24)[25 [26][27] 28] 29] [37,[38}[39} [40} [41} [42} [£3] 44} [45},[46]
[47,[48}[49}[50} 51}, 52} [53} [543 55, @@L....@@@.

79,80, 81} 182, 183,84} 85,8687 |83, [961[97[09} [100} [T01} [102} [103} [L04 [103)
[106, 107} 108} {109} L 1T} (12, 113,114}

HBI
=l
&l

ElEl

EE

IE
kS
Kk

2.1.6 Sympy

A grade: (1) 245 6 B 9 0} ) 6, 7 5 7 0307 30, A2, 19
B grade: (71213 00 (5 M, 20,20)

C grade: { }

F grade: {[22} 23] 24} [25) 26} 27 28, 29} B0} 81} [B2} 33} [34) 35} (36} [37} 38 [59) 40 i1 2 43, 4, [
[0} 7, 18, (29} 50} 51, 52, 53, 54 55, 56, 57} 58} 59} 60, 1} 624 63} 624 65, 66, 67 (68, 694 70} 7L, 72,
[73, 7475, 76, 7778, 79, 180, 81, B2 [83} B4 183, |86} 187,188, 189, 00} 01 02, 03, 04 95, 96, 98, 99}, {100}
|101L|102L|1O4mem 109,111} (113114}

21.7 Giac

A grade: {[1}[2,3, 4[5} 617} 8} 0} [10}[L1} L2} 13, [14} 15} 16} 17} [18} 19} [20} [21} 22} 57} |58} |69} [60} 61}
103107110, T12}[115]}

B grade: {[63}[98] }

C grade: { }

P grade: (252125 2027 25 29,5051 253 54 550,57 55 )0 L 3 3, 5
47,48} [49}[50} 51} [52} (53} [54 551, 56} (62} (64} [6.5}[66} (67} [68} [693 704 [71}[72} [73}[74} [75} 76}, [77, [78, 79,
[80}/81} 82} 83} 184} 185} (86} [87} (88} [89} 90} 91} 92} 93} 04} [95}, 96}, [97] [99} [100}, 101}, 102} [104} 105} 106

[108}[109} I11} [113] 114}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — -
optimal antiderivative leaf size
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Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 172 176 236 531 236 284
normalized size | 1 1. 1. 1.02 1.37 3.09 1.37 1.65
time (sec) N/A 0.192 0.087 0.002  0.986 1.25  0.089 1.21
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 130 135 181 398 173 217
normalized size | 1 1. 1. 1.04 1.39 3.06 1.33  1.67
time (sec) N/A 0.135 0.066 0.001 0996 1.247 0.081 1.16
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 96 94 126 282 121 154
normalized size | 1 1. 1.02 1. 1.34 3. 1.29 1.64
time (sec) N/A 0.083 0.036 0. 0.99 1.245 0.072 1.216
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 56 53 70 163 63 89
normalized size | 1 1. 1. 0.95 1.25 291 112 1.59
time (sec) N/A 0.037 0.012 0. 1.026 1.228 0.063 1.15
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 81 81 72 119 0 423 206 108
normalized size | 1 1. 0.89 1.47 0. 5.22 254 133
time (sec) N/A 0.08 0.053 0.006 0. 1.486 0.837 1.196
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 95 163 0 660 190 128
normalized size | 1 1. 0.88 1.51 0. 6.11 1.76  1.19
time (sec) N/A 0.085 0.067 0.008 0. 1.465 1.583 1.147
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 130 175 0 1002 246 182
normalized size | 1 1. 1. 1.35 0. 7.71 1.89 1.4
time (sec) N/A 0.108 0.08 0.009 0. 1.506 3.642 1.158
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 171 171 171 210 0 1355 313 248
normalized size | 1 1. 1. 1.23 0. 7.92 1.83 1.45
time (sec) N/A 0.163 0.102 0.01 0. 1.559 8424 1.2
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 226 237 319 676 304 382
normalized size | 1 1. 1. 1.05 1.41 2.99 1.35 1.69
time (sec) N/A 0.214 0.081 0.001 1.036  1.258 0.098 1.176
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 158 169 227 479 216 273
normalized size | 1 1. 1. 1.07 1.44 3.03 1.37  1.73
time (sec) N/A 0.167 0.06 0. 1.015 1.276 0.087 1.145
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 96 101 135 282 121 162
normalized size | 1 1. 1.02 1.07 1.44 3. 1.29 1.72
time (sec) N/A 0.081 0.029 0.002 1.016  1.262 0.074 1.216
Problem 12, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 115 243 0 775 343 240
normalized size | 1 1. 0.81 1.71 0. 5.46 242 1.69
time (sec) N/A 0.208 0.064 0.004 0. 1.481 1.334 1.173
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 134 299 0 1150 479 263
normalized size | 1 1. 0.82 1.82 0. 7.01 2.92 1.6
time (sec) N/A 0.232 0.093 0.009 0. 1.591 3.647 1.161
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 207 207 183 397 0 1613 400 321
normalized size | 1 1. 0.88 1.92 0. 7.79 1.93  1.55
time (sec) N/A 0.239 0.127 0.011 0. 1.586 18923 1.2
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 240 240 242 360 0 2117 486 420
normalized size | 1 1. 1.01 1.5 0. 8.82 202 175
time (sec) N/A 0.28 0.16 0.01 0. 1.606 96.292 1.158
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 310 310 310 339 440 938 423 541
normalized size | 1 1. 1. 1.09 1.42 3.03 1.36  1.75
time (sec) N/A 0.387 0.114 0. 0986 1.276 0.113 1.142
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 226 244 323 676 304 390
normalized size | 1 1. 1. 1.08 1.43 2.99 1.35 1.73
time (sec) N/A 0.216 0.083 0. 1.011  1.247 0.098 1.16
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 130 149 197 398 173 234
normalized size | 1 1. 1. 1.15 1.52 3.06 1.33 1.8
time (sec) N/A 0.135 0.05 0.002 099  1.238 0.085 1.139
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 227 227 179 401 0 1216 508 414
normalized size | 1 1. 0.79 1.77 0. 5.36 224 182
time (sec) N/A 0.371 0.093 0.005 0. 1.551 2.001 1.148
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 242 176 475 0 1701 654 433
normalized size | 1 1. 0.73 1.96 0. 7.03 2.7 1.79
time (sec) N/A 0.399 0.128 0.013 0. 1.552 7.281 1.22
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 291 291 219 589 0 2291 862 501
normalized size | 1 1. 0.75 2.02 0. 7.87 296  1.72
time (sec) N/A 0.416 0.157 0.013 0. 1.646 59.853 1.187
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Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 348 348 295 735 0 2913 0 603
normalized size | 1 1. 0.85 211 0. 8.37 0. 1.73
time (sec) N/A 0.45 0.21 0.013 0. 1.711 0. 1.208
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 544 544 373 1332 0 0 0 0
normalized size | 1 1. 0.69 2.45 0. 0 0 0.
time (sec) N/A 0.681 1.135 0.039 0. 0 0 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 381 381 267 865 0 0 0 0
normalized size | 1 1. 0.7 2.27 0. 0 0 0.
time (sec) N/A 0.378 0.752 0.015 0. 0 0 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 283 283 212 394 0 0 0 0
normalized size | 1 1. 0.75 1.39 0. 0 0 0.
time (sec) N/A 0.181 0.395 0.017 0. 0 0 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 271 271 192 328 0 0 0 0
normalized size | 1 1. 0.71 1.21 0. 0 0 0.
time (sec) N/A 0.171 0.349 0.038 0. 0 0 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 274 274 297 1236 0 0 0 0
normalized size | 1 1. 1.08 4.51 0. 0 0 0.
time (sec) N/A 0.205 0.973 0.042 0. 0 0 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 385 385 379 2856 0 0 0 0
normalized size | 1 1. 0.98 7.42 0. 0. 0. 0.
time (sec) N/A 0.38 1.269 0.055 0. 0. 0. 0.
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 543 543 372 1332 0 0 0 0
normalized size | 1 1. 0.69 2.45 0. 0. 0. 0.
time (sec) N/A 0.645 1.141 0.016 0. 0. 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 400 400 275 870 0 0 0 0
normalized size | 1 1. 0.69 2.17 0. 0. 0. 0.
time (sec) N/A 0.439 0.844 0.018 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 369 369 248 671 0 0 0 0
normalized size | 1 1. 0.67 1.82 0. 0. 0. 0.
time (sec) N/A 0.4 0.706 0.025 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 373 373 296 1231 0 0 0 0
normalized size | 1 1. 0.79 3.3 0 0 0. 0.
time (sec) N/A 0.394 1.002 0.028 0 0 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 376 376 382 2860 0 0 0 0
normalized size | 1 1. 1.02 7.61 0 0 0. 0.
time (sec) N/A 0.423 1.3 0.037 0 0 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 531 531 545 5113 0 0 0 0
normalized size | 1 1. 1.03 9.63 0 0 0. 0.
time (sec) N/A 0.615 1.835 0.069 0 0 0. 0.
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 551 551 386 1386 0 0 0 0
normalized size | 1 1. 0.7 2.52 0. 0. 0. 0.
time (sec) N/A 0.628 1.18 0.025 0. 0. 0. 0.
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 396 396 279 924 0 0 0 0
normalized size | 1 1. 0.7 2.33 0. 0. 0. 0.
time (sec) N/A 0.448 0.823 0.02 0. 0. 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 282 282 215 501 0 0 0 0
normalized size | 1 1. 0.76 1.78 0. 0. 0. 0.
time (sec) N/A 0.184 0.424 0.016 0. 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 206 206 131 158 0 0 0 0
normalized size | 1 1. 0.64 0.77 0. 0. 0. 0.
time (sec) N/A 0.102 0.161 0.018 0. 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 206 334 0 0 0 0
normalized size | 1 1. 0.99 1.6 0. 0. 0. 0.
time (sec) N/A 0.085 0.637 0.024 0. 0. 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 284 284 302 1352 0 0 0 0
normalized size | 1 1. 1.06 4.76 0. 0. 0. 0.
time (sec) N/A 0.211 1.082 0.031 0. 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 401 401 393 3039 0 0 0 0
normalized size | 1 1. 0.98 7.58 0. 0. 0. 0.
time (sec) N/A 0.413 1.291 0.042 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 501 501 369 1169 0 0 0 0
normalized size | 1 1. 0.74 2.33 0. 0. 0. 0.
time (sec) N/A 0.599 1.161 0.046 0. 0. 0. 0.
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 358 358 260 750 0 0 0 0
normalized size | 1 1. 0.73 2.09 0. 0. 0. 0.
time (sec) N/A 0.363 0.765 0.025 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 258 258 208 393 0 0 0 0
normalized size | 1 1. 0.81 1.52 0. 0. 0. 0.
time (sec) N/A 0.162 0.382 0.023 0. 0. 0. 0.
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 212 349 0 0 0 0
normalized size | 1 1. 1.01 1.67 0. 0. 0. 0.
time (sec) N/A 0.085 0.374 0.025 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 272 272 262 581 0 0 0 0
normalized size | 1 1. 0.96 2.14 0. 0. 0. 0.
time (sec) N/A 0.221 0.72 0.029 0. 0. 0. 0.
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 375 375 428 1742 0 0 0 0
normalized size | 1 1. 1.14 4.65 0. 0. 0. 0.
time (sec) N/A 0.392 2.065 0.038 0. 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 212 349 0 0 0 0
normalized size | 1 1. 1.01 1.67 0. 0. 0. 0.
time (sec) N/A 0.086 0.409 0.036 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 247 247 220 359 0 0 0 0
normalized size | 1 1. 0.89 1.45 0. 0. 0. 0.
time (sec) N/A 0.24 0.694 0.048 0. 0. 0. 0.
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Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 237 237 213 345 0 0 0 0
normalized size | 1 1. 0.9 1.46 0. 0. 0. 0.
time (sec) N/A 0.218 0.432 0.042 0. 0. 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 242 221 354 0 0 0 0
normalized size | 1 1. 0.91 1.46 0. 0. 0. 0.
time (sec) N/A 0.237 0.466 0.048 0. 0. 0. 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 191 191 81 105 0 0 0 0
normalized size | 1 1. 0.42 0.55 0. 0. 0. 0.
time (sec) N/A 0.096 0.142 0.037 0. 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 262 262 142 367 0 0 0 0
normalized size | 1 1. 0.54 1.4 0. 0. 0. 0.
time (sec) N/A 0.168 0.202 0.02 0. 0. 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 356 356 186 775 0 0 0 0
normalized size | 1 1. 0.52 2.18 0. 0. 0. 0.
time (sec) N/A 0.322 0.324 0.023 0. 0. 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 104 0 0 0 0 0
normalized size | 1 1. 0.92 0. 0. 0. 0. 0.
time (sec) N/A 0.204 0.383 0.236 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 526 526 203 0 0 0 0 0
normalized size | 1 1. 0.39 0. 0. 0. 0. 0.
time (sec) N/A 0.63 0.402 0.154 0. 0. 0. 0.
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Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 124 1942 0 1701 0 227
normalized size | 1 1. 0.97 15.17 0. 13.29 0. 1.77
time (sec) N/A 0.142 0.245 0.042 0. 7.519 0. 1.472
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 304 304 265 1541 0 3518 0 392
normalized size | 1 1. 0.87 5.07 0. 11.57 0. 1.29
time (sec) N/A 0.299 0.343 0.039 0. 43.415 0. 1.755
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 150 1052 0 2346 0 248
normalized size | 1 1. 0.9 6.34 0. 14.13 0. 1.49
time (sec) N/A 0.105 0.306 0.015 0. 11.074 0. 1.65
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 88 646 0 1596 0 159
normalized size | 1 1. 0.97 7.1 0. 17.54 0. 1.75
time (sec) N/A 0.048 0.11 0.009 0. 7.24 0. 1.665
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 49 306 0 513 0 100
normalized size | 1 1. 1. 6.24 0. 10.47 0. 2.04
time (sec) N/A 0.02 0.011 0.009 0. 1.705 0. 1.542
Problem 62, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 113 782 0 0 0 0
normalized size | 1 1. 0.93 6.41 0. 0. 0. 0.
time (sec) N/A 0.111 0.177 0.037 0. 0. 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) B
verified N/A Yes NO TBD TBD TBD TBD TBD
size 203 203 531 1865 0 0 0 647
normalized size | 1 1. 2.62 9.19 0. 0. 0. 3.19
time (sec) N/A 0.265 2.558 0.056 0. 0. 0. 16.932
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Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(@1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 608 776 456 1891 0 0 0 0
normalized size | 1 1.28 0.75 3.11 0. 0. 0. 0.
time (sec) N/A 0.763 2.638 0.036 0. 0. 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 400 400 346 1059 0 0 0 0
normalized size | 1 1. 0.86 2.65 0. 0. 0. 0.
time (sec) N/A 0.289 1.49 0.015 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 321 321 184 340 0 0 0 0
normalized size | 1 1. 0.57 1.06 0. 0. 0. 0.
time (sec) N/A 0.191 0.366 0.013 0. 0. 0. 0.
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 143 191 0 0 0 0
normalized size | 1 1. 1.4 1.87 0. 0. 0. 0.
time (sec) N/A 0.034 0.231 0.017 0. 0. 0. 0.
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 347 390 0 0 0 0
normalized size | 1 1. 1.66 1.87 0. 0. 0. 0.
time (sec) N/A 0.105 0.773 0.024 0. 0. 0. 0.
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 401 401 427 2068 0 0 0 0
normalized size | 1 1. 1.06 5.16 0. 0. 0. 0.
time (sec) N/A 0.367 3.437 0.036 0. 0. 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 630 630 584 6245 0 0 0 0
normalized size | 1 1. 0.93 9.91 0. 0. 0. 0.
time (sec) N/A 0.719 3.079 0.063 0. 0. 0. 0.
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Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 659 784 445 1939 0 0 0 0
normalized size | 1 1.19 0.68 2.94 0. 0. 0. 0.
time (sec) N/A 0.753 2.495 0.023 0. 0. 0. 0.
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 403 403 739 1028 0 0 0 0
normalized size | 1 1. 1.83 2.55 0. 0. 0. 0.
time (sec) N/A 0.304 1.104 0.017 0. 0. 0. 0.
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 328 328 184 300 0 0 0 0
normalized size | 1 1. 0.56 0.91 0. 0. 0. 0.
time (sec) N/A 0.191 0.356 0.018 0. 0. 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 224 224 492 630 0 0 0 0
normalized size | 1 1. 2.2 2.81 0. 0. 0. 0.
time (sec) N/A 0.112 1.277 0.03 0. 0. 0. 0.
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 391 391 999 1876 0 0 0 0
normalized size | 1 1. 2.55 4.8 0. 0. 0. 0.
time (sec) N/A 0.404 1.813 0.036 0. 0. 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(@1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 639 639 570 6211 0 0 0 0
normalized size | 1 1. 0.89 9.72 0. 0. 0. 0.
time (sec) N/A 0.779 2.891 0.062 0. 0. 0. 0.
Problem 77, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 621 621 350 988 0 0 0 0
normalized size | 1 1. 0.56 1.59 0. 0. 0. 0.
time (sec) N/A 0.463 1.389 0.026 0. 0. 0. 0.
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 319 319 197 341 0 0 0 0
normalized size | 1 1. 0.62 1.07 0. 0. 0. 0.
time (sec) N/A 0.176 0.371 0.021 0. 0. 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 143 191 0 0 0 0
normalized size | 1 1. 1.4 1.87 0. 0. 0. 0.
time (sec) N/A 0.033 0.23 0.018 0. 0. 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 101 118 0 0 0 0
normalized size | 1 1. 1.01 1.18 0. 0. 0. 0.
time (sec) N/A 0.121 0.221 0.021 0. 0. 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 344 344 365 413 0 0 0 0
normalized size | 1 1. 1.06 1.2 0. 0. 0. 0.
time (sec) N/A 0.22 0.787 0.03 0. 0. 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 435 435 433 2062 0 0 0 0
normalized size | 1 1. 1. 4.74 0. 0. 0. 0.
time (sec) N/A 0.554 3.422 0.043 0. 0. 0. 0.
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F(@1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 980 980 352 1063 0 0 0 0
normalized size | 1 1. 0.36 1.08 0. 0. 0. 0.
time (sec) N/A 1.113 1.567 0.032 0. 0. 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 223 223 304 594 0 0 0 0
normalized size | 1 1. 1.36 2.66 0. 0. 0. 0.
time (sec) N/A 0.12 1.042 0.027 0. 0. 0. 0.
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Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 207 285 0 0 0 0
normalized size | 1 1. 0.99 1.36 0. 0. 0. 0.
time (sec) N/A 0.105 0.466 0.025 0. 0. 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 344 344 221 303 0 0 0 0
normalized size | 1 1. 0.64 0.88 0. 0. 0. 0.
time (sec) N/A 0.222 0.619 0.026 0. 0. 0. 0.
Problem 87, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 539 539 418 956 0 0 0 0
normalized size | 1 1. 0.78 1.77 0. 0. 0. 0.
time (sec) N/A 0.479 3.856 0.035 0. 0. 0. 0.
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 814 814 1645 4115 0 0 0 0
normalized size | 1 1. 2.02 5.06 0. 0. 0. 0.
time (sec) N/A 0.958 5.942 0.058 0. 0. 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 239 204 370 0 0 0 0
normalized size | 1 0.99 0.84 1.53 0. 0. 0. 0.
time (sec) N/A 0.147 0.356 0.035 0. 0. 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 192 192 71 120 0 0 0 0
normalized size | 1 1. 0.37 0.62 0. 0. 0. 0.
time (sec) N/A 0.092 0.192 0.008 0. 0. 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 50 64 0 0 0 0
normalized size | 1 1. 0.86 1.1 0. 0. 0. 0.
time (sec) N/A 0.022 0.173 0.013 0. 0. 0. 0.
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Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 122 147 0 0 0 0
normalized size | 1 1. 1.01 1.21 0. 0. 0. 0.
time (sec) N/A 0.06 0.346 0.033 0. 0. 0. 0.
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 215 215 357 477 0 0 0 0
normalized size | 1 1. 1.66 2.22 0 0 0. 0.
time (sec) N/A 0.145 0.378 0.033 0 0 0. 0.
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 298 298 134 293 0 0 0 0
normalized size | 1 1. 0.45 0.98 0 0 0 0
time (sec) N/A 0.179 0.302 0.027 0 0 0 0
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 94 133 0 0 0 0
normalized size | 1 1. 1.01 1.43 0 0 0 0
time (sec) N/A 0.036 0.198 0.02 0 0 0 0
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 49 53 0 0 0 0
normalized size | 1 1. 1. 1.08 0 0 0 0
time (sec) N/A 0.042 0.017 0.019 0 0 0 0
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 37 35 0 0 19 0
normalized size | 1 1. 1.03 0.97 0 0 0.53 0.
time (sec) N/A 0.025 0.042 0.026 0 0 5.787 0.
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 113 191 1622 0 1079 0 454
normalized size | 1 1. 1.69 14.35 0. 9.55 0. 4.02
time (sec) N/A 0.119 0.578 0.03 0. 13.927 0. 3.946
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Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 359 359 422 793 0 0 0 0
normalized size | 1 1. 1.18 2.21 0. 0. 0. 0.
time (sec) N/A 0.324 2.412 0.043 0. 0. 0. 0.
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 381 381 401 765 0 0 0 0
normalized size | 1 1. 1.05 2.01 0. 0. 0. 0.
time (sec) N/A 0.291 1.993 0.036 0. 0. 0. 0.
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 426 426 617 1105 0 0 0 0
normalized size | 1 1. 1.45 2.59 0. 0. 0. 0.
time (sec) N/A 0.373 5.699 0.046 0. 0. 0. 0.
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 485 485 587 1078 0 0 0 0
normalized size | 1 1. 1.21 2.22 0. 0. 0. 0.
time (sec) N/A 0.347 2.795 0.028 0. 0. 0. 0.
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 36 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.057 0.741 0.071 0. 0. 0. 0.
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 545 545 503 0 0 0 0 0
normalized size | 1 1. 0.92 0. 0. 0. 0. 0.
time (sec) N/A 0.487 1.351 0.066 0. 0. 0. 0.
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 162 0 0 0 0 0
normalized size | 1 1. 0.99 0. 0. 0. 0. 0.
time (sec) N/A 0.134 0.1 0.062 0. 0. 0. 0.
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Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 148 148 0 0 0 0 0
normalized size | 1 1. 1. 0. 0 0 0. 0.
time (sec) N/A 0.085 0.082 0.076 0 0 0. 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 36 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.061 0.756 0.073 0. 0. 0. 0.
Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F(-1) F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 484 484 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.753 0.667 0.06 0. 0. 0. 0.
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 319 319 148 0 0 0 0 0
normalized size | 1 1. 0.46 0. 0. 0. 0. 0.
time (sec) N/A 0.467 0.099 0.069 0. 0. 0. 0.
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 36 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.06 0.968 0.069 0. 0. 0. 0.
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 541 541 512 0 0 0 0 0
normalized size | 1 1. 0.95 0. 0. 0. 0. 0.
time (sec) N/A 0.436 1.623 0.059 0. 0. 0. 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 36 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.056 0.17 0.068 0. 0. 0. 0.
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Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 159 159 159 0 0 0 0 0
normalized size | 1 1. 1. 0. 0. 0. 0. 0.
time (sec) N/A 0.135 0.092 0.062 0. 0. 0. 0.
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 148 148 0 0 0 0 0
normalized size | 1 1. 1. 0. 0. 0. 0. 0.
time (sec) N/A 0.08 0.083 0.067 0. 0. 0. 0.
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 36 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.055 0.873 0.07 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [64] had the largest ratio of [ 0.2812

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\'/ative leaf size intogrand leal size
used rules leaf size

1 A 2 1 1. 24 0.042

2 A 2 1 1. 24 0.042

3 A 2 1 1. 24 0.042

4 A 2 1 1. 22 0.045

5 A 3 3 1. 24 0.125

6 A 3 3 1. 24 0.125

7 A 3 3 1. 24 0.125

3 A 4 4 1. 24 0.167

9 A 2 1 1. 26 0.038

10 A 2 1 1. 26 0.038

11 A 2 1 1. 24 0.042

12 A 4 3 1. 26 0.115

13 A 4 4 1. 26 0.154
Continued on next page
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number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudervative |y | egrand s
used rules leaf size

14 A 4 3 1. 26 0.115
15 A 4 3 1. 26 0.115
16 A 2 1 1. 26 0.038
17 A 2 1 1. 26 0.038
18 A 2 1 1. 24 0.042
19 A 5 3 1. 26 0.115
20 A 5 4 1. 26 0.154
21 A 5 4 1. 26 0.154
22 A 5 3 1. 26 0.115
23 A 7 5 1. 30 0.167
24 A 6 5 1. 30 0.167
25 A 5 5 1. 30 0.167
26 A 5 5 1. 30 0.167
27 A 4 4 1. 30 0.133
28 A 5 5 1. 30 0.167
29 A 7 5 1. 30 0.167
30 A 6 5 1. 30 0.167
31 A 6 6 1. 30 0.2
32 A 6 5 1. 30 0.167
33 A 5 4 1. 30 0.133
34 A 6 5 1. 30 0.167
35 A 7 5 1. 30 0.167
36 A 6 5 1. 30 0.167
37 A 5 5 1. 30 0.167
38 A 4 4 1. 30 0.133
39 A 3 3 1. 30 0.1
40 A 4 4 1. 30 0.133
41 A 5 4 1. 30 0.133
42 A 7 6 1. 30 0.2
43 A 6 6 1. 30 0.2
44 A 5 5 1. 30 0.167
45 A 3 3 1. 30 0.1
46 A 4 4 1. 30 0.133
47 A 5 4 1. 30 0.133
48 A 3 3 1. 30 0.1
49 A 8 7 1. 31 0.226
50 A 8 7 1. 31 0.226
51 A 8 7 1. 32 0.219
52 A 4 4 1. 30 0.133
53 A 5 5 1. 30 0.167
54 A 6 5 1. 30 0.167
55 A 2 2 1. 87 0.023
56 A 5 5 1. 81 0.062
57 A 6 6 1. 28 0.214

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

58 A 14 8 1. 30 0.267
59 A 9 7 1. 30 0.233
60 A 5 5 1. 28 0.179
61 A 2 2 1. 21 0.095
62 A 5 3 1. 30 0.1
63 A 7 5 1. 30 0.167
64 A 14 9 1.28 32 0.281
65 A 7 7 1. 32 0.219
66 A 6 6 1. 32 0.188
67 A 1 1 1. 32 0.031
68 A 3 3 1. 32 0.094
69 A 6 6 1. 32 0.188
70 A 9 8 1. 32 0.25
71 A 14 9 1.19 32 0.281
72 A 7 7 1. 32 0.219
73 A 6 6 1. 32 0.188
74 A 3 3 1. 32 0.094
75 A 6 6 1. 32 0.188
76 A 9 8 1. 32 0.25
77 A 12 8 1. 32 0.25
78 A 6 6 1. 32 0.188
79 A 1 1 1. 32 0.031
80 A 3 2 1. 32 0.062
31 A 5 5 1. 32 0.156
32 A 8 7 1. 32 0.219
33 A 14 9 1. 32 0.281
34 A 3 3 1. 32 0.094
85 A 3 3 1. 32 0.094
86 A 5 5 1. 32 0.156
87 A 8 7 1. 32 0.219
88 A 11 6 1. 32 0.188
39 A 7 7 0.99 28 0.25
90 A 6 6 1. 28 0.214
91 A 1 1 1. 28 0.036
92 A 3 3 1. 28 0.107
93 A 6 6 1. 28 0.214
94 A 6 6 1. 32 0.188
95 A 1 1 1. 32 0.031
96 A 1 1 1. 32 0.031
97 A 3 3 1. 30 0.1
98 A 4 4 1. 28 0.143
99 A 11 9 1. 33 0.273
100 A 8 7 1. 32 0.219
101 A 11 9 1. 33 0.273

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative litzfg:;d %
used rules leaf size

102 A 8 7 1. 32 0.219
103 A 0 0 0. 0 0.
104 A 7 7 1. 34 0.206
105 A 2 2 1. 34 0.059
106 A 2 2 1. 34 0.059
107 A 0 0 0. 0 0.
108 A 8 8 1. 34 0.235
109 A 5 5 1. 34 0.147
110 A 0 0 0. 0 0.
111 A 7 7 1. 34 0.206
112 A 0 0 0. 0 0.
113 A 2 2 1. 34 0.059
114 A 2 2 1. 34 0.059
115 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

31 | (a + bxz) (c + dxz) (e + fxz)4 dx
M. Leaf size=172
%éﬁaqﬂ&f+2@y+wmq44k»+%éﬁ@mﬁ+a@+bwy+%f%“m¢f+mf+uﬂ@+%f%%wﬁj+4d
[Out] axc*e”4*x + (e"3x(bxcke + axdke + 4xaxcxf)*x73)/3 + (e™2x(2¥xa*xf*(2+d*e + 3%
c*f) + bxex(d¥e + 4*cxf))*x75)/5 + (2*exfx(axf*(3xd*e + 2kcxf) + brex(2xdxe

+ 3xcxf))*x77) /7 + (£72%(axf*x(4*d*xe + c*xf) + 2*bxex(3*xdxe + 2%c*f))*x~9)/9
+ (£73%(4*bxd*e + bxckxf + a*xdxf)*x~11)/11 + (b*xd*f~4xx~13)/13

Rubi [A] time = 0.192214, antiderivative size = 172, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 24, e -

0.042, Rules used = {521}

integrand size
los 133 L 51 Lo

ge x°(2af(3cf + 2de) + be(4cf + de)) + 56 x°(4acf + ade + bee) + ﬁf x H(adf + bef + 4bde) + §f x’(af(cf +4d
Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2)*(e + f*x"2)74,x]

[Out] a*c*e™4*x + (e 3*x(bxc*e + axd*e + 4*axcxf)*x"3)/3 + (e 2% (2xa*xf*(2*xd*e + 3%
cxf) + bxex(dxe + 4xcxf))*x"5)/5 + (2kexf*(a*xfx(3kdxe + 2xcxf) + bkxex(2xdxe

+ 3*kc*kf))*x77) /7 + (£72x(axf*(4*xd*e + c*f) + 2*xbxex(3xdxe + 2%c*f))*x79)/9

+ (£f73x(4*xbxd*xe + bxckxf + a*xd*f)*x"11)/11 + (bxd*f~4*x~13)/13

Rule 521

Int[((a_) + (b_)*(x_)" (0 )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_ Ix(x_)"(n))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQlp
, 0] && IGtQ[q, O] && IGtQ[r, O]

Rubi steps

f (a + bxz) (c + de) (e + fxz)4 dx = f (ace4 + e3(bee + ade + dacf)x? + e*(2af (2de + 3cf) + be(de + 4cf))x* + 2e

1 1 2
= acex + 563(bC€ + ade + dacf)x> + gez(Zaf(2de +3cf) + be(de + 4cf))x° + 7

37
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Mathematica [A] time = 0.087498, size = 172, normalized size = 1.

1 1 1 1
gezx5(2af(30f + 2de) + be(4cf + de)) + §e3x3(4acf + ade + bce) + ﬁf3x11(adf + bef + 4bde) + §f2x9(af(cf + 4de) 4

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x"2)*(e + f*x72)74,x]

[Out] axckxe4*x + (e~ 3*(bxcke + axd*e + 4xaxcxf)*x"3)/3 + (e™2%(2*a*xf*(2*xd*e + 3%
cxf) + bxex(dxe + 4xcxf))*x"5)/5 + (2kexf*(a*xfx(3kdxe + 2xcxf) + bkxex(2xd*e

+ 3*kc*kf))*x77) /7 + (£72x(axf*(4*xd*e + c*f) + 2*xbxex(3xdxe + 2%c*f))*x79)/9

+ (£f73x(4*xbxd*xe + b¥ckxf + a*xd*f)*x"11)/11 + (bxd*f~4%x~13)/13

Maple [A] time = 0.002, size = 176, normalized size = 1.

((ad + be) f* + 4 bdef®) x't (acf*+4 (ad + be) ef* + 6 bde?f2)x°  (4acef> +6 (ad + be) 22 + 4 bde®
+ +

bdf4x13
7

+
13 11 9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c)*(f*x"2+e) " 4,x)

[Out] 1/13*b*xd*f~4*xx~13+1/11* ((a*d+b*c) *f 4+4*xbxd*xexf~3) *x~11+1/9* (a*xc*xf~4+4* (axd
+b*c) *exf " 3+6xbxd*xe”2+%f"2) *x"9+1/7* (d*akckexf ~3+6* (a*xd+b*c) xe”~2xf " 2+4*xb*xd*e

“3*f) *x”T7+1/5% (6*axckxe” 2xf " 2+4* (a*xd+b*xc) ¥e~3xf+b*xd*e~4) *x"5+1/3*% (d*xa*xcxe”3*
f+(axd+b*xc)*e”~4) *x"3+axckxe 4*x

Maxima [A] time = 0.986467, size = 236, normalized size = 1.37

1 1 1 2
3 bd f4x'3 + a (4 bdef3 + (bc + ad)f4)x11 *5 (6 bde? f2 + acf* + 4 (bc + ad)ef3)x9 + (2 bde3f + 2 acef? + 3 (bc + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)*(f*x"2+e) 4,x, algorithm="maxima"

[Out] 1/13*b*d*f~4*x~13 + 1/11*(4*b*d*exf~3 + (b*c + axd)*f~4)*x"11 + 1/9*%(6xb*xdx*
e 2xf72 + axc*xf~4 + 4x(bxc + axd)*exf~3)*x”9 + 2/7x(2*bxdxe”3*f + 2kakxckexf

~3 + 3*x(b*c + axd)*e”2*xf"2)*x~7 + axcke 4*x + 1/5%(bxd*e”4 + Gxaxcxe”2%f"2

+ 4x(bxc + axd)*e”3xf)*x"5 + 1/3*(4*axcxe”™3*f + (bxc + a*d)*e”4)*x"3

Fricas [A] time = 1.24982, size = 531, normalized size = 3.09

1 4 1 1 2 4 4 1 4 6
Ex13f4db + ﬁx11f3edb + ﬁx11f4cb + ﬁx11f4da + §x9fzezdb + §x9fsecb + §x9f3eda + §x9f4ca + §x7fe3db o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e)”4,x, algorithm="fricas")

[Out] 1/13%x"13*%f"4xd*b + 4/11*xx " 11%xf " 3%kexd*b + 1/11*xx " 11*xf"4*cxb + 1/11xx"11*xf"4
*dxa + 2/3%x79*xf72%e"2%dxb + 4/9%x"9*xf " 3kexcxb + 4/9%xx"9xf " 3xexd*a + 1/9%x”
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Oxf~4xcka + 4/T*x"Txf*xe”3*xd*xb + 6/7xx"7*f " 2%e”"2*c*xb + 6/7xx"7*f " 2%xe"2*d*a +
4/7xx"T7Txf"3xexcxa + 1/5*%x"b*xe"4xd*xb + 4/5%x"b*xf*xe " 3xcxb + 4/5xx " 5xfxe~3*xdx*
a + 6/5*%x"b*f"2%e"2%c*a + 1/3%x"3%e"4*xcxb + 1/3%x"3*%e"4xd*a + 4/3*%x"3*%f*xe”3

*kc*a + x*e"4d*xc*a

Sympy [A] time = 0.088928, size = 236, normalized size = 1.37

4,13 4 4 4pdef3 4 4adefd  Apcefd  2bde? £2 Aace f3 de?
ace4x+bdfx +x11(af +bcf bdef)+x9(acf N adef . beef N bdef)+x7( acef +6u e’ f

13 11 11 T Tn 9 9 9 3 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x*x2+a)* (d*x**2+c)* (f*x**2+e)**4,x)

[Out] axckex*4xx + bxd*f**x4xx*x*x13/13 + xx*x11*(a*xd*xf*x*x4/11 + bxcxf**4/11 + 4xbxd*e
*xf*x%x3/11) + x**x9% (axcxf*x*4/9 + 4xakxdxexf**x3/9 + 4xbxckexf**x3/9 + 2xbkxdkxe*x*2
*fx%x2/3) + xxxT*x(4d*kakckexf*x*x3/7 + 6Gkxaxdrex*2xf*xx2/7 + BGkxbkckex*x2*xf*xx2/7 + 4
*bxd*kex*3xf/7) + xkk5kx(Bxakckexx2xf*x*x2/5 + 4xaxdkxex*x3xf/5 + 4xbxcxex*x3*xf/5

+ bxd*xex*4/5) + x**x3*x(4dkxakxckex*x3xf/3 + axdxex*x4/3 + bkckex*x4/3)

Giac [A] time = 1.20963, size = 284, normalized size = 1.65

1 1 1 4 1 4 4 2
3 bd f4x13 + a be Al + a1 ad FAx1 + m bdf3xte + 5% 40 + 5 bef3x%e + 5 ad F3x% + 3 bd 2x%e% + S ac 3x7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e) 4,x, algorithm="giac")

[Out] 1/13*%b*d*f~4xx~13 + 1/11xb¥xc*xf~4xx~11 + 1/11*a*xd*f~4xx~11 + 4/11xb*d*f~3xx”
11xe + 1/9xa*xc*f~4*x"9 + 4/9*bxcxf~3*xx"9xe + 4/9%a*xd*f ~3*x"9*e + 2/3*bxdxf~
2%xX79%e”2 + 4/T*xaxcxf~3*xx"Txe + 6/T7*b*xckf~2*x"7*e™2 + 6/T7Txa*xd+*f 2*%x"7*e”2 +
4/Txbxd*xf*xx"7*e~3 + 6/5*xa*xc*f"2*x"5*e”2 + 4/5xbxcxf*x"5%e”3 + 4/5*xaxd*xf*xx”
5%e73 + 1/5*b*xd*x"b*e"4 + 4/3%axckf*x"3*%e”3 + 1/3*bxckx"3*%e”4 + 1/3*a*xd*x"3

*e"4 + akxcxx*e™4
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3
32 (a + bxz) (c + dxz) (e + fxz) dx
Optimal. Leaf size=130
%ezx3(3acf + ade + bce) + %f2x9(adf + bef + 3bde) + ;fx7(af(cf + 3de) + 3be(cf + de)) + %ex5(3af(cf + de) + be(3c

[Out] a*c*xe”3xx + (e"2%(b*cxe + axd*e + 3xaxcxf)*xx"3)/3 + (ex(3xaxfx(dxe + cxf) +
bxex(d*e + 3*cxf))*x"5)/5 + (£f*(3xbkxex(d*e + c*xf) + axf*(3xd*xe + c*xf))*x"7
Y/T7 + (£72%x(3%b*d*e + bkxcxf + axd*f)*x"9)/9 + (bxdxf~3%xx"11)/11

Rubi [A] time = 0.13458, antiderivative size = 130, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 24, e .

integrand size
0.042, Rules used = {521}
1,3 Lo 1.7 1 s
ge x°(3acf + ade + bce) + §f x’(adf + bcf + 3bde) + ;fx (af(cf + 3de) + 3be(cf + de)) + gex (Baf(cf + de) + be(3c

Antiderivative was successfully verified.

[In] Int[(a + b*xx"2)*(c + d*x"2)*(e + f*x"2)73,x]

[Out] a*c*xe”3xx + (e"2%(b*cxe + axd*e + 3xaxcxf)*xx"3)/3 + (ex(3xaxfx(dxe + cxf) +
bxex(d*e + 3*cxf))*x"5)/5 + (f*(3xbkxex(d*xe + c*xf) + axf*x(3xd*xe + c*xf))*x"7
)/T7 + (£72%(3%b*d*xe + bxcxf + axd*f)*x"9)/9 + (bxdxf~3%xx"11)/11

Rule 521

Int[((a_) + (b_)*(x_)" (0 ))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_ Ix(x_)"(n))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQlp
, 0] && IGtQ[lq, 0] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dxz) (e + fxz)3 dx = f (ace3 + e2(bce + ade + 3acf)x> + e(Baf (de + cf) + be(de + 3cf))x* + f(3be(de

1 1 1
= ace®x + gez(bce + ade + 3acf)x> + ge(Baf(de +cf) + be(de + 3cf))x° + ;f(?)be('

Mathematica [A] time = 0.0656983, size = 130, normalized size = 1.

%ezx3(3acf + ade + bce) + %fzxg(adf + bef + 3bde) + ;fx7(af(cf + 3de) + 3be(cf + de)) + %ex5(3af(cf + de) + be(3c

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x"2)*(e + £*x72)73,x]

[Out] a*c*xe”3xx + (e"2%(b*cxe + axd*e + 3xaxcxf)*x"3)/3 + (ex(3xaxfx(dxe + cxf) +
bxex(d*xe + 3*cxf))*x"5)/5 + (£f*(3xbkxex(d*xe + c*xf) + axf*x(3xd*xe + c*xf))*x"7
)/7 + (£72%(3%b*d*e + bxcxf + axd*f)*x"9)/9 + (bxdxf~3%x~11)/11
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Maple [A] time = 0.001, size = 135, normalized size = 1.

bdf3x!t  ((ad +bc) f2+3bdef?)x® (acf>+3 (ad +bc)ef? +3bde?f)x”  (3acef? +3 (ad + bc) e + bde®)
+ + +
11 9 7 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x~2+c)*x(f*x"2+e)~3,x)

[Out] 1/11%bxd*f~3*x"11+1/9%((a*xd+b*c)*f~3+3xb*xd*xe*xf~2)*xx"9+1/7* (a*xc*f~3+3* (a*xd+b
*c)*exf"2+3%bxdxe 2xf ) *xx~7+1/5% (3kaxckexf " 2+3* (axd+b*xc) xe " 2xf+bxd*e”3) xx"5+
1/3% (3*axckxe”2xf+(a*d+b*c) *e”3) xx~3+a*cxe”3*xx

Maxima [A] time = 0.995561, size = 181, normalized size = 1.39
1 3,11 1 2 31,9 1 2 3 2\,7 3 1 3 2
TR §(3bdef + (be + ad) f3)x° + - (3bde?f + acf? + 3 (bc + ad)ef2)x” + acex + g(bde +3acef? +3 (]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx"2+c)*(f*x"2+e)”3,x, algorithm="maxima"

[Out] 1/11%bxd*f~3*x"11 + 1/9%(3*bxd*exf~2 + (b*c + a*xd)*f~3)*x"9 + 1/7x(3*xb*xdxe”
2xf + a*xc*kf~3 + 3x(bkc + axd)*exf"2)*x"7 + akckxe"3*xx + 1/5%(bxd*xe”3 + 3x*ax*c
xexf"2 + 3x(bxc + axd)*e”2*xf)*x"5 + 1/3%(3xaxcxe”2*xf + (bxc + axd)*e”3)*x"3

Fricas [A] time = 1.24731, size = 398, normalized size = 3.06

1 1 1 1 3 3 3 1 1 3
1143 2,92 2,93 2,93 27 £p2 2.7 2 272 2,73 24503 25 fp2
T fdb+3xfedb+9xfcb+9xfda+7xfedb+7xfecb+7xfeda+7xfca+5xedb+5xfec

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e)”3,x, algorithm="fricas")

[Out] 1/11*x"11*f"3%d*b + 1/3*%x"9*f " 2*e*xd*b + 1/9*x"9*f 3*c*b + 1/9*x"9*f " 3*xd*a +
3/T*x"T*f*xe”2xd*b + 3/7xx"T+f " 2%e*xc*b + 3/7*x"7T*xf " 2xexd*a + 1/7*x~7+f " 3*c*

a + 1/5*%x75*e " 3*xd*b + 3/5xx 5*xf*e”2%c*b + 3/5*x"bxfxe"2xdxa + 3/5*%x"5*f " 2*e

*ckxa + 1/3*%x73*e”"3*xcxb + 1/3%x73%e"3*d*a + X" 3*kf*ke"2xckxa + x*xe”3*c*a

Sympy [A] time = 0.080539, size = 173, normalized size = 1.33

I bd f3x 11 0 adf? N bef? N bde f? o acf? N 3adef? . 3bcef? N 3bde? f i 3acef? N 3ade? f N
11 9 9 3 7 7 7 7 5 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*x**2+c)* (f*x**2+e)**3,x)

[Out] axckxex*3*x + bkxdxfx*x3*xxk*x11/11 + x**O*k (a*xd*xf**x3/9 + bkcxf*x3/9 + bkxdxexf**2
/3) + x*xx7x(akxcxf*x3/7 + 3kxaxdxexf*x*x2/7 + 3xbkckexf*x*x2/7 + 3xbkxdkxex*x2xf/7)
+ x*kx5x (3kaxckexfx*x2/5 + 3xakxdxex*x2xf/5 + 3xbkxcke*x*x2xf/5 + b*xd*e**x3/5) + xx*
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*3% (axckex*x2xf + akxd*e*x*3/3 + bkxcxe*x*x3/3)

Giac [A] time = 1.16037, size = 217, normalized size = 1.67

1 1 1 1 1 3 3 3 3
T bdf3xt + 9 bef3x® + 5 adf3x° + 3 bdf>x%e + 7 acf3x” + 7 bef?x7e + = adf?x’e + 7 bdfx"e? + 5 ac 2x% + 5 bef:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e)”3,x, algorithm="giac")

[Out] 1/11*%b*d*f~3*x~11 + 1/9%b*c*f 3*x"9 + 1/9*%a*xd*f~3*xx~9 + 1/3*b*d*f " 2*x"9*e +
1/Txaxcxf~3%x~7 + 3/7*b*xc*f " 2*%x"7T*e + 3/7T*xaxdxf 2xx"Txe + 3/7*b*xd*f*x"7*xe”

2 + 3/b*axckf"2xx"bxe + 3/5xb¥ckf*x"5*e”2 + 3/b5xaxdxfxx"5xe”2 + 1/5%b*d*x”5

*e73 + a*ckf*x"3*%e”2 + 1/3%bxcxx"3%e”3 + 1/3*a*xd*x”"3*e”3 + axcxxxe”3
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2
3.3 | (a + bxz) (c + dxz) (e + fxz) dx
Optimal. Leaf size=94
;fx7(adf + bef + 2bde) + éxS(af(cf + 2de) + be(2cf + de)) + %ex3(2acf + ade + bce) + ace®x + %bdf2x9

[Out] a*cxe”2xx + (ex(bkxcke + axdkxe + 2¥axcx*xf)*x"3)/3 + ((axf*x(2*d*xe + c*f) + bxe
*(d*e + 2%cx*f))*x"5)/5 + (£fx(2*xb*d*xe + bxcxf + axd*f)*xx"7)/7 + (b*d*xf~2xx"9
)/9

Rubi [A] time = 0.0826775, antiderivative size = 94, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 24, e .

integrand size
0.042, Rules used = {521}
1.7 ls 1 3 2. L0 o
;fx (adf + bcf + 2bde) + gx (af(cf + 2de) + be(2cf + de)) + gex (2acf + ade + bce) + ace“x + §bdf X

Antiderivative was successfully verified.

[In] Int[(a + b*xx"2)*(c + d*x"2)*(e + f*x"2)72,x]

[Out] a*cxe”2xx + (ex(bxcke + axdkxe + 2¥xaxc*xf)*x"3)/3 + ((axf*x(2*dxe + c*f) + bxe
*(d*e + 2%cx*xf))*x"5)/5 + (fx(2xb*d*xe + bxcxf + axd*f)*x"7)/7 + (b*d*xf~2xx"9
)/9

Rule 521

Int[((a_) + (b_)*(x_)" (0 )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_ Ix(x_)"(n ) (r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQlp
, 0] && IGtQ[lq, 0] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dxz) (e + fx2)2 dx = f (ace2 + e(bce + ade + 2acf)x* + (af (2de + cf) + be(de + 2cf))x* + f(2bde -

1 1 1
= ace®x + ge(bce + ade + 2acf)x> + g(af(Zde +cf) + be(de + 2cf))x> + ;f(Zba

Mathematica [A] time = 0.0358652, size = 96, normalized size = 1.02

1 1 1 1
§x5 (acf2 + 2adef + 2bcef + bdez) + ;fx7(adf + bef + 2bde) + gex3(2acf + ade + bce) + ace®x + §bdf2x9

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x"2)*(e + £*x72)72,x]

[Out] a*cxe”2xx + (ex(bkxcke + axdkxe + 2xaxc*f)*x"3)/3 + ((bxd*e”2 + 2*bxckxexf + 2
xaxdkexf + axcxf~2)*xx75)/5 + (£*x(2xb*xdxe + bkxcxf + axd*f)*xx"7)/7 + (bxd*xf"2
*x79)/9
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Maple [A] time = 0., size = 94, normalized size = 1.

bdf2x®  ((ad +bo) f2+ 2bdef)x”  (acf?+2 (ad + be)ef +bde?)x®  (2acef + (ad + be) €?) 23
5T 7 + 5 + 3 + ace*x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c)*(f*x"2+e)"2,x)

[Out] 1/9%bxd*xf~2xx~9+1/7* ((a*xd+b*xc)*f " 2+2xbxd*ex*xf) *xx~7+1/5% (axc*xf~2+2* (axd+b*c) *
exf+bxd*e~2) *x"5+1/3% (2%a*xckxe*xf+ (axd+b*xc)*xe”2) *x~3+akxcke~2*x

Maxima [A] time = 0.990341, size = 126, normalized size = 1.34
1 2,9 1 2\~7 1 2 2 5 2 1 2\.3
5 bafx + - (2bdef + (bc + ad) f2)x7 + z (bde? + acf? + 2 (b + ad)ef ) + ace?x + 3 (2acef + (bc + ad)e?)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x™2+a)* (d*x~2+c)*(f*x"2+e)”"2,x, algorithm="maxima")

[Out] 1/9%b*xd*f~2xx~9 + 1/7*(2*xb*xdxe*xf + (b*c + axd)*f"2)*x"7 + 1/5%(bxd*e”2 + ax
c*f~2 + 2% (b*c + axd)*xexf)*x~5 + akxckxe 2*x + 1/3%(2*axckexf + (bxc + axd)*e

“2)*%x”3

Fricas [A] time = 1.24458, size = 282, normalized size = 3.
1 2 1 1 1 2 2 1 1 1
§x9f2db + §x7fedb + §x7f2cb + §x7f2da + 5x562db + gx5fecb + gx5feda + gx5fzca + §x3ezcb + §x3ezda + §x3fel

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e)”2,x, algorithm="fricas")

[Out] 1/9%x"9%f~2xd*xb + 2/7xx"7xf*xexdxb + 1/7*x"7xf 2%cxb + 1/7xx"7xf " 2%d*a + 1/5
*x"bke"2xd*b + 2/5%x"5kfxexckb + 2/5%x"5kfxexd¥a + 1/5%x"5xf " 2*xc*xa + 1/3%x”
3xe " 2xckb + 1/3*%xx"3xe”2xd*xa + 2/3xx " 3xfkexcka + x*ke"2*c*xa

Sympy [A] time = 0.072183, size = 121, normalized size = 1.29

2
+
e Ty 7 7 7 5 5 5 5

2,9 2 2 2 2 2 2
bdf?x +x7(adf N bef . Zbdef) 5 (acf . 2adef . 2bcef N bde ) 3 (2acef N ade N bee
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (d*x**2+c)* (f*x**2+e)**2,x)

[Out] axckxex*2%xx + bkxdxfx*x2*xx*x*x9/9 + x**x7*(axd*xf*x*x2/7 + bxcxf*x*x2/7 + 2xbkxdxexf/7)
+ xx*x5kx (axckxf*x*2/5 + 2kxaxdkxexf/5 + 2xbkxckxexf/5 + bxdkxex*2/5) + x*x*3%x(2kxa%*c
*exf/3 + axdxex*x2/3 + bxcxex*x2/3)
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Giac [A] time = 1.21591, size = 154, normalized size = 1.64

1 1 1 2 1 2 2 1 2
5 bdf?x° + - bef2x” + - ad f2x7 + - bdfx’e + z acf2x° + z befxe + z adfxe + z bdx%e? + 3 acfxe + 3 bex®e? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c)*(f*x"2+e)~2,x, algorithm="giac")

[Out] 1/9%bxd*f~2xx~9 + 1/7*xbxcxf " 2%x"7 + 1/7*xaxd*xf"2*x"7 + 2/7xbxd*xf*xx"7*xe + 1/5
xaxcxf2%xx"5 + 2/b%bxckfxx"bxe + 2/bk%axd*fxx"b*xe + 1/5%bxd*xx"5*%e”2 + 2/3%ax
ckf*xx"3%e + 1/3%bxc*x"3*%e”2 + 1/3%axd*x"3%e”2 + akxckx*xe 2
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34 | (a + bxz) (c + dxz) (e + fxz) dx
Optimal. Leaf size=56
%x5(udf + bef + bde) + %x3(acf + ade + bce) + acex + ;bdfx7

[Out] a*cxexx + ((bxc*e + axd*e + a*xcxf)*x"3)/3 + ((b*d*xe + bxcxf + axd*f)*x"5)/5
+ (bxd*xfxx"7)/7

Rubi [A] time = 0.0370527, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 22, e

0.045, Rules used = {521}

integrand size

1 1 1
5x5(adf + bef + bde) + §x3(acf + ade + bee) + acex + ;bdfx7

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2)*(e + f*x72),x]

[Out] a*cxexx + ((b*cxe + axd*e + axc*xf)*x"3)/3 + ((bxd*e + b*xcxf + axd*f)*x"5)/5
+ (b*d*xf*xx~7)/7

Rule 521

Int[((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_)x(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) p*(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, ¢, d, e, £, n}, x] && IGtQ[p
, 0] && IGtQlq, 0] && IGtQ[r, O]

Rubi steps

f(a + bxz) (c + dxz) (e + fxz) dx = f(ace + (bee + ade + acf)x* + (bde + bef + adf)x* + bdfx6) dx

1 1 1
= acex + g(bce +ade + acf)x® + g(bde +bef +adf)x® + ;bdfx7

Mathematica [A] time = 0.0124191, size = 56, normalized size = 1.

1 1 1
5x5(adf + bef + bde) + §x3(acf + ade + bce) + acex + ;bdfx7

Antiderivative was successfully verified.

[In] Integrate[(a + b*x"2)*(c + d*x"2)*(e + f*x72),x]

[Out] a*cxexx + ((b*c*e + axd*xe + a*cxf)*x~3)/3 + ((b*d*e + b*cxf + axd*f)*x"5)/5
+ (bxdxf*xx~7)/7

Maple [A] time = 0., size = 53, normalized size = 1.

bafx’ ((ad+bc) f +bde)x® (acf + (ad + be)e) x°
+ +
7 5 3

+ acex
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c)*(f*xx"2+e) ,x)

[Out] 1/7*bxd*xf*xx~7+1/5%((a*xd+b*xc)*xf+bxd*e)*x~5+1/3* (a*xcxf+(a*d+b*xc)*e)*x"3+a*xc*e

*X

Maxima [A] time = 1.02574, size = 70, normalized size = 1.25
L b 7 + ! (bde + (bc + ad) f)x° + acex + ! (acf + (bc + ad)e)x®
7 5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e),x, algorithm="maxima"

[Out] 1/7*b*xd*xf*xx~7 + 1/5%(b*d*e + (b*c + a*d)*f)*x"5 + a*ckxe*xx + 1/3x(axcxf + (b

*Cc + axd)*e)*x”3

Fricas [A] time = 1.22783, size = 163, normalized size = 2.91

1 1 1 1 1 1 1

§x7fdb + =x%edb + §x5fcb + gx5fda + §x3ecb + §x3eda + §x3fca + xeca
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+a)*(d*x~2+c)*(f*x"2+e),x, algorithm="fricas")

[Out] 1/7xx"7xf*xd*b + 1/5%x"5*exd*b + 1/5%xx"5xfkxcxb + 1/5*x"5*fxd*a + 1/3%x " 3%e*c
*b + 1/3*%x"3*kexd*xa + 1/3*xx " 3xf*xckxa + x*kexc*xa

Sympy [A] time = 0.062564, size = 63, normalized size = 1.12

7
awx+gﬁznhﬁt%i+gz+QE)+§(E£+ﬂE+?E)

5 5 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (dxx**2+c)* (f*x**2+e) ,x)

[Out] a*cxe*xx + bxdxf*xxxx7/7 + x**xbx(axd*f/5 + bxc*f/5 + bxd*e/5) + x**x3*x(a*xcxf/3
+ axdxe/3 + b*cxe/3)

Giac [A] time = 1.14974, size = 89, normalized size = 1.59

1 1 1 1 1 1 1
—bdfx” + —bcfx® + = adfx® + = bdxe + = acfx> + = bex®e + = adx®e + acxe
7 5 5 5 3 3 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x~2+a)*(d*x~2+c)*(f*x"2+e),x, algorithm="giac")

[Out] 1/7*xbxd*xf*xx~7 + 1/5*bxc*xfxx”5 + 1/5xa*xdxf*x~5 + 1/b5xbxd*x"b*e + 1/3kaxckxf*x
~3 + 1/3%bxckx"3%e + 1/3%axd*x"3%e + akxckx*e
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35 f <a+bx2)(c+dx2) dx

e+fx2

Optimal. Leaf size=81

x(-2adf - 3bcf +3bde)  (be = af)de—cf) tan”! (%) dx (a + b2?)
- 3f2 + \/EfS/z + 3f

[Out] -((3*bkd*e - 3¥bkckxf - 2kaxd*f)*x)/(3*£72) + (d*xx(a + bxx72))/(3*f) + ((b*
e - axf)*(dxe - cxf)*xArcTan[(Sqrt[f]*x)/Sqrtlell)/(Sqrtlel*f~(5/2))

Rubi [A] time = 0.0798565, antiderivative size = 81, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 24, " > _

integrand size
0.125, Rules used = {528, 388, 205}

x(-2adf - 3bcf +3bde)  (be = af)de—cf) tan”! (f%) dx (a + b2?)
- 3f2 + \/Ef5/2 + 3f

Antiderivative was successfully verified.

[In] Int[((a + b*x~2)*(c + d*x"2))/(e + f*x~2),x]

[Out] -((3*b*d*e — 3*bxcxf - 2*xa*xd*f)*x)/(3*xf~2) + (d*x*x(a + b*x"2))/(3*f) + ((b*
e - axf)x(d¥e - cxf)*ArcTan[(Sqrt[f]*x)/Sqrtlel])/(Sqrtlel*f~(5/2))

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n) “px(c + d*x"n)~(q - 1)*Simp[c*(b*e - a*f + b*exnx(p + q + 1)) + (d*x(b*e -
a*f) + fxnxqx(bxc - axd) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[n*x(p + q + 1) + 1, 0]

Rule 388

Int[((a_) + (b_)*x(x )" (@ )) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*xx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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—a(de=3cf)—(3bde—3bcf—2ad f)x?

f (a + bxz) (c + dx2) e dx (a + bxz) . / i 2 dx
e+ fx? 3f 3f
(3bde—3bcf—2gdf)x dx (&l + bx ) ((be—af)(de—cf))f etfx 2
R Iz
(e
_(3bde —3bcf —2adf)x .\ dx (a + bxz) s (be — af)(de — cf) tan ! (7)
3f2 3f NAZ

Mathematica [A] time = 0.0534778, size = 72, normalized size = 0.89

(VT
x(adf +bef —bdey (be—af)de—cf)tan”! (W) bdx®
7 Vef Y3

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x"2))/(e + £xx72),x]

[Out] ((-(b*d*e) + bxcxf + axd+xf)+*x)/f~2 + (bxd*x~3)/(3xf) + ((b*e - axf)*(d*e -
cxf)*ArcTan [ (Sqrt [f]*x)/Sqrtlel])/(Sqrtle]*f~(5/2))

Maple [A] time = 0.006, size = 119, normalized size = 1.5

x*bd  adx bex  bdex 1) 1 oade 1) 1  bee 1) 1  bde?
— 4+ — + — - —— t+acarctan| fx—= | —= - — arctan| fx—= | —= - — arctan| fx +

F TP NN N

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c)/(f*x"2+e) ,x)

[Out] 1/3/f*x"3*bxd+1/f*axd*x+1/fxbxcxx-1/f"2¥b*d*exx+1/(exf) " (1/2)*arctan(x*xf/ (e
*f) " (1/2))xaxc-1/f/(exf)~(1/2)*xarctan(x*f/(exf) " (1/2)) *axdxe-1/f/(exf)~(1/2
Y*xarctan (xxf/(exf) " (1/2))*bxckxe+1/f72/(exf) " (1/2) *arctan(xxf/(exf)~(1/2))*b
*d*xe”2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.48632, size = 423, normalized size = 5.22

2 bde f2° - 3 (bde? + acf?  (be + ad)ef)y/=e 1og(f" 2y e) 6 (bde2f — (b + ad)ef2)x bdef2® +3 (bde? + ac
6ef3 ’
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e),x, algorithm="fricas")

[Out] [1/6%(2xbxd*e*f~2*x~3 - 3*(b*d*e”2 + a*xc*f~2 - (bxc + a*d)*exf)*sqrt(-exf)x*
log((f*x72 - 2*sqrt(-exf)*x - e)/(f*x72 + e)) - 6x(bkd*xe™2+f - (b*c + a*xd)x
exf~2)*x)/(exf~3), 1/3*(bkxd*xexf 2*x"3 + 3*(bxd*e”2 + axcxf~2 - (b*c + axd)x
exf)*sqrt (exf)*arctan(sqrt (exf)*x/e) - 3x(bxd*e”™2xf - (bxc + axd)*e*xf~2)*x)
/(exf~3)]

Sympy [B] time = 0.836548, size = 206, normalized size = 2.54

T ef?, |- o5 (af -be) cf~de) - ef? /-EfLS(u f-be)
b3 TefS (af a be) (Cf B de) log| - acf2—adef-bcef+bde? +Xx V TefS (af a be) (Cf - de) log " acf2-adef—bcef+
X
3f 2 * 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (dxx**2+c)/(f*x**2+e),x)

[Out] b*xd*x**3/(3*f) - sqrt(-1/(exf**5))*(axf - bxe)x(cxf - dxe)*log(-exf*x2xsqrt
(-1/(exf*x5) ) *x (a*xf - bxe)*(cxf - dxe)/(axc*f*x2 — axd*xexf - bkckexf + bxd*e

**%2) + x)/2 + sqrt(-1/(exf*x5))*(axf - b*e)*(cxf - d*e)*log(exf**2xsqrt(-1/
(exf*x5))*x(a*xf - bke)*(cxf - dxe)/(axcxf**x2 - axdxexf — bkxcxexf + bxd*xe*x*2)

+ x)/2 + x*x(axd*f + bxcxf - bkxdxe)/f**2

Giac [A] time = 1.19611, size = 108, normalized size = 1.33

1 1

2 2 “3)| .\ 72
(acf —bcfe—adfe+ bde ) arctan (\/j_fxe( 2)) e( 2) ) bdf2x3 + 3bcf2x + 3adf?x — 3bdfxe
f: W
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e),x, algorithm="giac")

[Out] (axc*f~™2 - bkxcxf*xe - axdxf*xe + bkxdxe”2)*arctan(sqrt(f)*x*e~(-1/2))*e”(-1/2)
/£7(5/2) + 1/3%(b*d*f72%x73 + 3xbxcxf 2xx + 3xaxd*xf~2xx - 3xbkxdxf*x*e)/f~3
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a+bx?)(c+dx?
3.6 () erd)
(@+fx2)
Optimal. Leaf size=108
tan™! (%) (be(3de —cf) —af(cf +de)) (a " bxz) (de—cf)  bx(3de - cf)
) 2032 f302 2 f (e +f x2) T T 2

[Out] (b*(3xd*e — cx*xf)x*x)/(2%exf~2) - ((d*e - cxf)*xx*x(a + b*x"2))/(2xexf*x(e + f*x
~2)) - ((bxex(3*dxe - c*f) - axfx(dxe + cx*f))*ArcTan[(Sqrt[f]=*x)/Sqrtlel])/
(2xe~(3/2)*£7(5/2))

Rubi [A] time = 0.0849137, antiderivative size = 108, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 3, number of rules used = 3, integrand size = 24, fumper o e

= 0.125, Rules used = {526, 388, 205}

integrand size

! (YE) (e ef) - af(ef +40) (a4 b de-cf)  bade-cp)
2372 f512 2ef (e + fo) 2ef?

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x"2))/(e + f*xx~2)72,x]

[Out] (b*(3xd*e - c*f)*x)/(2xexf~2) - ((dxe - cxf)*xx(a + b*x"2))/(2xexfx(e + f*x
~2)) - ((bxex(3*dxe - cxf) - axfx(d*e + c*f))*ArcTan[(Sqrt[f]*x)/Sqrtlell)/
(2xe~(3/2)*£7(5/2))

Rule 526

Int[((a_) + (b_)*(x_)"(_ ) (p)*((c_) + (d_)*(x_)"(_)) (q_.)*x((e_) + (f
_I)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*b*n*x(p + 1)), x] + Dist[1/(a*xbxn*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*e*xnx(p + 1) + b*e - axf) + dx(b*xexn*x(p +
1) + (bxe - a*xf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] && LtQ[p, -1] && GtQ[q, O]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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f (a + bxz) (c + dxz) i (de - cf)x (a + bxz) J lder ) Wode-ef)
x=- _

e+fx? dx
(e " fxz)z B 2ef (e + fxz) 2ef
_ b(3de - cf)x (de —cf)x (a + bxz) B (be(3de — cf) — af (de + cf)) f eﬂlcxz dx
2ef? 2ef (e + fxz)

2ef?

b(de—cf)x  (de—cf)x(a+bx?) (be(de—cf)—af(de+cf)) tan~! (%)
) 2ef2 2ef (e + fx2) - 26372 f572

Mathematica [A]

time = 0.0666011, size = 95, normalized size = (.88

tan™t (%) (be(3de — cf) — af(cf + de)) x(be —af)(de —cf) _ bdx
- 263/2f5/2 *

2ef? (e+fx2) ’ 2

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x"2))/(e + f*xx72)72,x]

[Out] (b*d*x)/f"2 + ((bxe - a*xf)*(dxe — c*xf)*x)/(2%exf"2x(e + £*x"2)) - ((b*ex(3x*
dxe - c*f) - axfx(d*e + cxf))*ArcTan[(Sqrt[f]*x)/Sqrtlel]l)/(2*xe~(3/2)*f~(5/
2))

Maple [A]

time = 0.008, size = 163, normalized size = 1.5

bdx axc axd bex bxed

ac 1 1 ad
f? 2€(fx2+e) - Zf(fxz+e) B Zf(fx2+e) * 2f2(fx2+e) ’ Zamtan[fx\/_e_f]\/_e? * garctan(

x_
\
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x~2+c)/(f*x"2+e)"2,x)

[Out] b*d/f~2*xx+1/2/exx/(f*x"2+e)*a*xc-1/2/f*x/ (fxx"2+e)*xaxd-1/2/f*x/ (f*x"2+e) *b*c
+1/2/f72*%exx/ (f*x"2+e) *b*d+1/2/e/ (exf) " (1/2) *arctan (x*xf/(e*xf) ~(1/2) ) *xaxc+1/
2/f/(exf) " (1/2) *arctan(x*f/(exf)~(1/2)) *a*xd+1/2/f/(exf)~(1/2)*arctan(x*f/ (e
*f)~(1/2))*bxc-3/2/f"2*xe/ (exf) " (1/2) xarctan(x*f/(exf)~(1/2) ) *bxd

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e)”2,x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 1.46482, size = 660, normalized size = 6.11

2_2 — _
4bde f2x° + (3bde® - acef? - (be + ad)e f + (3 bde f — acf® - (be + ad)ef2)x?)y/—ef log (f"TJE“) +2(3bde>f

4 (ezf4x2 + e3f3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e)”2,x, algorithm="fricas")

[Out] [1/4*(4xbxd*xe”2*%f"2%x"3 + (3*bkd*xe”™3 - a*cxe*xf~2 - (bxc + axd)*e”2xf + (3%b

xdxe”2*f - axckxf~3 - (b*c + axd)*exf~2)*x"2)*sqrt(-exf)*log((f*x~2 - 2x*sqrt
(mexf)*x - e)/(f*x72 + e)) + 2x(3xbxd*e”3*f + axckexf~3 - (bxc + axd)*e 2x*f
~2)xx) /(e72%f74xx72 + e73%xf73), 1/2%(2xbxd*e”2+xf 2*xx"3 - (3*bxd*e”3 - axcxe
*f72 - (b*c + axd)*e”2xf + (3*b*d*e”2*f - axc*xf~3 — (bxc + a*xd)*e*xf~2)*x"2)
xsqrt (exf)*arctan(sqrt(exf)*x/e) + (3xbxd*e”3*f + a*xckxexf~3 - (b*c + axd)x*e
“2xf72)*x) / (e”2%f"4xx"2 + 7 3%xf~3)]

Sympy [A] time = 1.58296, size = 190, normalized size = 1.76

1 2 2 242 1 1
bdx x(acfz—adef—bcef+bde2) 1/—@ (acf + adef + bcef — 3bde )log(—e f ‘/—E+x) —

+

JE— + f—
f? 2022 + 2ef3x? 4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*x**2+c)/ (£*x**2+e)**2,x)

[Out] b*xdxx/fx*2 + xx(axckf*x*x2 — axdkexf — bkxckxexf + bkxdxex*x2)/(2kex*2xf*x*x2 + 2xe

xfxx3kxx*%2) - sqrt(-1/(ex*3xf*x5) )k (axcxf**2 + axdrexf + bkckexf - 3xbkxdxex
*x2) x1og (—ex*2xf**x2*xsqrt (-1/ (ex*3*f**5)) + x)/4 + sqrt(-1/(e*x*3*xf**5))* (a*cx
f**2 + axdxexf + bxcxexf - 3xbxdkex*2)xlog(e*x*2xf**2xsqrt (-1/ (ex*3*xf**5)) +
x)/4

Giac [A] time = 1.14734, size = 128, normalized size = 1.19

1

s (acf2 +bcfe+adfe - 3bdez) arctan (ﬁxe( E)) e(_i) (acfzx ~befxe - adfxe + bdxez)e(‘l)
F-i_ ng ’ 2(fx2+e)f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e)”2,x, algorithm="giac")

[Out] bxd*x/f~2 + 1/2x(axc*f~2 + bxckfkxe + axd*fkxe - 3xbxd*e”2)*arctan(sqrt(f)*x*

e~ (-1/2))*%e~(-3/2)/£7(5/2) + 1/2%(a*xc*xf"2%x - bkxckf*xx*xe - akxdkxf*xxxe + bxd*x
x¥e"2)xe” (1) /((f*xx"2 + e)*f"2)
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<a+bx2)(o+dx2)

(641fx2)3

Optimal. Leaf size=130

3.7 dx

_x(be(cf + 3de) —afBef +de)) tan”" (\%) (af Bcf +de) + be(ef +3d0)  x(a + bx?) (de - cf)
8e? f2 (e + fxz) 8e>/2 f12 4ef (e + fxz)z

[Out] -((d*xe - cxf)*x*x(a + b*x"2))/(dxexf*x(e + f*xx72)72) - ((b*ex(3*d*e + cxf) -
axfx(dxe + 3%c*f))*x)/(8xe”2xf 2% (e + f*xx72)) + ((b*ex(3xd*xe + c*xf) + axfx*(
d*e + 3xc*xf))*ArcTan[(Sqrt[f]*x)/Sqrtlel]l)/(8xe~(5/2)*f~(5/2))

Rubi [A] time = 0.108164, antiderivative size = 130, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 24, e -

integrand size
0.125, Rules used = {526, 385, 205}

_x(be(cf +3de) —af 3cf +de) tan”! (%) (af Bef +de) +belcf +3d0)  x (a + bx?) (de - cf)
8e2 f2 (e + fxz) BeS2 fo2 def (e + fxz)2

Antiderivative was successfully verified.

[In] Int[((a + b*xx~2)*(c + d*x"2))/(e + f*x~2)"3,x]

[Out] -((d*e - cxf)*x*x(a + bxx"2))/(4d*xexfx(e + £*x~2)72) - ((b*ex(3xd*e + cxf) -
axfx(dxe + 3*cxf))*x)/(8*%e™2xf 2% (e + f*x72)) + ((b*ex(3*d*xe + c*f) + a*xfx*(
dxe + 3*c*xf))*ArcTan[(Sqrt[f]l*x)/Sqrtlel])/(8xe~(5/2)*f~(5/2))

Rule 526

Int[((a ) + (b_D)*x )" (@ )~ (p)*((c) + (d_)*Ex D" @ ))"(g_)*((e) + (£
_)x(x_)7(n_)), x_Symbol] :> -Simp[((b*e - axf)*xx(a + b*¥x™n) " (p + 1)*(c +
d*x"n)~q)/(a*b*n*x(p + 1)), x] + Dist[1/(a*b*n*x(p + 1)), Int[(a + b*x"n)"(p
+ Dx(c + d*x"n)~(q - 1)*Simp[cx(bxe*xnx(p + 1) + bxe - axf) + dx(bxe*xnx(p +
1) + (b*xe - a*xf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && LtQ[p, -1] && GtQlqg, 0]

Rule 385

Int[((a ) + (b_)*x(x )" (0 )~ (p)*((c) + (d_)*(x)"(n_)), x_Symbol] :> -8
imp[((b*c - axd)*x*(a + b*xx™n) (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(a*xb*n*(p + 1)), Int[(a + b*x™n)"(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, pt, x] && NeQ[b*xc - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]1)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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—a(de+3cf)-b(3de+cf)x? d

f (u + bxz) (c + dxz) e _(de —cf)x (a + bxz) ) f (e+fx2)2

(e + fxz)3 ) def (e + fx2)2 def
_ (de—cf)x (a +bx2)  (be(3de + cf) — af(de + 3cf))x  (be(3de+cf) +af(de+3cf)) /-
s e+ ) _ 8e2f2 (e + f?) ' Bef?

(de—cf)x (u + bxz) (be(3de + cf) - af(de + 3cf))x (be(3de + cf) + af(de + 3cf)) ta:
) def (e+fo)2 ) 8e2 f2 (e+fx2) " 8¢5/2 52

Mathematica [A] time = 0.0804119, size = 130, normalized size = 1.

1 (fx
x(af (3cf + de) + be(cf — 5de)) N tan”! (?) (af (Bcf + de) + be(cf + 3de)) N x(be — af)(de - cf)
82 o+ f) BT sef? (e f7)

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x"2))/(e + £xx72)73,x]

[Out] ((bxe - axf)*x(dxe - cx*xf)x*x)/(dxexf"2x(e + £*xx72)72) + ((bxex(-b*xd*e + cx*f)
+ axf*x(dxe + 3kcxf))*x)/(8%e~2xf 2% (e + f*xx~2)) + ((b*ex(3*d*e + c*f) + axf
x(dxe + 3xcxf))*ArcTan[(Sqrt[f]l*x)/Sqrtle]])/(8xe~(5/2)*f~(5/2))

Maple [A] time = 0.009, size = 175, normalized size = 1.4

1 (3acf2+adef+bcef—5bdez)x3 (5acf2—udef—bcef—3bdez)x 3ac 1) 1 a

> 5 + 5 + s arctan| fx—=[—=+
(fx2+e) 8ef 8 f2e 8e Vef ) \Jef 8¢
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c)/(f*x"2+e)~3,x)

[Out] (1/8*(3*a*xcxf~2+axdxexf+b*ckxexf-5xbxd*e™2)/e”2/f*x"3+1/8* (5*xa*xc*f " 2-a*xd*xexf
-b*cke*xf-3*xbxd*e”2) /f~2/exx)/ (£*¥x"2+e) "2+3/8/e"2/(exf) " (1/2)*arctan (x*f/(e*
£)°(1/2))*a*xc+1/8/e/f/(exf)~(1/2) *arctan(x*xf/(exf)~(1/2))*a*xd+1/8/e/f/(exf)
~(1/2)*arctan(xxf/(exf) " (1/2) ) *b*xc+3/8/f"2/(exf) " (1/2) *arctan (xxf/(exf)~(1/

2)) *xb*xd

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx"2+c)/(f*x"2+e)”3,x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [A] time = 1.50555, size = 1002, normalized size = 7.71

2 (5 bde® 2 — 3acef* - (bc + ad)ezf3)x3 + (3 bde* + 3 ace?f + (bc + ad)e> f + (3 bde? f2 + 3acf* + (bc + ad)ef3)3<

16 (e3f5x4 +2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e)”3,x, algorithm="fricas")

[Out] [-1/16*%(2*(5xbxd*xe~3*%f~2 - 3*a*ckexf™4 - (b*c + axd)*e”2+%f"3)*x"3 + (3*xb*xdx*
e”4 + 3xaxcxe 2xf72 + (bxc + axd)*e”3xf + (3xb*xd*e”2%f"2 + 3*axcxf~4 + (b*c

+ a*xd)*e*xf"3)*x"4 + 2x(3xbxd*e”3*f + 3kaxckexf~3 + (bxc + axd)*e 2+f~2)*x”

2) *sqrt (-exf)*xlog ((£*x~2 - 2*sqrt(-exf)*x - e)/(£*x72 + e)) + 2x(3xb*xd*xe”4x

f - Bxaxcxe™2*xf"3 + (b*c + axd)*e " 3*f72)*x)/(e"3*xf"5*xx"4 + 2%xe 4*xf"4*xx"2 +
e”5*xf73), -1/8*((5xbxd*e~3*xf~2 - 3*axckxe*xf"4 - (bxc + a*xd)*e”2*xf~3)*x"3 - (
3xbxd*e”4 + 3kaxckxe 2*xf"2 + (bxc + axd)*e”3xf + (3*bkd*e”2+%f”"2 + 3*axcxf~4

+ (b*xc + axd)*exf~3)*x74 + 2% (3*b*d*e”3*f + 3*xaxcxexf~3 + (b*xc + a*xd)*e  2x*f
~2)*xx"2)*sqrt (exf) *arctan(sqrt (exf)*x/e) + (3*bkxdxe”4*xf - Bxakxcxe 2xf~3 + (

bxc + axd)*e”3*xf72)*x) /(e "3*f"5*x"4 + 2%xe"4xf"4xx"2 + e~ 5*xf"3)]

Sympy [B] time = 3.64234, size = 246, normalized size = 1.89

—# (3acf2 + adef + beef + 3bdez) log (—e3f2, /—# + x) —# (3acf2 + adef + beef + 3bdez) log (e3f:

- +
16 16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x*x2+a)* (d*x*x*2+c)/ (f*x**2+e)**3,x)

[Out] -sqrt(-1/(exx5xf**5))*(3*xa*xcxf**x2 + axdkexf + bxckexf + 3xbkxdxex*2)xlog(-ex*

*x3*xfxk2xsqrt (—1/ (ex*x5xfx*x5)) + x)/16 + sqrt(-1/(ex*b*xf**5))*(3*xaxcxf**x2 + a

xdxexf + bxcxexf + 3xbxdxex*x2)*log(ex*3xf**2xsqrt(-1/(ex*x5*xf*x5)) + x)/16 +
(xx*3% (3kaxckf*x*x3 + axdkexf**x2 + bkckxexf**2 - Sxbkdkxex*x2xf) + xk(5kxaxckexf

*%2 — akdxex*k2xf — bkckex*x2*xf — 3xbkdke*x*3))/(8kexkx4xf*x*x2 + 16ke*x*x3*xf*kk3*kx*

*2 + 8kexkQkfkkdkxk*x4)

Giac [A] time = 1.15831, size = 182, normalized size = 1.4

1 5
2 2 “2)|\ 72
(3acf +bcfe+adfe+ 3bde )arctan(\/j_fxe( 2))6( 2) (3acf3x3+bcf2x3e+adf2x3e—5bdfx362+5acf2x€—
+

8f§ 8(fx2+e)2f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x"2+c)/(f*x"2+e)"3,x, algorithm="giac")

[Out] 1/8%(3*axc*f~2 + bxcxf*xe + axd*f*xe + 3xbxd*e”2)*arctan(sqrt(f)*xxe”(-1/2))x*
e~ (-5/2)/f7(5/2) + 1/8%(3xaxc*f~3*%x"3 + bkc*xf 2xx"3*e + a*xdxf~2*x"3%e - b5*b
*d*xf*x"3%e”2 + Bkakckf"2xxke — bickfrx*xe 2 - akdxfirx*ke”2 — 3xbxdxx*xe”3)*e”(
-2)/((£*x"2 + e)"2*xf~2)
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<a+bx2)(o+dx2)

(e+2)’

Optimal. Leaf size=171

3.8 dx

(T
x(af (5cf +de) + be(cf +de)) _x(3be(cf +de) —af(Scf +de)) | tan™ (ﬁ) (af (5cf +de) + be(cf + de)) X (a+ba
166312 (¢ + f2) 2402 f2 (e + f2) LoeT2 32 6ef (¢

[Out] -((d*e - cxf)*x*(a + b*x"2))/(6%xexfx(e + f*x72)73) - ((3xbxex(d*e + cxf) -
axfx(dxe + Bkxcxf))*x)/(24*xe"2%f 2% (e + £*x72)72) + ((b*ex(dxe + c*xf) + axfx

(dxe + b*xcx*f))*x)/(16%e”3*xf"2x(e + £*x72)) + ((b*ex(d*e + cxf) + axfx(dxe +
5xcxf))*xArcTan[(Sqrt [£f]*x) /Sqrtlel])/(16xe~(7/2)*£~(5/2))

Rubi [A] time = 0.163406, antiderivative size = 171, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 24, e

0.167, Rules used = {526, 385, 199, 205}

integrand size

(T
x(af (5cf +de) + be(cf +de)) _x(3be(cf +de) —af(Scf +de)) | tan™ (ﬁ) (af (5cf +de) + be(cf + de)) X (a+bx
166312 (¢ + f22) 2402 f2 (e + f2) LoeT2f3"2 6ef (¢

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(c + d*x"2))/(e + f*xx~2)74,x]

[Out] -((d*e - cxf)*xx(a + b*x"2))/(6xexf*x(e + f*x72)73) - ((3*b*ex(d*e + c*xf) -
axf*x(d*e + Bkxcxf))*x)/(24*xe"2%f 2% (e + £*x72)72) + ((b*ex(dxe + c*f) + axf*

(dxe + b*cx*f))*x)/(16%e”3*xf 2% (e + £*xx72)) + ((b*ex(d*e + c*xf) + axfx(d*e +
5xcxf))*ArcTan[(Sqrt [£]*x)/Sqrtle]])/(16*%e~(7/2)*£~(5/2))

Rule 526

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_.)*x((e_ ) + (£f
_)*(x )" (n)), x_Symbol] :> -Simp[((b*e - a*f)*x*(a + bxx™n)~(p + 1)*(c +
d*x"n)~q)/(a*b*n*(p + 1)), x] + Dist[1/(a*b*n*x(p + 1)), Int[(a + b*x"n)"(p
+ 1)*(c + d*x"n)"(q - 1)*Simp[c*(b*exn*(p + 1) + b¥e - axf) + dx(bxexn*(p +
1) + (bxe - axf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, n}
, x] && LtQlp, -1] && GtQlq, 0]

Rule 385

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp[((b*c - a*d)*x*(a + b*xx™n) (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(a*xb*n*(p + 1)), Int[(a + b*x™n)"(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, p¥, x] && NeQ[bxc - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 199

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Simp[(x*(a + bxx"n) (p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*x(p + 1)), Int[(a + b*x"n)~
(p + 1), x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Q[2xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator [p])
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Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
f —a(de+5cf)-3b(de+cf)x? dx
a+ bx?) (c + dx? (de —cf)x (a + bx? or F12)
[ o T e
(e + fxz)4 ef (e + fxz)3 bef

(be(de + cf) + af(de + 5cf)) |

(de—cfix(a+bx®)  Bbe(de+cf) - af(de+5cf)x N
bef (e + fxz)3 242 2 (e + fx2)2 8’ f?

_(de —cf)x (‘1 + bxz) _ (Bbe(de + cf) — af(de + 5¢f))x N (be(de + cf) + af(de + 5cf))x
bef (e + fxz)3 24¢2f2 (e + fx2)2 16¢°f2 (e + fxz)

_(de—cf)x (a+bx2) _ (Bbe(de + cf) —af(de+5cf))x  (be(de + cf) + af(de + 5cf))x
bef (e + fxz)3 242 f2 (e + fxz)2 16e°f2 (3 + fxz)

Mathematica [A] time = 0.101899, size = 171, normalized size = 1.

1 (fx
x(af(5cf + de) + be(cf + de)) N x(af (5¢cf + de) + be(cf — 7de)) N tan”! (W) (af (5cf + de) + be(cf + de)) N x(be -
16¢3 2 (e + fxz) 2462 f2 (e N fx2)2 16¢€7/2 512 6ef

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*(c + d*x72))/(e + £*xx72)74,x]

[Out] ((bxe - axf)*x(dxe — c*f)*x)/(6*%e*xf"2x(e + f*x72)73) + ((b*ex(-T*d*e + cx*f)
+ axfx(dxe + bxcxf))*x)/(24*%e”2%f 2% (e + £*x72)72) + ((b*ex(d*e + c*f) + ax
f*x(d*e + Sxcxf))*x)/(16%e”3*f 2% (e + £*x72)) + ((bxex(d*e + c*f) + axf*x(d*e

+ Bxc*f))*ArcTan[(Sqrt [£]*x) /Sqrt[el])/(16%e~(7/2)*£~(5/2))

Maple [A] time = 0.01, size = 210, normalized size = 1.2

1 (5acf2+adef+bcef+bdez)x5 (5acf2+adef+bcef—bdez) x3 (11 acfz—adef—bcef—bdez)x
+ +
(fx2 +e)3 163 6e2f 16ef2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c)/(f*x"2+e)"4,x)

[Out] (1/16*x(5*axcxf~2+axd*exf+b*ckexf+b*d*e”2) /e 3xx"5+1/6%* (5xaxc*xf ™ 2+a*xd*exf+b*
cxexf-b*d*e”2) /e 2/f*x"3+1/16*% (11xaxc*xf~2-a*d*e*f-bxcrexf-bxd*xe~2) /e/f~2*x)

/ (£xx72+e)"3+5/16/e73/ (exf) " (1/2) *arctan (xxf/(exf) "~ (1/2) ) *xaxc+1/16/e"2/f/ (e

*f) " (1/2)*xarctan(x*xf/(exf)~(1/2))*xaxd+1/16/e"2/f/(exf) " (1/2) *arctan (xxf/ (e*
£)7(1/2))*bxc+1/16/e/£"2/ (exf) "~ (1/2)*arctan(x*f/(exf) " (1/2)) *b*xd
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx"2+c)/(f*x"2+e)”4,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.55886, size = 1355, normalized size = 7.92

6\bde’f°> +5acef> + (bc + ad)e x°> =16 (bde*f= —5ace“f* — (bc + ad)e x° — e’ +5ace’f< + (bde > +5a
(bd3f3 5 f5 (b d)2f4)5 1 (bd4f2 5 2f4 (b d)3f3)3 3(bd5 5 3f2 (bd2f3 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e)"4,x, algorithm="fricas")

[Out] [1/96*(6*(bxd*xe~3*xf~3 + bxaxckxe*xf~5 + (b*c + axd)*e”2xf~4)*x"5 - 16*(bxd*xe”
4xf~2 — Bxaxcxe”2+%f"4 - (b*c + axd)*e”3*f"3)*x"3 - 3*(b*d*e”5 + bkxakxcxe 3xf
~2 + (b*d*e”2*xf~3 + bxaxcxf~5 + (b*c + axd)*exf"4)*x"6 + (b*xc + axd)*e 4x*f
+ 3k (bxd*e"3*f"2 + bSxaxckexf~™4 + (bkxc + a*xd)*e”2xf~3)*x"4 + 3*(bkdxe 4x*xf +
Bkaxcke™2+%f7"3 + (b*c + axd)*e”3*xf72)*x72)*sqrt(-exf)*log((f*x~2 - 2*sqrt(-e
*f)*xx - e)/(f*x72 + e)) - 6x(bxd*e”b*f - 1l*axc*e™3*f~3 + (bxc + a*xd)*e 4x*f
“2)*x) /(e74*fT6%x"6 + 3xe"5xfTE*x74 + 3*%e 6*f74*x72 + e77xf73), 1/48%(3*(b*
d*e”3*f~3 + bxaxcxexf~5 + (b*c + axd)*e"2*xf"4)*xx"5 - 8+ (b*d*e 4*f~2 - b*xaxc
*e"2+%f74 - (b*c + a*xd)*e”3*xf"3)*x"3 + 3*k(bkd*e™5 + bxaxcxe”3*xf"2 + (b*d*e”2
*f73 + Bkaxcxf~™5 + (b*c + a*d)*exf~4)*x76 + (b*c + axd)*e”4xf + 3x(bkxd*xe~3*
£72 + Bkxaxcxexf~4 + (b*c + a*d)*e 2*f~3)*x"4 + 3x(b*d*e”4*f + Bkakxcxe 2xf~3
+ (bxc + axd)*e”3*xf"2)*x72)*sqrt (exf)*arctan(sqrt (exf)*x/e) - 3x(bxd*e 5xf
- 11*axc*e™3*f"3 + (bxc + a*xd)*e 4*f"2)*x)/(e"4*xf~6xx"6 + 3*xe " b*f"5*xx"4 +
3xe"6*xf"4xx"2 + e~ T7*f"3)]

Sympy [A] time = 8.42358, size = 313, normalized size = 1.83

_# (5(1Cf2 + adef + bcef + bdez) log (—€4f2 ’_# + x) —# (5(1Cf2 + adef + bCEf + bdez) log (€4f21 ,—g
B 32 ’ 32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*x**2+c)/ (f*x**2+e)**4,x)

[Out] -sqrt(-1/(exx7xf*x5))*(5xa*xcxf**2 + axd*exf + bxckxexf + bxd*ex*2)*log(-e*x4
*xfxk2xsqrt (-1/ (exx7+f*x5)) + x)/32 + sqrt(-1/(ex*x7*f**5))* (5*xaxckxf**2 + axd

xexf + bkckexf + bkxdkex*2)*log(ex*xd*xfx*x2xsqrt(-1/(exx7xfx*x5)) + x)/32 + (xx*

*5% (15xaxckxf**x4 + 3kaxdxexf**x3 + 3kbkckexf*xx3 + 3kxbkdkxex*2*xf*x*2) + x**x3%(40
kakckexfx*k3 + Skakxdkex*k2kxf*x*x2 + 8Skbkckex*2kxf*xx2 — 8xbkdkex*3%f) + x*(33%a*c
kex*x2kxf*xx2 — 3xakdke*kx3kxf — 3xbkcke**x3*xf — 3kbkdkxex*x4))/(48xex*xB*xf*xx2 + 144
kexkBxf*xk3kx*k*2 + 144kexkbkfrxkdxxk*xd + 48kexk3*f*kk5*xx**6)
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Giac [A] time = 1.19956, size = 248, normalized size = 1.45

7

1
z 2 2)).l2)
(5 acf”+befe+ adfe + bde ) arctan (\/_xe )e (15 acf*x® + 3bcf3x%e + 3adf3x°e + 3bdf2x°e? + 40 acf
+
5
2

16 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)/(f*x"2+e) 4,x, algorithm="giac")

[Out] 1/16x(5xaxc*f~2 + bxcxf*xe + axdxfxe + bxdxe~2)*arctan(sqrt(f)*xxe”(-1/2))x*e
~(=7/2)/£7(5/2) + 1/48*(15xa*xc*f~4*x~5 + 3*xb*c*f~3*xx"bke + 3xaxd*xf " 3*x"b5xe
+ 3xb*xd*f"2*%x"5%e”2 + 40*axcxfT3*xx"3*%e + 8xbxckf T2%x"3xe”2 + 8kaxd*xf "2xx" 3%
e”2 — 8xbxdxf*xx"3%e”3 + 33xaxckxf 2*xx*xe”2 - 3¥bxckxfirxke”3 - 33xaxdkfxxxe”3 -

3xbxd*xxe~4)*e” (-3)/((f*x"2 + e) " 3*xf~2)
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2 3
3.9 f(a + bxz) (c + dxz) (e + fxz) dx
Optimal. Leaf size=226
%fx9 (adf(Zcf +3de) +b (czf2 + 6cdef + 3d2€2)) + ;x7 (af (czf2 + 6cdef + 3dzez) +be (3c2f2 + 6cdef + dzez)) + ée

[Out] axc™2*e”3*x + (cxe”2*(b*cke + 2*axd*e + 3xaxcxf)*x73)/3 + (ex(bkxckxex(2xd*e
+ 3kcxf) + ax(d"2*e”2 + 6xcxdkexf + 3xcT2%f72))*x75)/5 + ((a*xf*x(3*d"2*e”2 +
6xckdrexf + cT2xf72) + bxex(d"2%e”2 + 6*ckdkexf + 3xcT2xf72))*xx77) /7 + (f*
(axd*f*(3*xd*e + 2*c*f) + bx(3*xd"2xe”2 + 6kckd*exf + c™2xf72))*x79)/9 + (dx*f

2% (3*b*d*e + 2*bkcxf + axdxf)*x"11)/11 + (b*d"2*f"3*x"13)/13

Rubi [A] time = 0.214069, antiderivative size = 226, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 26, e .

0.038, Rules used = {521}

integrand size

%fx9 (adf(Zcf +3de) +b (czf2 + 6cdef + 3d2€2)) + ;x7 (af (czf2 + 6cdef + 3d232) + be (3c2f2 + 6cdef + dzez)) + ée

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2) 2x(e + f*xx~2)73,x]

[Out] axc™2*e”3*x + (cxe™2*(b*ckxe + 2*axdxe + 3xaxcxf)*x73)/3 + (ex(bkxcxex(2xd*e
+ 3kckf) + ax(d"2*xe”2 + 6kckd*exf + 3kc™2xf72))*x75)/5 + ((a*xf*(3*xd"2*e”2 +
6xckdrexf + cT2xf72) + bxex(d"2%e”2 + 6kckdkexf + 3xcT2xf72))*xx77) /7 + (f*
(axd*xf*(3*dxe + 2*c*xf) + b*x(3*d"2%e”2 + 6*ckxd*exf + c™2+%f72))*x79)/9 + (dx*f

2% (3*b*d*e + 2*xbkcxf + axdxf)xx"11)/11 + (b*d"2*f~3*x~13)/13

Rule 521

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*x((c_) + (d_)*(x_)"(m_)) (q_.)*x((e_) + (
f_Ix(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)°r, x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[p
, 0] && IGtQ[q, O] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)2 (e + fxz)3 dx = f (acze3 + ce?(bee + 2ade + 3acf)x* + e (bce(Zde +3cf)+a (dzez + 6cdef + 3¢

1 1
= ac’e3x + gcez(bce + 2ade + 3acf)x> + = (bce(2de +3cf) +a (dzez + 6cdef + 3

Mathematica [A] time = 0.081365, size = 226, normalized size = 1.

% £ (adf(2cf +3de) + b (2 f% + 6cdef + 3d%e?)) + ;x7 (af (2f2 + 6cdef +3d%e?) + be (322 + bcdef + d2e?)) + ée

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x72)72x(e + f*xx72)73,x]

[Out] a*c™2%e"3*x + (c*e™2*x(b*cxe + 2*axdxe + 3*axc*f)*x"3)/3 + (ex(bkcxe*x(2xd*e
+ 3%cxf) + ax(d"2%e”2 + 6kxckxdxexf + 3xc"2xf72))*x"5)/5 + ((axf*x(3*xd"2*%xe”2 +
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6xcxdxexf + c72xf72) + bkxex(d"2%e”2 + 6kckdxexf + 3*xcT2xf72))*x"7)/7 + (fx*
(a*xdxf*x(3*kd*xe + 2%cxf) + bx(3*d~2%e”2 + 6kckdxexf + c™2*%f~2))*x~9)/9 + (dxf
“2% (3xb*dxe + 2%bxcxf + axdxf)*xx"11)/11 + (bxd~2*xf"3%x"13)/13

Maple [A] time = 0.001, size = 237, normalized size = 1.1

b2 f3x13  ((ad? +2bed) f° + 3bd%ef?)x'  ((2acd +bc?) f° +3 (ad? + 2bed) ef? + 3bd2ef) x°  (ac’f3 +3
+ + +
13 11 9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x~2+c) 2% (f*x"2+e) " 3,x)

[Out] 1/13*b*xd"2*xf"3*x~13+1/11*((a*d™2+2*b*xc*xd) *f~3+3*b*xd~2%e*xf~2) *x~11+1/9*% ((2*a
*Ckd+b*c”2) ¥ "3+3*% (a*d”2+2*b*xckxd) *exf ~2+3*bxd"2%e 2% ) *x"9+1/7* (a*xc”2*xf~3+3

*x (2*axckxd+bxc™2) xexf ~2+3* (axd™2+2*xb*c*xd) e~ 2*xf+b*xd~2xe”3) *x~7+1/5% (3ka*xc”~2*

exf " 2+3* (2kaxckxd+bxc™2) xe"2xf+ (a*d~2+2*b*c*d) *e”3) *x"5+1 /3% (3xaxc 2%xe 2% f+(
2%axcxd+bxc”2) e 3) *x " 3+akxc " 2%xe " 3*x

Maxima [A] time = 1.03594, size = 319, normalized size = 1.41

% bd? £3x13 4+ 111 (3bd%ef? + (2bed + ad?) f3)x' + é (3bd2e?f + 3 (2bed + ad?)ef? + (bc + 2 acd) f2)2° + ; (bd?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~2*(f*x"2+e)3,x, algorithm="maxima")

[Out] 1/13*%b*d~2*f~3*x~13 + 1/11%(3*b*d"2*%e*f~2 + (2xbxcxd + a*d™2)*f~3)*x"11 + 1
/9% (3*¥b*d"2*%e”2*%f + 3% (2xbxcxd + a*d™2)*e*xf”2 + (b*c™2 + 2*xaxcxd)*f~3)*x"9

+ 1/7x(b*xd"2*e”3 + a*c™2+%f"3 + 3*(2*xbkckxd + a*xd~2)*e”2+xf + 3*x(b*c™2 + 2*axc

*d) *exf"2) *x”7 + axc”2*e"3%x + 1/5%(3xaxc”2xexf”"2 + (2*bxckxd + axd"2)*e”3 +

3% (b*c™2 + 2kaxckxd)*e 2xf)*xx"5 + 1/3*%(3*kaxc”™2xe”2xf + (bxc™2 + 2%axc*d)*e”
3)*x~3

Fricas [A] time = 1.2578, size = 676, normalized size = 2.99

1 3 2 1 1 2 1 1 2
13 £3 72 11 ¢2, 72 1143 114302, 4 29,2727 o £.9¢2 29320 4 2492,92, L 2.9
3" fdb+11x fedb+11x fdcb+11x fda+3xfedb+3xfedcb+9xfcb+3xfeda+9xj

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2% (f*x"2+e)~3,x, algorithm="fricas")

[Out] 1/13*x713*f~3%d"2*b + 3/11%x"11*xf " 2%exd™2%b + 2/11*x"11*f 3%d*c*b + 1/11xx"
11xf~3%d"2%a + 1/3*x"9*f*e ™ 2xd"2%b + 2/3*xx79*f " 2%e*xd*c*b + 1/9*x™9*f " 3xc~2%

b + 1/3%x79*xf " 2%e*xd"2%a + 2/9*x”9*f " 3xdxcxa + 1/7*x"T7*e”3*d"2*b + 6/7*xx"7*f
*e"2%d*c*kb + 3/7*x"T*f"2xexc”2%b + 3/T7*x"T*kf*e”2%xd"2*%a + 6/T*x"T+f " 2kxe*xd*c*k

a + 1/7*x"7*xf73*%c™2%a + 2/5*%x"5*e”3*xd*c*xb + 3/5*%x"bxf*e”2*xc”2*b + 1/5%x"5%e
“3%d"2%a + 6/5*x"bxfxe"2xdxcxa + 3/5*%x"B*f"2kexcT2*%a + 1/3*xx"3%e"3%c”2%b +
2/3*x"3%e”"3xd*cka + x“3xfxe”"2%c"2%a + x*e " 3*xc 2*a
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Sympy [A] time = 0.098201, size = 304, normalized size = 1.35

2.3
prext — T 1 11

b fS o (adfP | 2bedf 3bd2ef2) o (2ac9df3 . ad23e . bc; £, 2bc;le 1. bd23e2 f) o ( 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (d*kx**2+c)**x2* (fxx**2+e) **3 %)

[Out] axc**2xe**3xx + bkd**2xf**3xx**x13/13 + x*x11* (axd**2xf**3/11 + 2*b*ckxd*f**3
/11 + 3xbkd*x2xexf*x2/11) + x**x9x (2kakxckxdxf*x*3/9 + axd*x*kxexf*x*x2/3 + bkxc*x*2
*xf%%3/9 + 2xbkxckdkexfx*2/3 + bxd*x2kxe*x*x2xf/3) + x*kxT*x(axckxx2xf*x*x3/7 + 6Gka*c
xdxexfx*2/7 + 3kakxdx*2kexx2xf/7 + 3xbkck*xkexf**x2/7 + Gkxbkxckxdkxexx2xf/7 + bx*
d*x*2%ex*3/7) + x*kkxbkx(3kakck*xkexf*x*x2/5 + Gxakxckdkxex*x2xf/5 + axd**x2*xe*x*x3/5 +
3xbkckk2kexx2xf /5 + 2xbkxckd*ke**x3/5) + xxk3k(axck*xkex*x2xf + 2kakckdxex*x3/3

+ bxckx*2%e*x3/3)

Giac [A] time = 1.17603, size = 382, normalized size = 1.69

1 2 1 3 1 2 2 1 1
3 bd? f3x13 + a bedf3x!t + a ad? f3x1 + a bd? f2x!te + 5 be? f3x° + 5 acd f3x° + 3 bed f?x%e + 3 ad? f?x% + 3 bd?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~2*(f*x~2+e)~3,x, algorithm="giac")

[Out] 1/13*%b*d~2*xf~3*x713 + 2/11%b*c*d*f~3*x"11 + 1/11*axd”2+%f"3*x~11 + 3/11*xb*xd~
2%f72%x"11%e + 1/9*%bxc™2*xf"3%x79 + 2/9ka*xc*d*f"3*x”9 + 2/3xbxcxd*xf 2%x"9*e

+ 1/3*%axd"2*xf"2*xx"9xe + 1/3*%b*d"2*f*x"9*%e”2 + 1/Txa*xc”2+%f"3*x"7 + 3/7*b*xc”2
*f72xx"T*e + 6/T*xaxcxd*xf~2%x"7T*xe + 6/7xb*ckd*xf*x"~7T*xe"2 + 3/T+axd™2*xf*x"7xe”

2 + 1/7*b*d"2*x"7*e”"3 + 3/5xaxc”2+xf " 2%x"b*e + 3/5xbxcT2xfxx"5xe”2 + 6/5*ax*c
*d*xf*x"5*e”2 + 2/5xbxcxdxx"5%e”3 + 1/5*a*xd”2*x"5*%e”3 + axc 2xf*x"3%e”2 + 1/
3xbxc " 2*x"3%e”3 + 2/3*%axckxd*x"3%e”3 + axc 2xx*e”3
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2 2
3.10 f(a + bx2) (c + dxz) (e + fx2) dx
Optimal. Leaf size=158
;x7 (2adf(cf +de) + b (c2f2 + dcdef + d?¢?)) + éx5 (a(c2f2 + dcdef + d?e?) + 2bce(cf + de)) + éd £x(adf + 2b(c

[Out] axc™2*e”2*x + (cxex(b*ckxe + 2*ax(dxe + c*xf))*x73)/3 + ((2*b*ckex(d*e + c*f)
+ ax(d"2*e”2 + 4dxcxdxexf + c”2+%f72))*x75)/5 + ((2xaxd*f*(d*e + c*f) + bx(d
“2%e72 + dxckdxexf + cT2xf72))*x77) /7 + (dxfx(axdxf + 2xbx(d¥e + c*f))*x”9)

/9 + (bxd~2xf"2xx~11)/11

Rubi [A] time = 0.167084, antiderivative size = 158, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 26, e

0.038, Rules used = {521}

integrand size

;x7 (2adf(cf +de) + b (c2f2 + dcdef + d%¢?)) + éx5 (a(c2f2 + dcdef + d2e?) + 2bce(cf + de)) + éd Fx(adf + 2b(c

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2) 7 2x(e + f*xx~2)72,x]

[Out] axc™2*xe”2*x + (cxex(b*ckxe + 2*ax(d*e + c*xf))*x73)/3 + ((2*b*ckxex(d*e + cx*f)
+ ax(d"2*e”2 + 4xckdkexf + cT2xf72))*x75)/5 + ((2*xaxd*f*(d*e + c*f) + b*x(d
“2%e”T2 + 4dxcxd¥xexf + cT2xf72))*x77) /7 + (dxfx(axdxf + 2*xbx(d*e + c*f))*x79)

/9 + (b*d~2%f"2xx~11)/11

Rule 521

Int[((a ) + (b_D)*(x )" (@ )" (p_)*((c ) + (d_)*x_)"(n_))"(q_.)*x((e_) + (
f_)x(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x™n)°r, x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[p
, 0] && IGtQlq, 0] && IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)2 (e + fxz)2 dx = f (acze2 + ce(bee + 2a(de + cf))x® + (Zbce(de +cf)+a (dze2 + 4cdef + 2 f

1 1
= ac’e®x + gce(bce + 2a(de + cf))x> + z (2bce(de +cf)+a (dze2 +4dcdef + 2

Mathematica [A] time = 0.0595616, size = 158, normalized size = 1.

;x7 (2adf(cf +de) + b (c2f2 + dcdef + d2e?)) + éxS (a(c2f? + dcdef + d?e?) + 2bce(cf + de)) + éd O (ad f + 2b(c

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x72)72x(e + f*xx72)72,x]

[Out] a*c™2%e™2*xx + (ckex(bxcke + 2xax(d*e + cxf))*x"3)/3 + ((2%b*cxex(d*e + cxf)
+ ax(d"2*xe”2 + 4xcxdxexf + c”2xf72))*x"5)/5 + ((2*%axd*f*(d*e + c*xf) + bx(d
“2%e”2 + 4dxckxdxexf + cT2xf72))*xx77)/7 + (dxfx(axdxf + 2xbx(dxe + c*xf))*x"9)
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/9 + (bxd~2xf"2xx~11)/11

Maple [A] time = 0., size = 169, normalized size = 1.1

b2 f2x11 ((ad? +2bed) f2 + 2bd?ef)x®  ((2acd +bc?) f2 +2 (ad? + 2bed) ef + bd?e?) 7 (ac®f2+2 (2acd + |
+ + +
11 9 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c) " 2*x(f*x"2+e)"2,x)

[Out] 1/11*%bxd~2*xf~2xx~11+1/9* ((a*d™2+2*b*xc*xd) *f ~2+2xb*xd " 2%e*f) *x~9+1/7* ((2*a*xc*xd
+b*c72) *FT2+2% (axd"2+2xb*c*d) *e*xf+b*xd"2*%e”2) *x"7+1 /5% (a*xc 2L T2+2* (2*kakxcxd+
bxc”2) xexf+ (a*xd™2+2*b*c*d) *e”2) *x"5+1 /3% (2xaxc " 2kxexf+ (2*a*ckd+b*xc™2) *e"2) *x
“3+a*xcT2xe”2%x

Maxima [A] time = 1.01531, size = 227, normalized size = 1.44

11—1 bd? F2x11 + % (2bd%ef + (2bed + ad?) f2)x° + ; (bd?e? + 2 (2bed + ad?)ef + (bc? +2acd) f2)x7 + ac?e?x + é (ac2f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~2*(f*x"2+e) 2,x, algorithm="maxima")

[Out] 1/11*%b*d”2*xf~2*x~11 + 1/9%(2%b*d"2*exf + (2*xbxcxd + axd™2)*f72)*x"9 + 1/7*(
bxd"2*xe”2 + 2% (2¥b*c*xd + axd"2)*exf + (bxc™2 + 2%axc*d)*f72)*x"7 + axc"2xe”

2%x + 1/56%(axc”™2*xf"2 + (2xbxc*xd + a*xd"2)*e”2 + 2x(b*xc”2 + 2%axc*d)*e*xf)*x"5

+ 1/3%(2*%axc™2*xexf + (b*c™2 + 2%axc*xd)*e”2)*x"3

Fricas [A] time = 1.27589, size = 479, normalized size = 3.03

1 2 2 1 1 4 1 2 2 2
11292 S.9¢,127 . Z.9¢2 2922 1720 Fo7 27022y LT, a2 LT 2 £ .5,

T fdb+9xfedb+9xfdcb+9xfda+7xedb+7xfedcb+7xfcb+7xfeda+7xfdca+5xe

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2% (f*x"2+e)~2,x, algorithm="fricas")

[Out] 1/11*x"11*f72*xd"2%b + 2/9*%x"9*f*xexd™2*%b + 2/9*x~9*f " 2*d*c*b + 1/9*x"9*f~2*d
"2%a + 1/7*x7T*e”2xd"2xb + 4/T*x"THfxexdkckb + 1/7*x"7T*xf"2%c"2%b + 2/7*x"7*
frexd™2%a + 2/7xx"7Txf"2xd*c*a + 2/5*x"5*xe”2xdxcxb + 2/5%x"b*xf*exc”2xb + 1/5
*x"5%e " 2*%d"2%a + 4/5xx"bxfxexdxcka + 1/5*xBkfT2*%cT2*%a + 1/3%x73%e”2%c”2%b

+ 2/3*%x73*%e"2xdxcxa + 2/3*%x"3*xf*excT2%a + x*ke"2xc"2*a

Sympy [A] time = 0.086888, size = 216, normalized size = 1.37

bdZ 2,11
ac%e®x + {13( +x° (

ad?f? N 2bedf? N 2bd%ef o 2acdf? N 2ad’ef N bc? f? N 4bcdef N bd?e? i ac’f*
9 9 9 7 7 7 7 7 5

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate ((b*x**2+a)* (dxx**2+c)**2% (£rxk*2+e)**2,x)

[Out] a*xc*x*x2kxex*x2xx + bkxd*x*x2xfx*xkx*kx11/11 + x**x9x (axd*x*2*xf*x*x2/9 + 2xbkcxdxf*x*2/9
+ 2xbxd*x*2ke*xf/9) + x*kxTx(kaxckxdxfx*x2/7 + 2kxaxdx*x2kxexf/7 + bkxckxx2xf*x*x2/7

+ 4xbkxckxdxexf/7 + bxd*x*x2xex*2/7) + x*x5kx(axcx*x2*xf*x2/5 + 4dxaxckd*xexf/5 + ax
d*x*x2xex*x2/5 + 2xbkckx*x2kxexf/5 + 2xbkckdkxe*x*x2/5) + x*xx3% (2kakxcx*x2xexf/3 + 2%a

kckdxex*2/3 + bkxckx*2ke*xx2/3)

Giac [A] time = 1.14455, size = 273, normalized size = 1.73

1 2 1 2 1 2 4 2 1
m bd? f2x!t + 5 bed f2x° + 5 ad? f2x° + 5 bd? fx% + - be? f2x7 + - acd f2x7 + Z bedfx’e + - ad?fx’e + - bd?x”e? A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) " 2x(f*x"2+e)~2,x, algorithm="giac")

[Out] 1/11*%b*xd"2*f"2%x"11 + 2/9%b*cxd*f~2*xx~9 + 1/9%a*d™2*xf " 2*x~9 + 2/9%b*d~2xf*x
“Oxe + 1/T*bxcT2xfT2%x77 + 2/Txaxckd*f72*x77 + 4/T*xbxcxdxfxx"Txe + 2/7*a*xd”
2%f*xx"T*e + 1/7T*bxd"2*xx"7T*e"2 + 1/5*xa*c”™2*f"2*x"5 + 2/5xbxc”2*%f*x"5%e + 4/5
*axckd*f*x"5*%e + 2/5xbxckxd*xx"5xe”2 + 1/5*a*d”"2*x"5*%e”2 + 2/3%axc”2*xf*x"3*e

+ 1/3%b*c™2%x"3%e"2 + 2/3kaxckxd*x"3%e”2 + akxc " 2xx*xe”2
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2
3.11 f(a + bx2) (c + dxz) (e + fx2) dx
Optimal. Leaf size=94
;dx7(ad f + 2bcf + bde) + éx5(ad(20 f + de) + be(cf + 2de)) + %cx3(ac f + 2ade + bce) + ac®ex + ébdz fx

[Out] a*c™2xexx + (cx(bkxckxe + 2*xaxdxe + axc*xf)*xx"3)/3 + ((bxc*x(2xd*e + cx*xf) + axd
*(d*e + 2%cx*f))*x"5)/5 + (dx(bxd*e + 2xbkxcxf + axd*xf)*xx"7)/7 + (b*d~2*%f*xx"9
)/9

Rubi [A] time = 0.0812315, antiderivative size = 94, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 24, e .

integrand size
0.042, Rules used = {521}
1 1 1 1
;dx7(ad f + 2bcf + bde) + 5x5(ad(2c f + de) + be(cf + 2de)) + gcx3(ac f + 2ade + bce) + ac®ex + §bd2 fx

Antiderivative was successfully verified.

[In] Int[(a + b*xx"2)*(c + d*x"2) " 2%(e + f*x~2),x]

[Out] a*c™2xexx + (cx(bkxckxe + 2*xaxdxe + axc*xf)*xx"3)/3 + ((bxc*x(2xd*e + cx*xf) + axd
*(d*e + 2%cx*xf))*x"5)/5 + (dx(bxd*e + 2xbkxcxf + axd*f)*xx"7)/7 + (b*d~2*xf*xx"9
)/9

Rule 521

Int[((a_) + (b_)*(x_)" (0 ))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_ Ix(x_)"(n))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQlp
, 0] && IGtQ[lq, 0] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)2 (e + fx2) dx = f (acze + c(bce + 2ade + acf)x® + (bc(2de + cf) + ad(de + 2cf))x* + d(bde + 2bc

1 1 1
= ac’ex + gc(bce + 2ade + acf)x> + g(bC(Zde +cf) + ad(de + 2cf))x° + ;d(bde +!

Mathematica [A] time = 0.0288298, size = 96, normalized size = 1.02

1 1 1 1
§x5 (Zacdf + ad?e + bc* f + 2bcde) + ;dx7(adf +2bcf + bde) + gcx3(acf + 2ade + bce) + ac®ex + §bd2fx9

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x72) " 2x(e + fxx72),x]

[Out] a*c™2%exx + (cx(bkxckxe + 2xaxd*e + axc*xf)*x"3)/3 + ((2*xbkcxd*e + a*xd"2%e + b
*xcT2%f + 2xaxckdxf)*x"5)/5 + (dx(bxd*e + 2xbkxcxf + axd*f)*x"7)/7 + (bxd~2x*f
*x79)/9
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Maple [A] time = 0.002, size = 101, normalized size = 1.1

b2 f2° ((adz + 2bcd) f+ bdze) x’ N ((2 acd + bcz) f+ (ad2 +2 bcd) e) x° N (aczf + (2 acd + bcz) e) x3 + oo

+
9 7 5 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c) " 2*x(f*x"2+e) ,x)

[Out] 1/9%b*xd~2*xf*xx~9+1/7*((a*xd~2+2xbxc*d) *f+b*d~2%e) *x~7+1/5% ((2%a*xcxd+b*xc™2)*f+
(a*xd~2+2%bxc*d) *e) *x~5+1/3* (a*xc™2*f+ (2*%a*xcxd+bxc™2) *e) *x~3+a*xc  2%e*xx

Maxima [A] time = 1.01608, size = 135, normalized size = 1.44

1 1 1 1
2 £,9 2 2\ £)7 2 2 5 502 2 2

§bd fx + 7 (bd e+ (2bcd+ ad )f)x + 5 ((2bcd+ ad )e+ (bc +2acd)f)x + actex + 3 (ac f+ (bc +2acd)e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x™2+a)*(d*x~2+c) "2x(f*x"2+e) ,x, algorithm="maxima")

[Out] 1/9%b*d~2*f*xx"9 + 1/7x(b*xd"2%e + (2%b*cxd + axd~2)*f)*x"7 + 1/5%x((2%b*cxd +
axd"2)*e + (b*c™2 + 2%axc*xd)*f)*x"5 + akxc™2kexx + 1/3*%(axc”2*xf + (b*c™2 +
2%axc*d) *e) *x~3

Fricas [A] time = 1.26207, size = 282, normalized size = 3.

1 1 2 1 2 1 1 2 1 2 1.
=X fd?b + =x"ed?b + =x” fdcb + =x” fd?a + =xedch + =x°fc®b + =x°ed?a + =x° fdca + =x%ec®b + =x3edca + =x°
9 7 7 5 5 5 5 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) " 2*(f*x"2+e),x, algorithm="fricas")

[Out] 1/9%x"9%f*xd~2%b + 1/7*x"7xe*xd™2%b + 2/7xx"7xf*xd*cxb + 1/7xx"7xf*xd"2%a + 2/5
*x " Bkexdxckb + 1/5%x"5xfxc”2%b + 1/5%x"5*kexd"2%a + 2/5%x"bkfxdxckxa + 1/3%x”
3kexc”2%b + 2/3%xx " 3kexdxcka + 1/3xx " 3xfxkc 2%a + xkexc 2*a

Sympy [A] time = 0.073632, size = 121, normalized size = 1.29

2
acrex + 7 7 7 5 5 "5 5 3 T

bd? fx° 7 (adzf s 2bcdf s bdze) o (Zacdf .\ ad?e .\ bc* f s 2bcde) o (aczf s 2acde bcze)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (d*x**2+c)**x2* (f*x**2+e) ,x)

[Out] a*cx*2%e*xx + bxd*x2*xfxx**9/9 + xx*x7*(axd**2xf/7 + 2xbkxc*xd*xf/7 + bxd*x*x2xe/7)
+ xx*x5x (2%xakxckxd*xf/5 + axdx*x2xe/5 + bkxcx*2xf/5 + 2xbxcxdkxe/5) + x**3x(akxc*kx*
2xf/3 + 2*axcxd*xe/3 + bxcx*x2xe/3)
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Giac [A] time = 1.21616, size = 162, normalized size = 1.72

1 2 1 1 1 2 2 1 1 1 2
5 bd? fx° + - bedfx” + - ad? fx” + - bd?x’e + z bc? fx° + z acdfx° + = bedx e + z ad?x°e + 3 acfx3 + 3 bc?xe + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~2*(f*x~2+e) ,x, algorithm="giac")

[Out] 1/9%b*xd~2*f*xx"9 + 2/7*xbkxcxdxf*x"7 + 1/7xaxd™2xf*x"7 + 1/7*b*d"2*xx"7*xe + 1/5
*bxc"2xfxx"5 + 2/bkaxckdxf*xx"5 + 2/5%bxckd*x"b*e + 1/5%axd"2xx"bxe + 1/3%ax
cT2xf*xx"3 + 1/3%b*xc”2%x"3%e + 2/3%axckd*xx"3%e + akxc 2kxx*e
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a x2 c x22
g1g [l

e+ fx2

Optimal. Leaf size=142

x (5adf (3de - 5cf) — b (8c2f2 — 25cdef +15d%¢2))  x (c + dx?) (~5adf — 4bcf +5bde)  (be - af)(de —cf )? tan’

15f3 1512 \ef72

[Out] -((5*xa*xd*xf*(3*d*e - 5xc*xf) - b*x(15%xd"2*e”2 - 25kckd*exf + 8xc ™ 2+xf72))*x)/(1
5¥f~3) - ((5*bxd*e - 4xbxcxf - Bxa*xd*f)*x*(c + d*xx72))/(15%f72) + (b*x*x(c +
d*xx~2)72)/(5%f) - ((bxe - axf)x(d*e - c*f) 2xArcTan[(Sqrt[f]*x)/Sqrtlel])/
(Sqrt[el*£~(7/2))

Rubi [A] time = 0.208257, antiderivative size = 142, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 26, e -

0.115, Rules used = {528, 388, 205}

integrand size

x (5adf (3de - 5¢f) — b (8c2f? - 25cdef +15d2%2))  x (c + dx?) (-Badf — dbcf +5bde) ~ (be —af)(de - cf )? tan’

15f3 15f2 \ef72

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x"2)"2)/(e + f*x72),x]

[Out] -((5*a*xd*xf*(3*d*e - 5xc*xf) - b*x(15%xd"2*e”2 - 25*xckd*exf + 8xc ™ 2+xf~2))*x)/(1
5%¥f~3) - ((5*bkxd*e - 4xbxcxf - Bxaxd*f)*x*x(c + d*xx72))/(15%f72) + (b*x*(c +
d*xx~2)72)/(5xf) - ((bxe - axf)*x(d*e - c*f) 2xArcTan[(Sqrt[f]*x)/Sqrtlel])/
(Sqrt[e]l*£~(7/2))

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*x((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n) “px(c + d*x"n)~(q - 1)*Simp[c*(b*e - a*f + b*exnx(p + q + 1)) + (d*x(b*e -
axf) + fxnxqkx(b*c - axd) + bkxdxe*xnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[n*x(p + q + 1) + 1, 0]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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2 c+dx?)(~c(be-5af)+(~5bde+4bcf+5adf)x?)
(a + bxz) (c + dxz)z ; bx (c + dxz) / fera) 2 dx
f et f2 =7 ¢ Y
2 c(be(5de=7cf)-5af(de=3cf ))—(Sud f(3de—5c¢f):-
(5bde — 4bcf — Sadf)x (c + dxz) bx (c + dxz) / e
= + +
15f2 5f 15f2
(5adf (3de — 5¢f) — b (15422 - 25cdef + 8c2f2))x  (Sbde — 4bcf — 5adf)x (c + dx?)
a 157° ) 1572 "

(5adf (3de — 5¢f) — b (15422 - 25cdef + 8c2f2))x  (Sbde — 4bcf — Sadf)x (c + dx?)
- 15f3 - 152

Mathematica [A] time = 0.0636626, size = 115, normalized size = 0.81

3 (adf +2bcf —bde)  x(adfQcf - de) + b(de —cf)?)  (be—af)(de—cf)? tan”! (f%) b5
372 ’ IE i Vef7? 757

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x"2)72)/(e + £*x72),x]

[Out] ((bx(d*e - c*xf)"2 + axd*fx(-(d*xe) + 2xc*xf))*x)/f"3 + (d*x(-(b*d*e) + 2xb*xcxf
+ a*xd*f)*x73)/(3*xf72) + (b*xd"2*x75)/(5*xf) - ((b*e - axf)x(dxe - cx*f) 2*Arc
Tan[(Sqrt [f]1*x)/Sqrt[e]l]l)/(Sqrt[el*£~(7/2))

Maple [A] time = 0.004, size = 243, normalized size = 1.7

bd?x®  xPad?  2x%bed  x3bd?e acdx ad?ex  bc*x bedex  bd%e®x

57 "af Y Tar e P TR TR PR YTp

+ ac? arctan [ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c) 2/ (f*x"2+e),x)

[Out] 1/5/f*b*d”2*x~5+1/3/f*x"3*a*xd”~2+2/3/f*x"3*b*cxd-1/3/f"2*x"3%b*d”~2xe+2/f*a*c
*dxx—1/f"2*%axd"2*xexx+1/fxb*xc™2xx-2/f " 2xb*cxd*e*xx+1/f " 3*xb*xd~2%xe " 2xx+1/ (exf) "~
(1/2)*arctan(x*f/(exf)~(1/2)) *axc™2-2/f/(exf) "~ (1/2)*arctan(x*f/(exf)~(1/2))
xaxcxdxe+1/f72/ (exf) " (1/2) *arctan (xxf/ (exf) " (1/2))*xa*xd"2xe~2-1/f/(exf)~(1/2
Y*arctan (xxf/(exf) ~(1/2))*xbxc ™ 2xe+2/£f72/ (exf) "~ (1/2) *arctan(x*f/(exf)~(1/2))
*bxcxd*xe”2-1/f73/(exf) " (1/2) *arctan(x*xf/(exf)~(1/2) ) *b*d"2*e~3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x"2+a)*(d*x"2+c) "2/ (f*x"2+e),x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [A] time = 1.48085, size = 775, normalized size = 5.46

6 bd%ef3x> - 10 (bd262f2 - (2 bed + adz)ef3)x3 +15 (bd2€3 —acf3 - (2 bed + adz)ezf + (bcz +2 acd)efz)\/qlog
30ef4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2/ (f*x"2+e),x, algorithm="fricas")

[Out] [1/30*%(6xbxd~2*xexf~3%x~5 - 10*(b*d"2*e”2*xf~2 — (2xb*c*d + a*d™2)*e*xf~3)*x~3
+ 15%(b*xd"2*e~3 - a*c™2+%f"3 - (2*bkxckd + axd"2)*xe”2xf + (b*c™2 + 2*axc*xd)*
exf~2) *sqrt (—exf)*xlog((f*x72 - 2*xsqrt(-exf)*x - e)/(f*x72 + e)) + 30*(bxd~2
*e"3*f - (2*bkxckd + axd"2)*e”2xf"2 + (b*c”2 + 2*axckd)*exf~3)*x)/(exf"4), 1

/15% (3*%b*d"2*e*xf"3*x"5 — Bx(bxd"2%e"2+%f~2 - (2*b*ckd + axd~2)*exf~3)*x~3 -

15% (b*xd~2*xe~3 - a*xc™2*%f~3 - (2*bkxcxd + axd™2)*e”2+xf + (b*c™2 + 2*axcxd)*exf
~2)xsqrt (exf)*arctan(sqrt(exf)*x/e) + 15x(bxd"2*%e”3*f - (2%bkxcxd + axd”2)*e
~2+%f72 + (b*c™2 + 2*axckxd)*exf~3)*x)/(exf"4)]

Sympy [B] time = 1.33411, size = 343, normalized size = 2.42

. ” ef3 l_e%(af—be)(cf—de)z ) ”
b5 T ef? (ﬂf B be) (Cf a de) log " ac2f3-2acde f2+ad2e f~bc2e f2+2bcde? f—bd2¢3 tx Tef? (af B be) (Cf a de) I
X

- +
5f 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (d*xx**2+c)**2/ (f*x**2+e) ,x)

[Out] b*xd**x2*x*x5/(6%xf) - sqrt(-1/(e*xf**7))*(a*f - bxe)*(c*f - dxe)**2kxlog(-exfxx*
3xsqrt (-1/ (exf**7))x(axf - bxe)*(cxf - dxe)**2/(akxc**x2xf*x3 — 2xakckdre*xfxx*

2 4+ axd*x2kxex*kx2xf — bkckkkexf*x*k2 + 2xbkckdkex*kx2xf — bkxd**2kxe*x*3) + x)/2 +

sqrt (-1/ (exf*x7) ) x(axf - bxe)*(c*xf - dxe)**2*xLlog(exf**3*xsqrt(-1/(exf*x7))*(

axf - bke)*(cxf — dxe)**x2/(a*xck*¥2xf**3 — kakckdrexf**x2 + axd**x2*e**2xf - b
*Ck*xQke*xf*x2 + 2xbkckdkex*x2*xf — bkd**x2%xe*x*x3) + x)/2 + x**x3%x(axd*x*2*xf + 2xbx

cxd*f - bxdx*2xe)/(3*xf**2) + xx(2kaxckd*f**2 — axdx*x2kexf + brxck*2xf**2 — 2
sbxckxdkxexf + bxd*x*x2xex*x2)/f**3

Giac [A] time = 1.17317, size = 240, normalized size = 1.69

(ac2f® — be? f2e — 2 acdf2e + 2 bed fe? + ad? fe? - bd¢®) arctan (ﬁxe(_%)) e(_%)

7

fz

3bd? f4x® + 10 bed f4x3 + 5 ad?,
+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2/ (f*x"2+e),x, algorithm="giac")
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[Out] (axc™2*xf~3 — b*xc™2xf"2%e - 2kakxckd*xf " 2*e + 2xbkxcxdxfxe™2 + a*xd™2*xf*e”2 - bx*
d"2xe”3)*arctan(sqrt (f) *x*xe~(-1/2))*e~(-1/2) /£~ (7/2) + 1/156%(3*b*d~2*f 4*x"

5 + 10*%bxcxd*xf~4*xx"3 + bkaxd 2xf 4*xx™3 — B5xb*d"2*f"3*%x"3%e + 15%bxcT2xf 4xx

+ 30*xaxckdxf~4*x — 30*bxckxd*xf~3*x*ke — 15*kaxd”2*xf " 3*x*ke + 15*xbxd ™ 2*%f " 2*x*e”
2)/£°5
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2
a+bx?)(c+dx?
3.13 (b)er )
(e+fx2)
Optimal. Leaf size=164
1 (Vfx
(de —cf) tan (7) (be(5de —cf) —af(cf +3de)) (c 4 dxz) (5be —3af)  dx(be(15de - 13¢f) - 3af(3de - cf
2032 (712 + 6ef?2 B 6ef3

[Out] -(d*(b*ex(15*xd*xe - 13*c*f) - 3*xaxf*(3xdxe - cxf))*x)/(6%e*xf~3) + (d*x(5*xb*e
- 3xaxf)*x*x(c + d*x72))/(6xexf~2) - ((b*e - axf)*x*x(c + d*x"2)72)/(2*ex*xf*(e

+ f*x72)) + ((dxe - c*f)*(bkex(5xd*e — c*xf) — axf*(3*d*e + c*f))*ArcTan[(S

qrt [f1*x)/Sqrt[el]l)/(2xe~(3/2)*x£~(7/2))

Rubi [A] time = 0.232371, antiderivative size = 164, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 26, e o e

0.154, Rules used = {526, 528, 388, 205}

(d8—-qf)tan—1(;%;)(h%5de—-qf)-af(qf4-3deD dx (c+dx2) (5be = 3af)  dx(be(15de — 13cf) — 3af (3de - cf
232 f712 " 6ef? - 6ef3

integrand size

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(c + d*x"2)72)/(e + f*xx72)72,x]

[Out] -(d*(b*ex(15*xd*xe — 13*c*f) - 3*xaxf*x(3xdxe — cxf))*x)/(6*%e*xf~3) + (d*x(5*xb*e
- 3xaxf)*x*x(c + d*x"2))/(6xexf"2) - ((bxe - axf)*x*x(c + d*x72)72)/(2*exfx(e

+ £*x72)) + ((d*e - cxf)*(b*ex(5*xd*e - c*f) - axf*(3xdxe + c*f))*ArcTan[(S

qrt [f1*x)/Sqrtlel])/(2%e~(3/2)*£~(7/2))

Rule 526

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_.)*x((e_ ) + (£f
_)*(x )" (n)), x_Symbol] :> -Simp[((b*e - a*f)*x*(a + bxx™n)~(p + 1)*(c +
d*x"n)~q)/(a*b*n*x(p + 1)), x] + Dist[1/(a*b*n*x(p + 1)), Int[(a + b*x"n)"(p
+ 1)*(c + d*x"n)"(q - 1)*Simp[c*(b*exn*(p + 1) + b¥e - axf) + dx(bxexn*(p +
1) + (bxe - axf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, n}
, x] && LtQlp, -1] && GtQlq, 0]

Rule 528

Int[((a_) + (b_)*x(x_)"(m_)) " (p_.)*((c_) + (d_)*(x_)"(m_ D)) (q_.)*x((e_) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(nx(p + g + 1) + 1)), x] + Dist[1/(b*x(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[cx(b*e - a*f + bkexn*x(p + q + 1)) + (dx(bxe -
axf) + fxnxq*x(b*c - axd) + bkxdxe*xnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, £, n, p}, x] && GtQ[qg, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si

mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(ax(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[nx(p + 1) + 1, 0]
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

f (a n bxz) ( o+ de)z o _(be —afyx (C s dxz)z ) f (c+dx )(—c(bez ;;d(%e—aa 2) dr
e+ f22) 2ef (e + f2) 2ef

2 c(be(5de=3cf)-3af (de+cf))+d(be(15de—13cf)-3a,
d(5be—3af)x(c+dx2) (be —af)x (c+dx2) == R ;fiz L
B bef? 26f(e+fx2) bef?

B _d(be(lSde —13cf) - 3af(3de - cf))x .\ d(5be — 3af)x (c + dxz) B (be —af)x (c + dx2)2

Mathematica [A] time = 0.0925017, size = 134, normalized size = 0.82

(Ve
(de = cf) tan™! (7) (be(Sde = cf) —af(ef +340)  (pe — af)(de— cf)?  dx(adf +2bcf ~2bde) b

203272 2ef3 (e + fxz) f? 3f?

Antiderivative was successfully verified.

[In] Integratel[((a + b*x"2)*(c + d*x72)72)/(e + £*x72)72,x]

[Out] (d*(-2*bkd*e + 2*xbxcxf + a*xd*xf)*xx)/f"3 + (bxd"2*x"3)/(3*f~2) - ((b*e - axf)
*(dxe - cxf)"2x%x)/(2%exf~3%(e + f*xx72)) + ((d*e - cxf)*(bxex(5xdxe - c*xf) -
axf*(3*xdxe + cxf))*ArcTan[(Sqrt[f]*x)/Sqrtlel]l)/(2xe~(3/2)*£~(7/2))

Maple [B] time = 0.009, size = 299, normalized size = 1.8

6ef3 6ef? 2ef(e+fx2)

B _d(be(lSde —13cf) - 3af(3de - cf))x .\ d(5be — 3af)x (c + dxz) B (be —af)x (c + dxz)2 ,
bef? 6ef? 2ef (e + fxz)

e

d2x3b  ad?x ) bedx ) bd?%ex axc® axcd exad? bxc? bxecd

3f? ’ f? " f? f? +Ze(fx2+e) f(fx2+e)+2f2(fx2+e)_2f(fx2+e)+f2(fx2+e)_2f3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x~2+c) 2/ (f*x"2+e)"2,x)

[Out] 1/3*d"2/f " 2*x"3xb+d~2/f " 2*a*x+2*xd/f " 2*xbxcxx—2*xd~2/f " 3*b*e*xx+1/2/exx/ (f*x"2+
e)xaxc 2-1/f*x/ (f*x"2+e) *axckxd+1/2/f " 2*ex*xx/ (f*x"2+e) *axd~2-1/2/f*x/ (f*x"2+e
)¥bxcT2+1/f " 2xe*xx/ (£¥x"2+e) ¥b*cxd-1/2/f " 3*xe” 2xx/ (f*x"2+e) *bxd~2+1/2/e/ (exf)
~(1/2)*arctan(x*xf/(exf)~(1/2)) *xa*xc™2+1/f/(exf)~(1/2) xarctan(x*f/(exf)~(1/2)
Y¥xaxcxd-3/2/f"2xe/ (exf) " (1/2) *arctan(xxf/(exf) ~(1/2))*xa*xd”~2+1/2/f/(exf) " (1/
2)*xarctan(xxf/(exf)~(1/2))*bxc~2-3/f " 2xe/(exf) " (1/2) *arctan (xxf/(exf) "~ (1/2)
)*xbxcxd+5/2/f"3*%e”2/ (exf) " (1/2) *arctan (x*f/(e*xf) ~(1/2) ) *b*xd~2
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)~2/(f*x"2+e)~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.59117, size = 1150, normalized size = 7.01

4bd%e?f3x° - 4 (5 bd?e3f% - 3 (2 bed + adz)ezf3)x3 -3 (5 bd?e* + ac’ef3 -3 (2 bed + adz)e3f + (bc2 +2 acd)ezf2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)~2/(f*x"2+e)~2,x, algorithm="fricas")

[Out] [1/12*%(4xbxd~2*e~2xf~3%x~5 - 4*(5*xb*d"2*e 3*f~2 — 3% (2xb*c*xd + a*d™2)*e 2x*f
~3)*x73 - 3*(5xbxd"2*e"4 + axc 2%e*xf”3 - 3k (2*xbkxckxd + axd"2)*e”3*xf + (b*c”2
+ 2*%axckxd)*e"2xf72 + (5xb*d"2%e”3*kf + axcT2xf74 - 3% (2xbkxckd + axd”"2)*e”2x*
£72 + (bxc™2 + 2%axcxd)*exf~3)*x"2)*sqrt (—e*xf)*log((f*x~2 - 2*sqrt(-exf)x*x
- e)/(f*x"2 + e)) - 6x(5xbxd"2%e”4xf - axc 2*exf"4 - 3*x(2xbkxcxd + axd”"2)*e”
3%f72 + (b*c™2 + 2xaxc*d)*e”2*xf7"3)*x)/(e"2*xf7"5*xx"2 + e73*%f74), 1/6*%(2%¥b*xd"2
*e 2+%f"3*%x75 - 2% (5xbxd"2xe"3%f72 - 3% (2*bkckd + axd"2)*e"2xf"3)*x"3 + 3*(5
*b*d"2%e”4 + axcT2xexf"3 — 3x(2%bkxckd + a*xd”"2)*e " 3*xf + (b*xc”2 + 2%axc*d)*e”
2+%f72 + (Bkbxd"2*%e”3*f + axc”2+%f"4 - 3% (2*bkxckd + axd"2)*e"2+xf"2 + (b*c"2 +
2xaxckxd) xexf~3) *x"2) xsqrt (exf)*xarctan(sqrt (exf)*x/e) - 3x(bxb*d 2%e”4xf -
axc”2xe*xf"4 - 3k (2xbxcxd + axd"2)*e”3*xf72 + (b*c”2 + 2xaxckxd)*e 2xf73)*x) /(
e 2xf75*x"2 + e 3xf74)]

Sympy [B] time = 3.64659, size = 479, normalized size = 2.92

1
e3 f7

(cf - de) (acf2 + 3adef + beef — 5bde
bi2x® X (ac2 f3 = 2acdef? + ad®e®f — bc2ef? + 2bcde? f - bdze3)
3f2 " 202 f3 + 2ef4x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*xx*x*2+c)**2/ (f*x**2+e)**2,x)

[Out] b*xdx*2xx**3/(3*xf**%2) + xk(axc*x*2xf*xx3 — kaxckdkexf**x2 + akxdxx2kxex*x2xf — bx*
ckk2kexf**x2 + 2xbkckdkexx2*xf — bxdxx2kex*3)/(2xe*x*x2*xf*x*x3 + 2kexfxkdxx**x2) —
sqrt (-1/ (ex*x3xf*x7) ) x (cxf - dxe)*(a*xckxf**2 + 3xaxdkexf + bkckexf - bxbkxdxe
*x%2) x1og (—ex*2xf*xx3*xsqrt (-1/ (ex*3*xf*x7) )k (cxf — dxe)*(axckf**2 + 3xaxdkexf
+ bxcxexf - bxbxdxex*x2)/(axc**x2*xf*xx3 + 2kxakxckdkexf**x2 — 3kaxd*xx2kxex*x2xf + b
xCkx2kexf*xx2 — Gxbkckdkex*2xf + Bxbkxd**2kxex*3) + x)/4 + sqrt(-1/(ex*3xf*x7)
Y*x(cxf - dxe)*(axc*xf**2 + 3kaxdxexf + bkxcxexf - Bxbxdxex*2)*log(ex*2xf**3xs
qrt (-1/ (e*x*3*xfx*x7) )k (c*f - dke)*(axckf**2 + 3kaxdkexf + bkckxexf - Bkxbkxdkexx
2)/ (axck*2*xf**3 + 2kakckdrexf**x2 — Skaxds*2kex*k2xf + bkckxQxexf**x2 — Gxbkcxk
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dxexx2xf + Bxbkxdx*2kxe*x*x3) + x)/4 + xx(axd*x2xf + 2xbxcxd*xf - 2xbkxd*xx2%e)/fx*

*3

Giac [A] time = 1.16065, size = 263, normalized size = 1.6

1 3
(ac2f3 +bc®f?e +2acdf?e — 6 bedfe? — 3ad®fe? + 5 bdze3) arctan (ﬁxe(_i)) e(_z) (aczf3x b f2xe — 2 acdf?xe
+
2(f

4
2f2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x"2+c) 2/ (f*x"2+e)~2,x, algorithm="giac")

[Out] 1/2*%(axc”™2*xf~3 + bxc™2+%f " 2%e + 2*akckd*xf 2%e — Bxbxckd*f*e™2 - 3kaxd 2xf*e”
2 + bxbxd"2xe”3)*arctan(sqrt(f)*x*xe~(-1/2))*e~(-3/2)/£~(7/2) + 1/2x(a*xc~2x*f
T3%x - bxcT2*f72%xx*ke — 2%axckxdxfT2*xxxe + 2kbkcxdxfirxke”2 + axd 2*xfxxxe”2 -
b*d " 2*x*xe"3)*e” (-1)/((£f*x72 + e)*f~3) + 1/3x(b*d"2+%f 4xx"3 + 6¥b*cxd*f ~4*x

+ 3%axd"2xf"4xx - 6xb*xd"2*xf " 3xx*e)/f"6
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2
a+bx?)(c+dx?
3.14 (b Y et
(e+fx2)
Optimal. Leaf size=207
_tan_1 (%) (be (—czf2 — 6cdef + 15d262) —af (3c2f2 + 2cdef + 3d2e2)) X (c + dxz) (be(5de — cf) — af Bcf + de

852 f7/2 8e2 2 (e + fxz)

[Out] (d*(bxex(15*xd*xe — c*xf) - 3*a*xf*x(d*e + c*xf))*x)/(8%e”2+xf"3) - ((b*e - a*xf)x*x
*(c + d*x72)72)/ (dxexfx(e + £xx72)72) - ((bkex(5xd*e — c*xf) - axf*x(d*xe + 3%
cxf))*x*x(c + d*xx"2))/(8xe”2xf 2% (e + f*x"2)) - ((b*ex(15%d~2%e”2 - Bxcxd*ex

f - c72%f72) - axf*x(3%xd"2%e”2 + 2xckdxexf + 3*xc72%f72))*ArcTan[(Sqrt[f]l*x)/
Sqrt[el])/(8*xe~(5/2)*£~(7/2))

Rubi [A] time = 0.238958, antiderivative size = 207, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 26, M =
integrand size
0.115, Rules used = {526, 388, 205}
_1 (Fx
tan™! (?) (be (—czf2 — 6cdef + 15d232) —af (3czf2 + 2cdef + 3dzez)) X (c + dxz) (be(5de — cf) — af(B3cf + de

852 f712 - 8e2f2 (e + fxz)

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*xx~2)"2)/(e + f*x~2)"3,x]

[Out] (d*(bxex(15*xd*xe - c*xf) - 3*a*xf*x(d*e + c*xf))*x)/(8%e”2+xf"3) - ((b*e - a*xf)x*x
*(c + d*x72)72)/ (dxexfx(e + £*xx72)72) - ((bkex(5xd*e — c*xf) - a*xf*(d*e + 3%
cxf))*x*x(c + d*x72))/(8*e™2%f 2% (e + f*x72)) - ((b*ex(15*d"2%e”2 - 6*ckxdxe*

f - c™2%xf72) - axf*(3xd"2%e”2 + 2kxckdxexf + 3*xc”2xf72))*ArcTan[(Sqrt[f]*x)/
Sqrt[el]])/(8*xe~(5/2)*£~(7/2))

Rule 526

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(_))"(q_.)*x((e_) + (£
_)*(x_)7(n))), x_Symbol]l :> -Simp[((b*e — a*f)*x*(a + b*¥x™n)~(p + L)*(c +
d*x"n)~q)/(a*xbxn*x(p + 1)), x] + Dist[1/(a*xb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)%(c + d*x"n)~(q - 1)*Simp[c*(b*exn*x(p + 1) + b¥e - axf) + dx(bxexn*(p +
1) + (b*xe - a*xf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] & LtQ[p, -1] && GtQlq, O]

Rule 388

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x"n) " (p + 1))/ (bx(nx(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n) p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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(c+dx?)(~c(be+3af)-d(Sbe-af)x?)
f (a + bxz) (c + dxz)2 e _(be —af)x (c + dx2)2 ) J (e+F2) ax
(e + fxz)3 def (e + fx2)2 def

(be —af)x (c + dx2)2 (be(5de — cf) — af(de + 3cf))x (c + dxz) ) —clofdeSe) belbdere,

=- - +
def (e + fx2)2 8e? f2 (e + fxz)

_ d(be(15de ~ cf) ~3af(de + cfx  (be—apx(c+ ax2)’  (be(5de = cf) = af(de + 3cf))x
B 8e2 f3 def (e + fx2)2 8e2 f2 (e + fxz)

_ d(be(5de - cf) ~af(de+cf)x  (be—afx(c+dr?)  (be(Sde - cf) - af(de +3cf)x
) 8e2f° def (e + fx2)2 8¢ f2 (e + fxz)

Mathematica [A] time = 0.127148, size = 183, normalized size = 0.88

tan! (%) (be (~c2f ~ 6cddef +15d%¢%) — af (3632 + 2cdef +38E)) (4o _ o) (be(Ode - cf) — af Gef + 5d0)
—_ + -

852 f7/2 8e2f3 (e + fxz)

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x~2)"2)/(e + £*x72)73,x]

[Out] (b*d~2*x)/f~3 - ((b*xe - a*xf)*(d*e - c*f) 2xx)/(4*xexf~3x(e + £*x72)72) + ((d
xe — c*f)*(bxex(9*xd*e — cxf) - a*xf*(5*xd*e + 3*kc*xf))*x)/(8xe”2xf 3+ (e + f*x~

2)) - ((b*xex(15%d"2*e”2 — 6xcxd¥exf - c™2+%f72) - axf*(3*xd"2*xe”2 + 2%ckd*exf

+ 3%c™2xf72) ) *ArcTan[(Sqrt [f]*x) /Sqrt[e]])/(8xe~(5/2)*£~(7/2))

Maple [B] time = 0.011, size = 397, normalized size = 1.9

bd?x 3 fx3ac? .\ x3acd 5 x3ad? x3bc? 5 x3bed L9 x>bd%e L 5m

— + —
g (f2ref @ a(fe+e)e sf(f2+e) 8(f2+c)e 4f(f2+e) 8P(f2+e) 8(f2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c) 2/ (f*x"2+e)"3,x)

[Out] b*d~2/f " 3*x+3/8*f/(f*x"2+e) "2/e”2*xx " 3*axc™2+1/4/ (f*x"2+e) "2/e*x " 3*a*xc*xd-5/8
/E/ (£%x72+e) "2*xx"3*axd"2+1/8/ (f*¥x"2+e) "2/e*x"3*b*xc"2-5/4/f/ (f¥x"2+e) "2%x"3*
bxc*xd+9/8/f72/ (£¥x~2+e) "2*x"3%b*d"2%e+5/8/ (f*x"2+e) "2/exx*axc™2-1/4/f/ (f*x~

2+e) "2xaxcxd*x-3/8/f72/ (fxx"2+e) "2%axd " 2*exx—-1/8/f/ (f*x"2+e) "2*xbxc"2*xx-3/4/

£f72/ (£*x"2+e) "2xbxckdxexx+7/8/f73/ (fxx"2+e) "2%b*xd~2%e” 2*xx+3/8/e" 2/ (exf) " (1/
2)*xarctan(xxf/(exf)~(1/2))*axc™2+1/4/f/e/(exf)~(1/2) *arctan (xxf/(exf)~(1/2)
Y*xaxcxd+3/8/f72/ (exf) "~ (1/2)*arctan(x*xf/(exf) " (1/2))*xaxd"2+1/8/f/e/(exf) " (1/
2)*xarctan(x*f/(exf)~(1/2)) *bxc™2+3/4/f72/ (exf) ~(1/2) xarctan(x*f/(exf)~(1/2)
)*bxcxd-15/8/f"3*e/ (exf) " (1/2) *arctan (x*f/(exf) ~(1/2))*b*xd~2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c) 2/ (f*x"2+e)"3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.5857, size = 1613, normalized size = 7.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2/ (f*x"2+e)"3,x, algorithm="fricas")

[Out] [1/16%(16xbxd~2*xe~3*xf"3*x~5 + 2% (25*b*d"2*e”~4*f~2 + 3*a*xc™2%e*f”5 - 5*x(2%bx*
cxd + a*d"2)*e"3*f"3 + (b*c"2 + 2xaxc*d)*e”2*%f"4)*x"3 + (15*xb*d"2%e”5 - 3*a
*CT2xe"2*%f 73 - 3% (2xb*xckxd + axd"2)*e”4xf - (bxc”2 + 2%axckxd)*e”"3*xf"2 + (15%
bxd"2*e"3*xf "2 - 3kaxc”2*f"5 - 3% (2xbxcxd + a*d"2)*e”2*%f"3 - (b*cT2 + 2xaxc*
d) *exf~4)*x"4 + 2x(15%b*d"2%e 4*f - 3kaxc 2xexf~4 - 3% (2xb*c*d + axd"2)*e”3
*f72 - (b*c72 + 2%axc*d)*e”2*xf73)*x"2) *sqrt (-exf)*xlog((f*x~2 - 2*sqrt(-exf)
*¥x — e)/(f*x72 + e)) + 2x(15xb*xd"2%e"5*f + bBkaxc 2xe"2xf~4 — 3x(2*b*cxd + a
*d"2) *e"4*f"2 - (b*c™2 + 2xaxcxd)*e”3*%f73)*x)/(e"3*f"6*xx"4 + 2xe"4*f"5*x"2
+ e7b*f74), 1/8*(8xbxd"2%e " 3*%f"3*x"5 + (25xb*d"2*xe~4xf~2 + 3ka*xc”2*e*f”5 -
5% (2%b*c*d + axd™2)*e"3*xf"3 + (b*c™2 + 2*axckd)*e 2xf~4)*x"3 - (15%b*d"2%e”
5 - 3*a*xc”2*xe " 2*xf"3 — 3% (2xbxckxd + a*xd”2)*e 4x*xf - (b*cT2 + 2%axc*d)*e”3*f72
+ (15%b*xd"2*e"3*%f"2 - 3*a*xc ™ 2*xf"5 — 3*x(2xbxcxd + a*xd"2)*e”2xf"3 - (b*c"2 +
2kakxckd) kexf~4)*xx"4 + 2% (15%b*d"2%e 4*xf - 3kaxc 2xexf~4 - 3% (2*bkckd + axd
~2)*%e73*%f72 - (bxcT2 + 2kaxckxd)*e”2xf73)*x72) *sqrt (exf) *arctan(sqrt (exf)*x/
e) + (15*xb*d~2*xe " 5*xf + bxaxc™2%e”2+%f~4 - 3*(2*bkxckxd + axd"2)*xe”4*xf~2 - (b*c
T2 + 2%axckd)*e”3*f73)*x)/(e"3*%fT6*%x74 + ke 4*fTExxT2 + e"5xf74)]

Sympy [B] time = 18.9233, size = 400, normalized size = 1.93

1 [ 1 [ 1
b 57 (3ac2f3 + 2acdef? + 3ad?e* f + bc®ef? + 6bcde® f — 15bd263) log (—e3f3 57 x) T (Bac

- +
[E 16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (d*x**2+c)**x2/ (f*xx**2+e)**3,x)

[Out] bxd**2*x/f*x3 - sqrt(-1/(e*x*b*xfx*7))* (3kakck*x2*xf**3 + 2kaxckdrexf**2 + 3kax
dx*2%ex*x2*xf + bxck*2xexf**2 + B*bkckdxex*2xf — 15xb*xd**2%e**3)*xLog(—ex*3xf*
*x3*xsqrt (-1/ (ex*x5xf*x7)) + x)/16 + sqrt(-1/(ex*5xf**x7))* (3kaxck*2xf*x*3 + 2%a
kckdxexfxx2 + 3kakd*xkQkex*k2*xf + Dkck*x2xexf*x*x2 + Gkbkckdkex*x2xf — 15kxbkd**x2*

ex*3) *log (ex*3xf**x3*xsqrt (-1/ (ex*5xf*x7)) + x)/16 + (x**k3x(3xa*xck*2xf*x4 + 2
kakckdkexfx*3 — Skaxdx*kex*xQkxf*x2 + Dbxckx2kexfx*x3 — 10*bkckdrex*2xf*x2 + 9
*bxdx*2ke*xkx3kxf) + xk(Hkakck*kexf*x3 — kakckdkex*kxf*x2 — 3kakd*kkx2kex*x3*xf

— Dbxckx2kxex*k2kf*x*x2 — Gkbkckdkxex*3xf + Txbkdx*k2kxex*x4))/(8xkexx4xfx*x3 + 16%e*x*
3xfxkdxx*x*D + Skekkxkfkk5xx*k*4)
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Giac [A] time = 1.19987, size = 321, normalized size = 1.55
5

1
b (3 ac?f3 + bc®f?e + 2 acdf?e + 6 bedfe? + 3ad? fe? — 15 bdze3) arctan (ﬁxe(_z)) e(_z) (3 4 fAx3 + b2 f3x
+ +

7 57

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x"2+c) 2/ (f*x"2+e)"3,x, algorithm="giac")

[Out] b*d™2*x/f~3 + 1/8%(3xaxc”™2*f~3 + bxc™2*f 2%e + 2ka*xc*d*f~2xe + 6xbkxcxdxf*e”
2 + 3*axd"2*xfxe”2 - 15xb*d"2*e”3)*arctan(sqrt(f)*x*xe~(-1/2))*e~(-5/2)/£~(7/
2) + 1/8%(3*kaxc™2*xf"4*x"3 + b*xc 2+xf " 3*x"3*ke + 2*kakckd*xf 3xx"3xe - 10*b*ckdx*
f72xx73%e”2 — Bxa*xd"2*%f"2xx"3*%e”2 + Oxbkxd " 2*%f*x"3%e”3 + LSxaxc 2xf"3*xx*e - b
*CT2xET2xxkeT2 — 2kakckd*fT2xx*xe”2 — 6xbkckdkfrxke”3 - 3xaxd"2*xf*x*e”3 + Tx

bxd"2*x*xe"4)*xe” (-2) /((f*x"2 + e) " 2%f"3)
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2
a+bx?)(c+dx?
a1s  [lmdes
(e+fx2)
Optimal. Leaf size=240
x (af (—15czf2 + 4cdef + 3d262) + be (—?)czf2 —dcdef + 15dzez)) tan™! (%) (gf (502f2 + 2cdef + dzez) 4 be(
) 48633 (e + fx?2) " 167272

[Out] -((b*xe - axf)*x*x(c + d*x"2)72)/(6*xexf*x(e + £*x72)73) - ((d*ex(5*xbxe + axf)
- cxfx(b*e + B¥xaxf))*xkx(c + d*x"2))/(24*xe”2xf " 2x(e + £*x72)72) - ((axf*(3*d
“2%e"2 + 4dxcxdkexf - 15%xcT2+%f72) + bxex (15%d"2%e”2 - 4kxckxd¥xexf — 3*xcT2xf72)
)*x)/(48%e"3*%f"3*%(e + £*x72)) + ((b*xe*x(5xd"2%e”2 + 2kckxdxexf + c™2%f72) + a
xf*(d"2%e”2 + 2*ckxdxexf + 5xc”2*xf72))*ArcTan[(Sqrt [f]*x)/Sqrtlel])/(16*e” (7
/2)*£7(7/2))

Rubi [A] time = 0.280437, antiderivative size = 240, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 26, e -

0.115, Rules used = {526, 385, 205}

integrand size

x(af (—15c2f2 + 4cdef + 3012@2) + be (—3c2f2 — dcdef + 15[1262)) tan~! (%) (af (5c2f2 + 2cdef + dzez) " be(
) 4803 f3 (e + fx2) * 16672 712

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x"2)"2)/(e + f*x"2)"4,x]

[Out] -((bxe - axf)*x*(c + d*x~2)72)/(6*xexfx(e + f*x72)73) - ((d*e*x(5xb*xe + axf)
- cxfx(bkxe + bxaxf))*x*x(c + d*x"2))/(24xe”2*xf 2% (e + f*x72)72) - ((axf*(3xd
“2%e72 + dkckdxexf — 15xcT2xf72) + brex(15%d72*%e”2 - 4dxcxdxexf - 3*%cT2*f72)
)*x)/(48%e"3*%f"3*%(e + £*x72)) + ((b*xex(5xd"2%e”2 + 2kckxdxexf + c™2%f72) + a
xf*(d"2%e”2 + 2%ckxdxexf + 5xc”2*xf72))*ArcTan[(Sqrt [f]*x)/Sqrtlel])/(16*e” (7
/2)*x£7(7/2))

Rule 526

Int[((a_) + (b_)*(x_)"(_ )~ (p)*((c_) + (d_)*x(x_)"(m_)) (q_.)*x((e_) + (f
_I)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*xx(a + bxx™n) (p + L)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(a*b*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*e*xnx(p + 1) + b*e - axf) + dx(b*exn*x(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] && LtQ[p, -1] && GtQlq, O]

Rule 385

Int[((a_) + (b_.)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp[((b*c - axd)*x*(a + b*x™n) ~(p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(axb*xnx(p + 1)), Int[(a + b*x™n)~(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 205
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
(c+dx2) (—c(be+5af)—d(5be+af)x2)
f (a + bxz) (c + dx2)2 e _(be —af)x (c + dx2)2 ) f s dx
(e + fxz)4 bef (e + fxz)3 bef
’ f c(de(Sbe+af)+3cf (be+5a
(be — af)x (c + dxz) (de(5be + af) — cf(be + 5af))x (c + dxz)
= - - +
bef (e + fxz)3 242 2 (e + fxz)2
(be — af)x (c + tilxz)2 (de(5be + af) — cf(be + 5af))x (c + dxz) (af (3d262 + 4cdef —
ef (e + fxz)3 2462 f2 (e + fxz)2
(be - af)x (c+ dxz)z (de(Sbe + af) - cf(be + 5af)x (c + dx?)  (af (3d%e% + dcdef —
bef (e + fxz)3 242 f2 (e + fx2)2

Mathematica [A] time = 0.160394, size = 242, normalized size = 1.01

X (af (5c2f2 + 2cdef + dzez) + be (czf2 + 2cdef — 11d262)) tan™ (%) (“f (5C2f2 + 2cdef + dzez) + be (szz + 2cd

+
16633 (e + fxz) lee’2f712

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*(c + d*x72)72)/(e + £*x72)74,x]

[Out] -((b*e - axf)*x(dxe - c*f) 2*x)/(6*exf"3*x(e + f*x72)73) + ((d*e - c*f)*(b*xex
(13*%d*e - c*f) - axf*x(7*xd*e + Sxcxf))*x)/(24*%e”2xf"3*x(e + f*x72)72) + ((b*e
*(-11%d"2*%e”2 + 2*kckdrxexf + c”2+%f72) + axfx(d"2*e”2 + 2kxcxdxexf + 5xcT2*xf72
))xx)/(16%e"3*%f"3*(e + £*x72)) + ((bxex(5*%d"2%e”2 + 2kckdkexf + c™2xf72) +
axfx(d"2*%e”2 + 2xckdxexf + Bkc”2xf72))*ArcTan[(Sqrt[f]l*x)/Sqrtle]])/(16xe™(

7/2)x£7(7/2))

Maple [A] time = 0.01, size = 360, normalized size = 1.5

1 (5 ac’f3 + 2 acdef? + ad?e®f + bc2ef? + 2 bede? f — 11 bd263) x° (5 ac’f3 + 2 acdef? — ad?e® f + bc®ef? -
+
(fxz +e)3 163 f 662 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c) "2/ (f*x"2+e) " 4,x)

[Out] (1/16*%(5*xaxc”™2xf~3+2%a*xckd*e*xf " 2+a*xd”~2xe” 2xf+bxc™2%xe*xf ~2+2*b*c*xd*e ™ 2xf-11*b
*d"2%e73) /e 3/f*x"5+1 /6% (5xaxc”2+f " 3+2*xaxckdrexfT2-axd " 2xe " 2xf+b*xc T 2*xe*xf T 2-
2¥b*xckd*ke” 2xf-5xb*xd"2%xe"3) /e”2/f"2+%x"3+1/16* (11*a*xc ™ 2xf ~3-2xaxckxd*e*xf~2-ax*d
"2%e " 2%f-bkc T 2kexfT2-2xbxcxd*xe " 2+xf-5xb*d"2*%e”3) /f"3/exx) / (f*x"2+e) "3+5/16/¢
~3/(exf)~(1/2)*arctan(x*xf/(exf)~(1/2))*xa*xc™2+1/8/e"2/f/(exf)~(1/2) *arctan(x
xf/(exf) " (1/2)) *xaxcxd+1/16/e/f72/(exf) "~ (1/2) xarctan(x*xf/(exf)~(1/2))*a*xd”2+
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1/16/e”2/f/(exf)~(1/2)*arctan(x*f/ (exf)~(1/2))*bxc"2+1/8/e/f"2/ (exf)~(1/2)*
arctan(xxf/(exf)~(1/2)) *bxc*xd+5/16/£~3/ (exf) " (1/2) *arctan(x*xf/(exf) "~ (1/2))*
b*xd~2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)~2/(f*x"2+e) 4,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.60621, size = 2117, normalized size = 8.82

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 2/ (f*x"2+e) 4,x, algorithm="fricas")

[Out] [-1/96*%(6*%(11*b*xd~2*xe~4*f~3 - Bkakxc ™ 2xexf~6 — (2xbxcxd + a*d™2)*e"3*f"4 - (
b*c™2 + 2%axckxd)*e”2*xf75)*x"5 + 16%(5xb*d"2%e " 5xf"2 — BxaxcT2xe”2xf"5 + (2%
bxcxd + axd"2)*e"4*xf"3 - (b*c™2 + 2*xaxcxd)*e”3*%f74)*x"3 + 3*x(5xbxd"2*xe"6 +
Bkxaxc~2%e " 3*f"3 + (2xbxcxd + a*d"2)*e”5*f + (b*c™2 + 2xaxcxd)*e”4+xf"2 + (5
b*d"2*e"3*%f"3 + bkxaxc”2*xf"6 + (2*bkxcxd + axd"2)*e”2+xf"4 + (b*c”T2 + 2*axcxd)
*e*xf75)*x"6 + 3k (5xbxd"2xe"4*xf"2 + Skxaxc " 2*kexf"5 + (2xbxckxd + a*d"2)*e 3*f”
3 + (b*c™2 + 2*axc*d)*e"2+xf"4)*xx"4 + 3% (5xbxd"2*e"5xf + bxaxc 2xe”2*xf"4 + (
2xbxckd + axd"2)*xe”"4xf72 + (b*c”2 + 2%axc*d)*e”3*f73)*x"2) *sqrt (-exf)*1log((
fxx72 - 2*sqrt(—exf)*x - e)/(£*x72 + e)) + 6%(5xb*xd™2xe”6*xf - 1lkaxc ™ 2%e”3x
£f74 + (2*%bxcxd + axd™2)*e”5xf72 + (b*c™2 + 2*xaxcxd)*e 4*xf73)*x) /(e "4*xf~7*xx"
6 + 3xe”5xf76%x"4 + 3*%e"6xf 5xx"2 + e 7xf"4), -1/48%(3*%(11xb*d"2%xe"4*f"3 -
Skxaxc”2%e*xf"6 - (2*bxckxd + a*xd"2)*e"3*xf"4 - (b*c™2 + 2*akxckxd)*e”2xf"5)*x"5
+ 8% (5xbxd"2*e 5xf"2 - Bkxaxc”2%e " 2*¢f"5 + (2xbxcxd + a*d"2)*e”4*f"3 - (b*c”2
+ 2kaxckd)*e"3*xfT4)*xx"3 - 3% (5¥xb*d"2%e”6 + BkaxcT2xe"3*xf"3 + (2%b*cxd + ax
d"2)*e”5*xf + (b*c™2 + 2%axc*d)*e 4*f"2 + (5xbxd"2xe"3*%f"3 + SkxaxcT2*xf76 + (
2¥b*xc*xd + axd"2)*e"2*xf"4 + (b*c”2 + 2*a*ckd)*exf"5)*x"6 + 3x(5xb*xd"2%e"4*f”
2 + Bxakxc ™ 2kexf"5 + (2xbxcxd + a*d"2)*e”3*%f"3 + (b*c"2 + 2*axc*xd)*e”2+xf"4)*
X"4 + 3% (5xbxd"2%e"5*f + BkaxcT2xe"2xf74 + (2%b*ckxd + a*d”"2)*e"4*xf"2 + (bxc
T2 + 2xaxcxd)*e”3xf73) *x72) *sqrt (exf)*arctan(sqrt (exf)*x/e) + 3x(5xb*d 2xe”
6xf - 11l*axc™2*xe”3*f"4 + (2xbxc*xd + a*d™2)*e " 5xf~2 + (b*c™2 + 2%axc*d)*e 4
£73)*x) /(e 4*f"7*x"6 + 3*%e”5xf " 6*x"4 + 3*e"6xf"5*xx"2 + " 7+xf"4)]

Sympy [B] time = 96.292, size = 486, normalized size = 2.02

N —# (5ac2f3 + 2acdef? + ad?ef + bcef? + 2bcde? f + 5bd%?) log (—e4 7. —ﬁ + x) , /‘;7 (5ac2f3 + 2

- +
32

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((bxx**2+a)* (d*xx*x*2+c)**2/ (f*x**2+e)**4,x)

[Out] -sqrt(-1/(ex*x7*f*x7))*(5xa*xck*2xf*x3 + 2xakcxdrexf**2 + axd**x2kex*2xf + bxc
xkDxexfx*k2 + 2kbkckdkex*x2*xf + Dkbxd*x2*e*x*3)*Llog(—e*x*d*xfx*x3xsqrt (-1/ (ex*7*f
**7)) + x)/32 + sqrt(=1/(ex*xT+f**7))* (b*akcxkx2xf**3 + 2kakckdrexf*x2 + axdx*
*x2kexx2xf + Dkck*k2kexfx*2 + 2xbkxckdkex*2*xf + bxbxd*x2%e*xx3)*xLog(ex*4xf**3xs
qrt (-1/(ex*x7T*xfx*x7)) + x)/32 + (x**5* (15*akc*x*x2xf**x5 + 6*axckdkexf*x4d + 3xax
dxk2kexk2xf*x*x3 + 3xbkck*2kexf**x4 + Gxbkckdrex*x2xfxx3 — 33xbkd**2ke*x*k3kf**x2)
+ xkk3% (A0*axcxx2kxexf**x4 + 16kakckdkexx2xfxx3 — Skxakxd**2ke*x*3xf**x2 + 8xbxc
*kQkex*k2kfxx3 — 16xbkckdrek*3xfxx2 — 40*bkdx*x2kexxdxf) + x*x (33kakck*kex*2Dx
f*%3 - BGxakckdrex*x3xf**x2 — Jkaxdkkkexkdxf — 3kbkckx2kxe*x*k3xf*%2 — Gxbkckxd*e
*kdxf — 15xbxd**2xe*x*5) )/ (48*xex*x6+xf**3 + 14dxe*x*5xfx*x4kx*x*x2 + 144xe*xxdxf**5
*xk%4 + 48xexx3kfx*kBxx**6)

Giac [A] time = 1.15767, size = 420, normalized size = 1.75

1 7
(5 ac’f3 + bc® f?e + 2 acdf?e + 2 bedfe? + ad*fe? + 5 bd2e3) arctan (ﬁxe(_z)) e(_z) (15 ac® 525 + 3bc2 fAx5 + 6 ac
+

7
16 f2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x"2+a)*(d*x"2+c) "2/ (f*x"2+e)"4,x, algorithm="giac")

[Out] 1/16*%(5*xaxc™2*xf~3 + b*xc™2+xf " 2%e + 2kaxckxd*xf~2xe + 2xbxckd*xf*xe”2 + axd™2*xf*e
~2 + B*b*xd"2xe”3)*arctan(sqrt (f)*xxe”(-1/2))*e~(-7/2)/£~(7/2) + 1/48x(15*ax
cT2xf"5%x"5 + 3*bkcT2*xf"4*xx"bke + Gxakxckd*f 4*x"5ke + Gxbkckd*xf 3xx"5xe”2 +
3*xaxd"2xf"3*x"5xe”2 - 33%bxd"2*xf"2*x"5%e”3 + 40*axc”2xf"4*x"3%e + 8*bkxc 2%
f73%x73*%e”2 + 16*akxckd*xf 3*xx"3xe”2 - 16*xbxcxd*f72*%x"3*%e”3 - 8xaxd " 2*xf"2*x”3

*e”3 — 40*xbxd " 2xf*xx"3%xe"4 + 33%akxc”2*%f " 3xx*e”2 — 3xb*kcT2xfT2%xx*e”3 — 6*axck
d*f"2*x*e”3 — B6xbkxckxdxfrx*xe”4 - 3kakd 2xfirx*ke”4 — 15xbxd"2*x*e”5)*e” (-3)/ ((

f*x72 + e)~3%f"3)
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3 3
3.16 f(a + bx2) (c + dxz) (e + fx2) dx
Optimal. Leaf size=310
%d Fxt (adf(cf +de) + b (c2f2 + 3edef + d%?)) + éx9 (3adf (c2£? + Bcdef + d2e2) + b (9c2def? + ¢ 3 + 9cd?e?

[Out] a*c™3*e”3*x + (c™2xe" 2% (b*ckxe + 3*xax(d*e + c*xf))*x73)/3 + (3*cke*x(bkcrex(d*
e + cxf) + ax(d"2*xe”2 + 3xcxd¥exf + cT2*f72))*x75)/5 + ((3*b*ckxe*x(d”"2*e”2 +
3kckdrexf + cT2xf72) + ax(d"3%e”3 + Okckd"2*xe”2*xf + OxcT2xdxexf72 + cT3*f”
3N)*x"T7)/7 + ((3xaxd*xf*(d"2%e”2 + 3*kckdxexf + c¢™2xf72) + b*x(d"3*e”3 + 9*cx*d
"2%e”2%f 4+ OkcT2*kd*exf"2 + ¢”3*%f73))*x79)/9 + (3kdxf*x(axdxfx(d¥e + c*f) + b
*(d"2%e”2 + 3kxckdkexf + c”2xf72))*x"11)/11 + (d72*xf"2x(axd*f + 3*b*x(d*e + c
*f))*x713) /13 + (b*d~3*f~3%x~15)/15

Rubi [A] time = 0.386571, antiderivative size = 310, normalized size of antiderivative
1., number of steps used = 2, number of rules used = 1, integrand size = 26, number of rules_

integrand size
0.038, Rules used = {521}

1
%dfx11 (adf(cf +de)+b (czf2 + 3cdef + dzez)) + §x9 (3adf (czf2 + 3cdef + dzez) +b (9c2def2 +3f3 +9cd?e2 f

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2) " 3*(e + f*x~2)73,x]

[Out] a*c™3*e ™ 3*xx + (c™2xe" 2% (b*cxe + 3*ax(d*e + c*xf))*x73)/3 + (3*cke*x(brcrex(dx*
e + cxf) + ax(d"2xe”2 + 3xcxd¥exf + c72*f72))*x75)/5 + ((3*b*ckxe*x(d"2*e”2 +
3kckdkxexf + c"2xf72) + ax(d"3*%e”3 + 9xckd"2xe"2*f + OkxcT2xd*exf"2 + cT3xf”
3))*x"7)/7 + ((3xaxd*xf*(d"2%e”2 + 3*kckdrexf + c”2*xf72) + b*x(d"3*%e”3 + 9*c*d
“2%eT2%f + OxcT2*xdxe*xf”2 + cT3*xf73))*x79)/9 + (3kdxfx(axdxf*x(dxe + cxf) + b
*(d"2%e”2 + 3Bkckdkexf + cT2xf72))*x711)/11 + (d72xf"2x(axd*xf + 3*b*x(d*e + c
*f))*x713) /13 + (b*d~3*xf~3*x~15)/15

Rule 521

Int[((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_) + (
f_Ix(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)°r, x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[p
, 0] && IGtQ[q, 0] && IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)3 (e + fx2)3 dx = f(ac3e3 + c2e?(bce + 3a(de + cf))x> + 3ce (bce(de +cf)+a (dzez + 3cdef +

1 3
= ac’e3x + éczez(bce + 3a(de + cf))x> + Zce (bce(de +cf)+a (dze2 + 3cdef +

Mathematica [A] time = 0.114383, size = 310, normalized size = 1.

1
%d fxit (adf(cf +de) +b(c2f2 + 3cdef + d2e?)) + §x9 (3adf (c2f2 + 3cdef + d2e2) + b (9c2def? + 33 + 9cd?e? f

Antiderivative was successfully verified.
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[In] Integrate[(a + b*x"2)*(c + d*x72)73*(e + f*x72)73,x]

[Out] a*xc™3*e”3*xx + (c"2xe”2*(b*ckxe + 3*xax(dxe + c*xf))*x73)/3 + (3*xckex(bkcrex(dx*
e + c*xf) + ax(d"2*e”2 + 3xckd¥exf + c"2xf72))*x"5)/5 + ((3*b*ckex(d"2*e”2 +
3xcxkdxexf + c”2xf72) + ax(d"3*e”3 + Okcxd"2xe " 2%f + 9kxcT2kd*exf"2 + c 3*f”
3))*x77)/7 + ((3*axd*f*(d"2xe”2 + 3kcxdkexf + c”2+%f"2) + b*(d"3*e”3 + 9*cxd
“2%e”2+f + OkcT2xd*exf"2 + cT3*%f73))*x79)/9 + (3xdxfx(axdxf*(d¥e + c*f) + b
*(d"2%e”2 + 3Bkckdkexf + c”2xf72))*x711) /11 + (d72*xf"2x(axd*f + 3*b*x(d*e + c
*f))*x~13) /13 + (b*xd"3*xf~3%x"15)/15

Maple [A] time = 0., size = 339, normalized size = 1.1

a3 f3x15  ((ad® + 3bed?) £3 + 3bd%ef?) x13  ((3acd? +3bc%d) f3 + 3 (ad® + 3bcd?) ef? + 3bdPe? f) x1 ((3ac%d
+ + +
15 13 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c) " 3x(f*x"2+e) " 3,x)

[Out] 1/15*%b*d~3*f~3*x~15+1/13* ((a*d"3+3*b*xc*xd~2) *f~3+3*b*xd " 3*e*xf~2) *x~13+1/11* ((
3kaxckd"2+3xbxc”2xd) *f "3+3* (a*d"3+3*bkckd”"2) xexf "2+3%b*d"3*xe"2*f) *x"11+1/9%
((3*a*xc™2*d+b*c™3) *f ~3+3*% (3xaxcxd~2+3*b*c~2*d) *e*xf ~2+3* (a*xd~3+3*b*c*d~2) *e~
2%f+b*d"3*%e”3) *x"9+1/7* (axc”3*%f "3+3* (3*xa*xc™2xd+b*xc”3) xexf "2+3% (3ka*xcxd"2+3*
bxc~2*xd) xe"2xf+ (a*d " 3+3*b*kckd"2) *e"3) *x"7+1/5% (3ka*xc " 3ke*xf "2+3* (3*axc"2xd+b

*c73) ke 2k f+ (3karckd"2+3xbxc"2%d) ¥e”3) *x"5+1/3*% (3*kaxc 3ke " 2xf+ (Ska*xc T 2*xd+b*
c"3)*e"3) *x"3+a*xc"3*ke " 3*x

Maxima [A] time = 0.985705, size = 440, normalized size = 1.42

bd3 FoxtS + — (3 bdef? + (3bed? + ad®) f2)x'% + % (bdPe?f + (3bcd?® + ad®)ef? + (bc2d + acd?) f2)x'! + % (bdPe®

13
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~3*(f*x"2+e) 3,x, algorithm="maxima")

[Out] 1/15*%b*d~3*f"3*x~15 + 1/13*%(3*b*d"3*e*xf"2 + (3*bxc*d™2 + a*d"3)*f"3)*x"13 +
3/11%(bxd"3*e”2*xf + (3*b*c*d™2 + a*d™3)*exf"2 + (b*xc™2*xd + a*xc*d™2)*f"3)*x

“11 + 1/9*%(b*d"3*%e”3 + 3% (3xb*xc*d”2 + a*d”3)*e " 2*xf + 9k (bxc~2xd + axc*d"2)*

exf~2 + (b*c™3 + 3*xaxc™2xd)*f73)*x"9 + a*xc”3*e " 3*xx + 1/7x(axc”3*%f"3 + (3*b*

cxd”2 + a*d"3)*e”3 + 9k (bxcT2xd + axcxd"2)*e”2+f + 3k (b*c”3 + 3kaxcT2xd)xex
£f72)*x77 + 3/5x(axc”3xexf72 + (b*c™2*xd + axcxd"2)*e”3 + (b*c™3 + 3*a*xc”2*d)
*e"2%f)*x"5 + 1/3*%(3*axc”3xe”2%f + (b*c™3 + 3*axc™2*xd)*e”3)*x"3

Fricas [A] time = 1.27603, size = 938, normalized size = 3.03

15f3d3b+ 13f2 d3b+ 13f3d2Cb+ 13f3d3a+ 11f62d3b+ 11f2€d20b+ 11f3dc2b+ 11f28d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~3*(f*x"2+e) 3,x, algorithm="fricas")
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[Out] 1/15%x715*f~3%d"3*b + 3/13%x~13*f " 2*%exd~3*b + 3/13*x"13*f~3%d " 2*c*xb + 1/13%
x713*%f73%d"3*%a + 3/11*x"11*f*xe”2*d"3%b + 9/11*x"11*f " 2%xe*xd"2*c*b + 3/11*x"1
1*xf73%d*xc™2xb + 3/11%x"11*%f"2*%e*xd"3*a + 3/11xx"11+%f73%d " 2*c*a + 1/9*x"9*e”3
*d"3%b + xT9xf*xe"2xd"2xckb + xT9xf"2kexd*cT2xb + 1/9%x79*f"3%c”3%b + 1/3%x”
Oxfxe~2%d"3%a + x"9*xf " 2kexd " 2kckxa + 1/3%x79xf"3kdxc"2%a + 3/7*x"7Txe " 3xd"2%*c

*b + 9/T*x"Txf*xe”2xd*c”2xb + 3/7T*x"T7*f "2%e*xc”3%b + 1/7*x"7xe"3*d"3%a + 9/7*
XTTxfxe"2xd"2xcka + 9/T*x"T*f"2kexdxcT2xa + 1/7xx"T7+f"3*%c"3*a + 3/5*x"5*xe”3
*d*c”2%b + 3/5*x"5xfxe"2xc"3%b + 3/5%x"5*e”3*kd"2*c*a + 9/5xx " Exf*xe”2xd*c” 2

a + 3/5*%x"bxf"2%exc”3*a + 1/3*x"3*%e”3%c”3*b + x"3*ke"3*d*c"2%a + x"3kf*ke"2*c

“3%a + x*e " 3*xc”3*a

Sympy [A] time = 0.113477, size = 423, normalized size = 1.36

acdelx +

bd® f3x15 1 ad® f3 .\ 3bcd? f3 . 3bd3ef? L Bacd?f3 s Bad3ef? .\ 3bc?df3 . 9bcd?ef? s 3bd3e?
15 13 13 13 11 11 11 11 11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bkxx**2+a)* (d¥x**2+c)**k3* (f*x**2+e)**3,x)

[Out] axc**3*kex*3xx + bkxd**3kfx*k3xx**15/15 + x**13% (axd**3*f**3/13 + 3xbkckd**2xf
*%x3/13 + 3xbkd*x*x3kexf*x*2/13) + xkx*k11x(3kaxckd*x*x2xf*x*x3/11 + 3xaxd*x*x3kexf*x*x2/

11 + 3*bxckx*2xd*xf*x3/11 + 9xbkckd*x*2kexf**2/11 + 3kb*xd**3*kex*2*xf/11) + x*x9
*(axckx2xdxf**%x3/3 + axckdxx2xexf**x2 + akd**x3ke*x*x2%xf/3 + bxc*x*x3xf*x*x3/9 + b*c
*kQkd*ke*xf**x2 + bkckdkkx2kex*x2xf + bkxd**x3kex*k3/9) + x*xT7*(akxckx*3*xf*x3/7 + Oxa
kCk*kQkd*kexf*x2/7 + Okakckd*x*xke*xx2xf/7 + a*xd*x3kex*x3/7 + 3xbkxckx*x3kexf*x*x2/7

+ Oxbkckx*x2kd*xe*xx2xf/7 + 3xbkckd*kx2kxe*x*x3/7) + x*kx5kx(3kakxckx3kxexf**x2/5 + Oxax*
ckxx2xdxe*x*x2xf /5 + 3kakckd*kx2kxe*x*x3/5 + 3xbkck*k3kex*k2xf/5 + 3xbkck*k2xd*xe*x*3/5

)+ xkk3k(akckk3kexk2xf + akckk2kdkex*3 + bkckk3ke*x*x3/3)

Giac [A] time = 1.14176, size = 541, normalized size = 1.75

1 3 1 3 3 3 9 3
bd3 £3515 bed? £3513 3 (3,13 32,13 2,7 3,11 42 3511 2 2,11 :
5 fox +13c fox +13adfx +13bdfx e+11bc fox g fox +11bcdfx e+11ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) " 3*x(f*x"2+e)~3,x, algorithm="giac")

[Out] 1/15%b*d"3*f"3*x~15 + 3/13*b*c*d"2*f"3*x"13 + 1/13*a*d"3*f"3*x"13 + 3/13*bx*
d"3*xf"2*x"13%e + 3/11*%b*xc”2xd*f " 3*x"11 + 3/11*axcxd™2*xf~3%x"11 + 9/11*b*c*d
“2xfT2%x"11xe + 3/11*axd"3*xf"2xx " 11*e + 3/11xb*d"3*xf*x"11%e”2 + 1/9*b*c™3*f
“3%x79 + 1/3%axc”2xd*f73%x”9 + bxcT2xd*fT2xx"9%e + axckxd"2xfT2xx"9%e + bxck

A" 2xf*x"9*%e”"2 + 1/3%a*xd"3*xf*x"9*%e”2 + 1/7T*xaxc”3*xf"3%x”7 + 1/9*%b*d"3*x"9*e”3

+ 3/7*bxc~3*xf"2xx"T*e + 9/T*a*xc ™ 2xd*xf"2*xx"7*xe + Q/T*b*c ™ 2+d*f*x"7*e”2 + 9/
Traxckd 2xfxx"7xe"2 + 3/7*b*xc*d™2*x"7*e”3 + 1/7*xaxd~3xx"7+e”3 + 3/5*axc”3x*f
“2%x"B*e + 3/5*xbxcT3*f*x"5xe”2 + 9/5kxaxc”2xd*f*x"5*e”2 + 3/5xb*xcT2%d*x"5*e”

3 + 3/5*kaxc*xd”2xx"5*%e”3 + axc 3*f*x"3%e”2 + 1/3*%bxc”3*x"3%e”3 + akxcT2xd*x"3

*e~3 + axc 3*xx*xe”3
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3 2
3.17 f(a + bx2) (c + dxz) (e + fx2) dx
Optimal. Leaf size=226
édx9 (adf(3cf +2de) +b (3czf2 + 6cdef + dzez)) + ;x7 (ad (3c2f2 + 6cdef + dzez) + b (czf2 + 6cdef + 3d2€2)) + %c.

[Out] axc™3*e™2*x + (c"2%ex(b*cke + 3*xaxdre + 2xaxcxf)*x73)/3 + (ck(bkxcxe*x(3xd*e
+ 2xcxf) + a*x(3xd"2%e”2 + 6xcxdxexf + ¢ 2%xf72))*x75)/5 + ((b*cx(3%xd"2%e”2 +
6xckdrexf + cT2xf72) + axdx(d"2%e”2 + 6*ckdkexf + 3xcT2xf72))*xx77) /7 + (d*
(axd*f*(2+«d*e + 3*c*f) + bx(d"2*xe”2 + 6*ckxd*exf + 3*c™2xf~2))*x79)/9 + (d72

*f+ (2+b*xd*e + 3*kbkcxf + axdxf)*x"11)/11 + (b*d"3*f"2*x"13)/13

Rubi [A] time = 0.216233, antiderivative size = 226, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 26, e .

0.038, Rules used = {521}

integrand size

édx9 (adf(3cf +2de) +b (3czf2 + 6cdef + dzez)) + ;x7 (ad (3c2f2 + 6cdef + dzez) +be (czf2 + 6cdef + 3d2€2)) + éc.

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2) 3*x(e + f*xx"2)72,x]

[Out] axc™3*e”"2*xx + (c"2xex(b*ckxe + 3*xaxdxe + 2xaxcxf)*x73)/3 + (ckx(bkxcxex(3xd*e
+ 2kckf) + ax(3*xd"2*e”2 + 6*ckdkexf + c”2xf72))*x75)/5 + ((b*ckx(3*xd"2*e”2 +
6xckdrexf + cT2xf72) + axdx(d"2%e”2 + 6kckdkexf + 3xcT2xf72))*xx77) /7 + (d*
(axd*f*(2+«d*e + 3*c*f) + bx(d"2*xe”2 + 6*ckxd*exf + 3*c™2xf~2))*x79)/9 + (d72

*f* (2+b*d*e + 3kbkcxf + axdxf)*x~11)/11 + (b*d"3*f"2*x~13)/13

Rule 521

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*x((c_) + (d_)*(x_)"(m_)) (q_.)*x((e_) + (
f_Ix(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)°r, x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[p
, 0] && IGtQ[q, O] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)3 (e + fxz)2 dx = f (ace’e2 + c2e(bce + 3ade + 2acf)x* + c (bce(Bde +2cf) +a (3d262 + 6cdef + ¢

1 1
= ac’e®x + gcze(bce + 3ade + 2acf)x> + ¢ (bce(3de +2cf) +a (3d2€2 + 6cdef + ¢

Mathematica [A] time = 0.0829819, size = 226, normalized size = 1.

édxg (adf@Bcf +2de) + b (32 f2 + bcdef + d2e?)) + ;x7 (ad (3c2£% + 6cdef + d2e?) + be (22 + 6cdef + 3d%e?)) + %c.

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x72)73x(e + f*xx72)72,x]

[Out] a*c™3*%e"2*xx + (c"2xex(b*cxe + 3*xaxdxe + 2%axc*f)*x"3)/3 + (cx(bkcxe*x(3*d*e
+ 2%cxf) + ax(3xd"2*%xe”2 + 6xcxdkxexf + c"2xf72))*x"5)/5 + ((b*cx(3*xd"2*%xe”2 +
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6xckdxexf + c”2xf72) + axdx(d"2xe”2 + 6kxckxdkexf + 3xcT2xf"2))*x”7)/7 + (dx*
(axd*f*x(2xd*e + 3xc*f) + b*x(d"2*%xe”2 + 6xckdxexf + 3*c™2%f72))*x"9)/9 + (472
*fx (2xb*d*xe + 3xbxcxf + axdxf)*xx"11)/11 + (bxd~3*xf"2%xx"13)/13

Maple [A] time = 0., size = 244, normalized size = 1.1

bl f2x13  ((ad® +3bed?) f2 + 2bdPef)x't ((3acd® + 3bc2d) 2 +2 (ad® + 3bed?)ef + bd®e?)x®  ((3ac?d +
+ +
9

+
13 11
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c) " 3*x(f*x"2+e) " 2,x)

[Out] 1/13*b*d"3*f"2*xx~13+1/11*((a*d"3+3*b*xc*xd~2) *f~2+2*xb*xd~3*e*f) *x~11+1/9*((3*a
*Ckd"2+3*%bxcT2%d) *f T242% (a*d " 3+3%b*ckd"2) *exf+b*d"3*e”2) *x"9+1/7*x ((3*kaxc 2%
d+b*c”3) *f T 2+2*% (3xaxc*xd " 2+3*b*c”2*d) *exf+ (axd~3+3xb*xc*d"2) e~ 2) *x”7+1/5* (ax
CT3xfT2+2% (3*xa*xc”2kd+b*xc”3) xexf+ (3xaxckd"2+3*¥b*c”2*d) *e”2) *x"5+1 /3% (2*xa*xc”3
*exf+(3kaxc™2xd+b*xc"3) *e"2) *x " 3+a*xc " 3*ke"2*x

Maxima [A] time = 1.01063, size = 323, normalized size = 1.43

1 1 1 1
= b3 F2x13 + - (2bd%f + (3bed? + ad®) f2)x11 + 5 (bdPe? + 2 (3bed? + ad®)ef + 3 (bc?d + acd?) f2)x° + > ((3tc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~3*(f*x"2+e) 2,x, algorithm="maxima")

[Out] 1/13*%b*d~3*f"2*x~13 + 1/11%(2%b*d"3*e*xf + (3*bxcxd™2 + a*d~3)*f~2)*x"11 + 1
/9% (b*d"3*e”2 + 2% (3*bxcxd"2 + a*d~3)*exf + 3k (bkxc™2xd + axcxd~2)*f~2)*x~9
+ 1/7*x((3*b*xc*xd"2 + a*d~3)*e”2 + 6x(b*xc™2*d + axcxd™2)*exf + (b*c™3 + 3*ax*c
“2xd)*fT2)*x77 + axc”3*e"2*x + 1/5%(axc”3*f72 + 3*x(b*c”T2xd + axcxd"2)*e”2 +

2% (b*c™3 + 3*kaxc™2xd)*xexf)*x”5 + 1/3*%(2*axc ™ 3xexf + (b*xc™3 + 3*a*xc™2xd)*e”

2)*x”3

Fricas [A] time = 1.24677, size = 676, normalized size = 2.99

1 2 3 1 1 2 1 2
13 £2 73 11 £,43 1142 72 11428, 4 29,2331 4 2.9 £,72 292720 4 S09 6,33, L 1.9 (7
3" fdb+11x fedb+11x fdcb+11x fda+9xedb+3xfedcb+3xfdcb+9xfeda+3xf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) "3+ (f*x"2+e)~2,x, algorithm="fricas")

[Out] 1/13*x713*f"2%d"3*%b + 2/11%x"11xf*exd™3%b + 3/11*x"11*xf"2*xd " 2*c*b + 1/11xx"
11xf72%d"3%a + 1/9*%x"9*e”2*xd"3*b + 2/3*x"9xf*e*xd " 2%c*b + 1/3*x~9*f " 2xd*c~ 2%

b + 2/9%x79xfxexd " 3*a + 1/3*x79*f"2xd"2*xc*xa + 3/T*x"T*e " 2%d"2*c*b + 6/7*x"7
*fxexd*c™2%b + 1/7*xx"7*f"2%c™3*b + 1/7*x"7*e”2*d"3*%a + 6/7*x"T+f*e*xd " 2*c*a

+ 3/T*x"7T*xf"2*%d*xc"2%a + 3/5*x"5%xe”2xd*c”2*b + 2/5%xx"5*xfxe*xc”3*b + 3/5%x"5*e
“2%d"2%c*a + 6/5xx"bxfxexdxc”2xa + 1/5*%x"B*fT2*xc”"3%a + 1/3%x"3%e”2%c”3%b +
X"3%e”2xd*c”2%a + 2/3*xx"3kfrexc”3*ka + xke"2%c " 3*a
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Sympy [A] time = 0.098346, size = 304, normalized size = 1.35

ace?x +

bd3f2x oy (adf? Bbed’f? 2bdef\ o facdf?  2adef bedf? 2bedef bde) ,(3a
13 11 1 1 3 9 3 3 9

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (d*x**2+c) **3* (f*x**2+e) **2, %)

[Out] akxc**3*ex*x2xx + bkd**x3xf**2*xx*%x13/13 + x*x*x11x(axd**3xf*xx2/11 + 33*bxcxd**2*f
*%x2/11 + 2xbxd*x*x3kxexf/11) + x**xOx (akxckxd*x*2*xf*x2/3 + 2ka*xd**x3xexf/9 + bkxc*x*2
*dxf*x*x2/3 + 2kbkxckxd*x*2ke*xf/3 + bxd*x*3*xe*x*2/9) + x*x*x7*x(3kakxckx2xd*xf*x2/7 + 6
kakxckdx*k2kxexf /7 + axdxx3xe*x*x2/7 + bxckx*x3xf*x%x2/7 + 6*xbkxck*x2kxdxexf/7 + 3*xbxcxk
d*x*x2xex*x2/7) + xx*k5kx(akxc*kkx3xf*x*x2/5 + Gkxakxck*x2xdxexf/5 + 3kakckdxx2xe*x*x2/5 +
2xbkxck*x3kexf /5 + 3kbkck*x2kd*ke*x*x2/5) + xx*k3k(2xakck*x3kxexf/3 + akxckkx2xd*xe*x*x2
+ bxckx*3%e*x*x2/3)

Giac [A] time = 1.15961, size = 390, normalized size = 1.73

1 3 1 2 1 1 2 2 1
3 bd® f2x13 + a bed? f2x11 + a ad® f2xt + a bd® fxtle + 3 be?df2x0 + 3 acd? f2x° + 3 bed? fx%e + 5 ad® fx%e + 5 bd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~3*(f*x"2+e)~2,x, algorithm="giac")

[Out] 1/13*%b*d~3*f"2*x~13 + 3/11%b*c*d"2*f " 2*xx"11 + 1/11*xa*xd"3*f"2*x~11 + 2/11%bx*
d"3*xf*xx"11*%e + 1/3%b*xc™2+%d*f72%x™9 + 1/3*%axcxd”2xf"2%x~9 + 2/3*bkckxd”2*xf*x™

O%e + 2/9*axd " 3*f*x"9*%e + 1/9%b*d"3*x"9*%e”2 + 1/7*bxc~3*xf"2xx~7 + 3/T7T*a*c™2
*d*fT2%x77 + 6/7*bxc”2xd*xf*x"T*xe + 6/7Txa*xckxd™2%xf*x"7Txe + 3/T7*b*cxd™2*x"7*xe”

2 + 1/7*a*d"3*x"7*e”2 + 1/5xaxc”3*%f72%x"5 + 2/5*xbxc”3xf*x"5xe + 6/5%a*xc”2x*d
*f*x"5*e + 3/5*bxc”2xd*x"5xe”2 + 3/5kxaxc*d"2*x"5*%e”2 + 2/3%axc”3*f*x"3*e +
1/3%b*c”3%x"3*%e”2 + axc ™ 2xd*xx"3*%e”2 + axc 3*x*xe”2
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3
3.18 f(a + bx2) (c + dxz) (e + fx2) dx
Optimal. Leaf size=130
%czx?’(acf + 3ade + bce) + éd2x9(adf +3bcf + bde) + ;dx7(ad(3cf + de) + 3bc(cf + de)) + éch(Bad(cf + de) + be

[Out] a*c”3%exx + (c"2%(b*cxe + 3*xaxdxe + axcxf)*xx"3)/3 + (c*x(3xaxdx(d*xe + cxf) +
b*cx (3xd*e + cxf))*x"5)/5 + (d*(3xbxc*(d*e + c*xf) + axd*(dxe + 3*xcx*xf))*x"7
Y/7 + (d72x(bxd*e + 3xbkxcxf + axd*f)*x"9)/9 + (b*d~3xf*xx"11)/11

Rubi [A] time = 0.13479, antiderivative size = 130, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 24, e .

integrand size
0.042, Rules used = {521}
1 1 1 1
§c2x3(acf + 3ade + bce) + §d2x9(adf + 3bcf + bde) + ;dx7(ad(3cf + de) + 3bc(cf + de)) + gcx5(3ad(cf + de) + be

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2) " 3*(e + f*x72),x]

[Out] a*c”3%exx + (c"2%(b*cxe + 3*xaxdxe + axcxf)*xx"3)/3 + (c*x(3*xaxd*(d*xe + cxf) +
b*cx (3xd*e + cxf))*x"5)/5 + (d*(3xbxc*x(d*xe + c*xf) + axd*(dxe + 3*xcx*xf))*x"7
)/7 + (d72x(bxd*e + 3xbkxcxf + axd*f)*x"9)/9 + (b*d~3xf*xx"11)/11

Rule 521

Int[((a_) + (b_)*(x_)" (0 )) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_ Ix(x_)"(n ) (r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x"n) px(c +
d*x"n) “gx(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQlp
, 0] && IGtQ[lq, 0] &% IGtQ[r, O]

Rubi steps

f (a + bxz) (c + dx2)3 (e + fx2) dx = f (ac3e + c2(bce + 3ade + acf)x* + c(3ad(de + cf) + be(3de + cf))x* + d(3bc(

1 1 1
= aclex + gcz(bce + 3ade + acf)x> + gc(3ud(de +cf) + be(3de + cf))x° + ;d(3

Mathematica [A] time = 0.0497375, size = 130, normalized size = 1.

1 1 1 1
§c2x3(acf + 3ade + bce) + §d2x9(adf + 3bcf + bde) + ;dx7(ad(3cf + de) + 3bc(cf + de)) + gcx5(3ad(cf + de) + be

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x~2)73x(e + f*xx72),x]

[Out] a*c”3%exx + (c"2%(b*cxe + 3*xaxdxe + axcxf)*xx"3)/3 + (c*x(3xaxd*(dxe + cxf) +
b*cx (3xd*e + cxf))*x"5)/5 + (d*(3xbxc*x(d*xe + c*xf) + axd*(dxe + 3*xcx*xf))*xx"7
)/7 + (d72x(bxd*e + 3xbkxcxf + axd*f)*x"9)/9 + (b*d~3xf*xx"11)/11
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Maple [A] time = 0.002, size = 149, normalized size = 1.2

b3 fxlt ((ad® +3bed?) f +bd%)x®  ((3acd? +3bc?d) f + (ad® + 3bcd?) e)x”  ((3ac?d + bc®) f + (3 acd® +3b
+ + +
11 9 7 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c) " 3*(f*x"2+e),x)

[Out] 1/11%bxd"3*xf*xx"11+1/9*%((a*xd"3+3*xb*xcxd”2)*f+b*d~3*e)*x~9+1/7* ((3*a*xc*xd”2+3*b
*c72%d) *f+ (axd " 3+3*%bxcxd~2) *xe) xx~7+1/5% ((3*xaxc”2xd+b*xc”3) *f+(3*a*xcxd " 2+3*bx*
c”2xd) *xe) *x"5+1/3*% (axc 3xf+(3*axc 2xd+bxc”3) *e) *x"3+axc 3xe*xx

Maxima [A] time = 0.995879, size = 197, normalized size = 1.52

111 bd3 fxt + é (bd3e + (3 bed? + ad3)f)x9 + ; ((3 bed? + ad3)e +3 (bczd + acdz)f)x7 +acdex + % (3 (bczd + acdz)e + |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3% (f*x"2+e),x, algorithm="maxima"

[Out] 1/11%bxd"3*xf*x"11 + 1/9%(b*d"3%e + (3*b*c*d™2 + axd~3)*f)*x"9 + 1/7*x((3*xb*c
*d"2 + axd"3)*xe + 3x(bkxc"2xd + akxcxd"2)*f)*x”7 + akxc”3kexx + 1/5%(3x(bxc 2%
d + axcxd™2)xe + (b*xc™3 + 3xaxc™2xd)*f)*x"5 + 1/3*%(axc”3*xf + (bxc”™3 + 3*axc

~2%d) *xe) *x"3

Fricas [A] time = 1.23814, size = 398, normalized size = 3.06

1 1 1 1 3 3 1 3 3
Hx“fd% + §x9ed3b + gngdzcb + §x9fd3a + §x7edzcb + §x7fdczb + §x7ed3a + §x7fdzca + 5x5edc2b + §x5fc3b -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) " 3*x(f*x"2+e),x, algorithm="fricas")

[Out] 1/11*x711xf*d"3%b + 1/9%x"9%e*d”3*b + 1/3*x"9*f*xd"2%c*b + 1/9*x~9*f*d"3*a +
3/T*x"T*xexd"2xcxb + 3/7xx"T+f*d*c™2%b + 1/7*x"7T*xexd"3*a + 3/7T*x"T+f*d~2*c*

a + 3/5*%x"b*xexd*c”2xb + 1/5xx"5*xf*c”3%b + 3/5*x"5kexd"2xcxa + 3/5%x"5*xf*d*c

“2%a + 1/3*%x73*exc”3*%b + x"3kexd*c”2*a + 1/3*x73*f*c"3*a + x*kexc”3*a

Sympy [A] time = 0.085075, size = 173, normalized size = 1.33

a3ex + bfR g (”dsf bed? f bd3e) o (3acd2f ad®e  3bc*df . 3bcdze) o (3ac2df Bacd®e s be?,

+ + + + +
11 9 3 9 7 7 7 7 5 5 5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (d*kx**2+c)**3* (f*x**2+e) ,x)

[Out] a*c*x*3*xexx + bkxdkx3*xfxxkx11/11 + xk*xO* (a*xd*x*x3*xf/9 + bkckd*x*x2*xf/3 + bxd**x3*e
/9) + xkxTx(3kakxckdx*2*xf/7 + axdx*3kxe/7 + 3xbkxcx*x2xd*xf/7 + 3xbkxckd**x2xe/7)
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+ xkk5k (3kakxck*k2xd*xf/5 + 3kxaxckdx*x2xe/5 + bkxckx*3xf/5 + 3kxbkxc*x*x2xd*xe/5) + xx*
*3% (a*c**x3xf/3 + a*ck*x2xd*xe + bkc**x3xe/3)

Giac [A] time = 1.13893, size = 234, normalized size = 1.8

1 1 1 1 3 3 3 1 1 3
m bd3 fxt + 3 bed? fx° + 5 ad® fx° + 5 bd®x% + Z be?dfx” + - acd? fx” + - bed?x7e + - ad®x’e + z b fx° + zac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) " 3*(f*x"2+e),x, algorithm="giac")

[Out] 1/11*%b*d~3*f*x~11 + 1/3%b*c*d”2*f*x”9 + 1/9*%axd~3xf*x~9 + 1/9*b*d"3*x"9*e +
3/T*b*c™2xd*f*x"7 + 3/7Txaxcxd™2+%f*x”7 + 3/7*bxcxd™2*xx"7T*xe + 1/T7T+a*xd”~3*x~7*

e + 1/5*b*xc”3*f*x"5 + 3/5xaxc”2*xd*f*x"5 + 3/5xbxc”2xd*x"5xe + 3/5*a*ckd”2*x

“Bxe + 1/3*axc”3*f*xx"3 + 1/3%b*cT3*%x"3*ke + axcT2xd*x"3*e + akxc 3*x*e
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a x2 c x23
319 [l

e+ fx2

Optimal. Leaf size=227

x (c + dx?) (7adf (5de — 9cf) — b (242 f? - 63cdef + 35d%¢?))  x (7adf (33c2f2 — 40cdef +15d%2) - b (231c2def -
1053 " 1053

[Out] ((7*xaxd*xf*x(15*%d"2%e~2 - 40*c*d*exf + 33*xc™2*xf~2) - b*(105%d"3*e”3 - 280*c*d
“2%e”2+f + 231*xcT2xd*exf"2 - 48%c”3*%f73))*x)/(105%f~4) - ((T*a*xd*f*(5*xd*e -
9%c*f) - b*(35xd"2*xe"2 — 63*ckd*exf + 24*xc”2xf72) )*x*x(c + d*x72))/(105*%f"3

) - ((7*bxdkxe - 6*bxckxf - Tkxaxd*xf)xxx(c + d*x~2)72)/(35%f"2) + (bxx*x(c + d*

x72)73)/(7*xf) + ((bxe - axf)x(dxe - cx*f) 3*xArcTan[(Sqrt[f]*x)/Sqrtlel])/(Sq
rt[e]*£7(9/2))

Rubi [A] time = 0.371285, antiderivative size = 227, normalized size of antiderivative

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, e e -

0.115, Rules used = {528, 388, 205}

integrand size

x (¢ + dx?) (7adf (5de — 9cf) — b (24c* f2 - 63cdef + 354%?))  x(7adf (33c2f? - 40cdef +15d%2) - b (231c2def? -
10573 i 1053

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x~2)"3)/(e + f*x~2),x]

[Out] ((7*xaxd*xf*x(15*%d"2*xe”2 - 40*c*d*exf + 33*xc™2*xf~2) - b*(105%d"3*e”3 - 280*c*d
"2%e”2%f 4+ 231kcT2xd*exf"2 - 48%c”3*%f73))*x)/(105%xf~4) - ((T*a*xd*f*(5*xd*e -
Okcxf) - bx(35%d"2%e”2 - 63*ckxdxe*xf + 24*xc”™2xf72) )xx*(c + d*x72))/(105%f"3

) - ((7*bxd*e - 6*bxcxf - Tkxaxd*xf)*x*x(c + d*x~2)72)/(35*%f72) + (bxx*x(c + d*

x72)73)/(7*xf) + ((b*e - axf)x(dxe - cx*f) 3xArcTan[(Sqrt[f]l*x)/Sqrtlel])/(Sq
rt[e]*f~(9/2))

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_ ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n) "px(c + d*x"n)~(q - 1)*Simp[ck(b*e - axf + bkexnx(p + q + 1)) + (d*(b*xe -
axf) + f*xnxqgx(b*c - axd) + bxd*exnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, £, n, pt, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 388

Int[((a_) + (b_)*(x_)"(m_ )) (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si

mp[(d*x*(a + bxx™n) " (p + 1))/ (bx(nx(p + 1) + 1)), x] - Dist[(a*d - b*xcx(n*(

p+ 1)+ 1))/(*x(nx(p + 1) + 1)), Int[(a + b*xx™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}t, x] &% NeQ[b*c - axd, 0] && NeQ[nx(p + 1) + 1, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]
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Rubi steps
c+d?) ~c(be=7af)+(~7bde+6bc f+7ad f)x?
(a + bxz) (c + dx2)3 bx (c + dx2)3 / e i ) dx
f dx = +
e+ fx? 7f 7f
c+dx?)(c(be(7de-11cf)~7af (de~5cf))+|
(7bde — 6bcf — 7adf)x (c + dx2)2 bx (c + dxz)3 / fera)
- 3572 T ¢
(7adf (5de — 9cf) — b (35d%¢2 — 63cdef +24c?f2)) x (c + dx2)  (7bde — 6bcf — 7adf
T 105£3 - 35/2
(7adf (15d%¢? - 40cdef + 33c2f2) - b (105d%° — 280cd2e2 f + 231c%def? — 48¢>£°)) x
B 105f*

(7adf (15d%¢? - 40cdef + 33c2f2) - b (105d%° — 280cd2e2 f + 231c%def? — 48¢>£°)) x
1054

Mathematica [A] time = 0.0932308, size = 179, normalized size = 0.79

dx® (adf(3cf —de) + b (3c2f2 — Bedef +d%e?))  x(adf (322 - 3cdef + d2¢®) - b(de — cf)®)  dPx(adf + 3bef -
+ +
3f3 f4 5f2

Antiderivative was successfully verified.

[In] Integrate[((a + bxx"2)*(c + d*x72)73)/(e + f*x72),x]

[Out] ((-(bx(d*e — c*xf)~3) + axd*f*(d"2*e”2 - 3*xcxdxexf + 3*c™2*xf72))*x)/f"4 + (d
*(axd*f*(-(d*e) + 3*xcxf) + bx(d"2%e”2 - 3*ckdkexf + 3xc™2xf72))*x"3)/(3*f"3

) + (@72%(-(bxd*xe) + 3xbxcxf + a*xd*xf)*x75)/(5%f~2) + (b*d~3*x77)/(7*f) + ((

bxe - axf)*(d*e - cxf) 3*ArcTan[(Sqrt[f]*x)/Sqrtlel]l)/(Sqrtlel*f~(9/2))

Maple [A] time = 0.005, size = 401, normalized size = 1.8

bd®x7  xOad? s 3x%bcd?  x°bdPe  x3acd?

7f Thf TT5f s5p TTF TBp TTfF e TTap Ty [

adde x3bc?d  x3bcd?e  x3bd3e? 3ac2dx 3acdzex ad®c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c) "3/ (f*x"2+e),x)

[Out] 1/7/f*b*d”3*x~7+1/5/f*x"5xa*d”~3+3/5/f*x " 5*xbxc*xd~2-1/5/f " 2*xx"5*xb*xd~3*e+1/f*x
“3kaxc*d”"2-1/3/f72xx"3%axd " 3xe+1/f*x"3*%b*c”2xd-1/f"2xx " 3*xbxcxd " 2%e+1/3/f 3%

X" 3*bxd"3%e"2+3/f*xa*xc”2xd*x-3/f " 2*axckxd " 2xexx+1/f " 3*a*xd"3*e " 2*kx+1/Fxbxc"3*x
-3/f72%b*c”2*xd*e*xx+3/f " 3xbxcxd"2%e " 2%x-1/f "4*xb*xd"3*e"3*x+1/ (exf) " (1/2) *arct
an(xxf/(exf)~(1/2))*a*xc~3-3/f/(exf) " (1/2) *arctan(x*f/(exf)~(1/2))*a*xc”2xd*e
+3/f72/(exf) "~ (1/2) xarctan(x*f/(exf) " (1/2) ) *axc*xd~2*xe"2-1/f"3/(exf) "~ (1/2) *ar
ctan(x*xf/(exf) " (1/2))*axd"3*xe~3-1/f/(exf) "~ (1/2) *arctan(x*f/(exf) "~ (1/2))*b*c
~3*e+3/f72/ (exf) " (1/2) *arctan(x*f/(exf)~(1/2) ) *bxc~2xd*e~2-3/f"3/ (exf)~(1/2
Y*xarctan (xxf/(exf) " (1/2))*xb*xc*d"2xe"3+1/f74/(exf) " (1/2) *arctan (x*xf/(exf)~ (1

/2)) *b*d"3*e"4
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)~3/(f*x"2+e),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.55086, size = 1216, normalized size = 5.36

30 bd3eftx” — 42 (bd3ezf3 - (3 bed? + ad3)ef4)x5 +70 (bd3e3f2 - (3 bed? + ad3)ezf3 +3 (bczd + acdz)ef4)x3 -105 (b(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) 3/ (f*x"2+e),x, algorithm="fricas")

[Out] [1/210%(30%b*d~3*exf~4*xx~7 - 42x(b*d"3*e”2*f~3 - (3*b*c*xd”2 + a*d”~3)*exf~4)

*x75 + TO*x(b*d"3*e”3*f"2 — (3*b*c*d™2 + a*d”3)*e”2*f~3 + 3*x(bxc™2*d + axcx*d
"2)xexf"4)*x"3 - 105%(b*d"3*e”4 + axc”3*f"4 - (3*bxcxd"2 + a*d"3)*e"3*f + 3
*(bxc™2xd + axcxd"2)*e”2+f72 - (b*c™3 + 3xa*xc”™2xd)*exf~3)*sqrt(-e*xf)*log((f
xx72 - 2*sqrt(-exf)*x - e)/(f*x72 + e)) - 210%(b*d"3*e"4xf - (3*%b*cxd™2 + a
*d"3) *e " 3*f72 + 3k (b*cT2xd + axc*d"2)*e”2*%f"3 - (b*c”3 + 3xaxc”2*d)*xexf~4)*
x)/(exf~5), 1/105%(15*%b*d"3*e*xf~4*x~7 — 21*(b*d~3*e”2*f"3 - (3*b*cxd~2 + a*
d"3)*exf"4)*x"5 + 35%(b*d"3*%e"3*%f"2 - (3*bxcxd"2 + a*d~3)*e"2*%f"3 + 3*x(b*xc”
2xd + axc*d"2)*exf"4)*x"3 + 105*%(b*d"3*e”"4 + a*xc”3*f"4 - (3*bxcxd”2 + a*xd”~3
)*e73*f + 3k (b*c™2%d + akxcxd”"2)*e”2%f72 - (b*c”3 + 3xakxc”2xd)*exf~3)*sqrt(e
xf)*arctan(sqrt (exf)*x/e) - 105x(b*d~3*e~4*xf - (3*bxc*d™2 + axd~3)*e”~3*f~2

+ 3k (bxc™2xd + axcxd"2)*e”2+xf"3 - (b*c™3 + 3*xaxc”2*d)*exf~4)*x)/(exf~5)]

Sympy [B] time = 2.00094, size = 508, normalized size = 2.24

eft /—eng(af—be)(cf—de)3

1 3
T ef? B B " a3 FA-3ac2de f3+3acd2e2 f2—ad3ed f—bcde f3+3bc2de2 F2—3bed2e f+bd3e
9 (”f be) (Cf de) log 5 FL_3ac2de f3+3acd2e? F2—adPed f—bc3e 3+ 3bc2de? F2—3bede f + blich tx

bd®x”

7f 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((b*x**2+a)*(d*x**2+c)**3/ (fxx**2+e) ,x)

[Out] bxd**3*xx*x7/(7+f) - sqrt(-1/(exf**9))*(axf - b*e)*(c*f - dke)**3xLog(-exf*x*

4xsqrt (-1/ (exf**9) ) x (a*f - bxe)*(c*xf - dxe)**3/(akxck*3*xf**x4d — 3kaxck*k2xdxex
%3 + kakckdkk2kek k2kf*x*x2 — axd*x*3kxe*x*x3*%f — bkcx*k3xexf**x3 + Ikbkck*k2kd*kex
*2xf*xx2 — 3xbkcxdk*k2xex*k3xf + bxd**3xe*x*4) + x)/2 + sqrt(-1/(exf*x9))* (axf
- bxe)*(c*xf - dxe)**3*xlog(exf*x4d*xsqrt(-1/(exf*x9))*(axf - bxe)*(c*xf - d*e)*
*3/(a*c**3*f**4 — 3kakckx2xdxexfx*k3 + IkakckdkkDkexkQkf*k*xD — akd**k3Ikex*k3*f
— bkckx3xkexf*x*3 + 3Ikbkckx2kxdkex*k2kf*xx2 — Ixbkxckd*x*k2ke*xx3xf + b*d**3*e**4) +
x)/2 + x*kx5x(axd**3*%f + 3kbkxckdx*2*xf — bxd*x*x3%e)/(5xf*x*x2) + x*x*x3*x(3*kakxckd*
*¥2%fx%2 — axdx*x3kexf + 3xbkck*k2kdxf*x*x2 — 3kbkckdk*22kexf + bkxd**x3ke*x*x2)/(3%f
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*%3) + xk(3kakckk2xd*kf*x3 — Ikakckdkk2xexf*x2 + axdx*k3kexx2*xf + bkxckk3kf**3
— 3xbkckk2kdke*xf**2 + 3xbkckdkk2ke*xx2xf — bkdx*k3kex*3) /f*x*x4

Giac [A] time = 1.14847, size = 414, normalized size = 1.82

1 1
(ch3f4 —bc3f3e —3ac’df3e + 3bc’df?e® + 3acd? f2e? — 3bcd? fe® — ad® fe® + bd3e4) arctan (\/fxe(_z)) e(_i)

9

fz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3/ (f*x"2+e),x, algorithm="giac")

[Out] (a*c™3*f74 - bxc™3*f"3%e - 3xa*xc™2xd*f"3xe + 3*bkxc™2xd*xf"2%e™2 + 3*akcxd™ 2%
f72%e”2 - 3xbkc*d"2*xfxe”3 - axd"3*xf*e”3 + bxd"3xe”4)*arctan(sqrt(f)*x*e” (-1
/2))*e~(=1/2)/£7(9/2) + 1/105%(15*%b*d~3*f76*x~7 + 63*b*cxd"2+xf"6*x~5 + 21*a
*d"3*%£76*%x"5 — 21%b*xd"3*xf"5*x"bxe + 105%b*xcT2xd*xf"6%x"3 + 105%a*xcxd”2*f " 6%*x
"3 - 105%bxckxd"2*xf"5xx"3%e - 35*%a*xd"3*f"5xx"3*%e + 35%b*d"3*f74*x"3*%e”2 + 10
S5xbxc”3*f"6*x + 315%a*xc”2*xd*f 6*x — 315xb*c”2%d*f bkxke - 31b5*akckxd"2xf 5*x
xe + 316*b*xcxd"2*xf"4*x*e”2 + 106*a*d~3xf 4*x*e”2 - 105%b*d~3*f " 3*x*e~3)/f"7
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3
a+bx?)(c+dx?
3.20 (b )er )
(e+fx2)
Optimal. Leaf size=242
dx (5af (3¢22 — 22cdef +15d%¢%) — be (812 f2 ~190cdef +1054%¢2))  (de = cf)® tan™" (%) (be(7de — cf) —af(cf
B 30ef* B 2632 f972

[Out] -(dx(5*xa*xf*x(15*%d"2*xe~2 - 22*c*d*exf + 3*xc™2*xf~2) — b*xe*x(105%d"2%e”2 - 190*c
xdkxexf + 81kc™2*f72))*x)/(30*%exf~4) - (dx(bxe*(35*d*e - 33*cxf) - Bkaxfx*(5x
d*e - 3*cx*xf))*x*x(c + d*x72))/(30*%e*xf~3) + (d*x(7*xbxe - B¥axf)*x*(c + d*x~2)"
2)/(10*e*xf"2) - ((bxe - axf)*x*x(c + d*x"2)73)/(2xexf*x(e + f*x72)) - ((d*e -

cxf) "2« (bxex (7*dxe - c*f) - axf*(5xdxe + cxf))xArcTan[(Sqrt[f]*x)/Sqrtlel]

)/ (2*%e~(3/2)*f~(9/2))

Rubi [A] time = 0.398615, antiderivative size = 242, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 26, e -

0.154, Rules used = {526, 528, 388, 205}

integrand size

dx (5af (3¢2f2 - 22cdef +15d%%) — be (8122 ~190cdef +1054%¢2))  (de = cf)® tan™! (%) (be(7de — cf) — af(cf

30ef4 2¢3/2 £912

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x"2)"3)/(e + f*xx72)"2,x]

[Out] -(d*x(5xa*xf*x(15%d"2*e~2 - 22*kc*xdxexf + 3*c™2xf"2) - bxe*x(105*d"2*e”2 - 190%*c
*d*xexf + 81*xc™2xf72))*x)/(30%xexf~4) - (d*(b*ex(35xd*e — 33xcxf) - Sxaxf*(5x*
d*e - 3*xc*xf))*x*x(c + d*x72))/(30*%exf~3) + (d*x(7*xbxe - S¥xaxf)*x*x(c + d*x~2)"
2)/(10*%e*xf"2) - ((bxe — axf)*x*x(c + d*x"2)73)/(2xexfx(e + f*x72)) - ((d*e -

c*xf) "2* (bxex (7*d*e - cxf) - axfx(6xdxe + cxf))*ArcTan[(Sqrt[f]*x)/Sqrt[e]]

)/ (2%e~(3/2)*£7(9/2))

Rule 526

Int[((a_) + (b_)*(x_)"(m_))"(p)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (f
_)*x(x )7 (n_)), x_Symbol] :> -Simp[((b*e - axf)*xx(a + b*x™n) (p + L)*(c +
d*x"n)~q)/(a*b*nx(p + 1)), x] + Dist[1/(a*bxn*x(p + 1)), Int[(a + bxx™n) (p
+ 1)x(c + d*x™n)"(q - 1)*Simp[c*(bxexnx(p + 1) + bxe - axf) + d*(b*exn*x(p +
1) + (b*xe - a*xf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && LtQ[p, -1] && GtQlqg, 0]

Rule 528

Int[((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n)“px(c + d*x"n)~(q - 1)*Simp[c*(b*e - a*f + b*exnx(p + q + 1)) + (d*x(b*e -
axf) + fxnxqx(bxc - axd) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 388
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Int[((a_) + (b_)*xx)"(m_ )" (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[nx(p + 1) + 1, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
c+dx? 2 —c(be+af)—d(7be—5af)x?
f (a + bxz) (c + dxz)3 ; (be — af)x (c + dx2)3 / fert) ;J{xz Tre Sef)<) dx
X =- -
(e + fx2)2 2ef (e + fxz) 2ef
c+dx?)(c(be(Zde-5¢ f)-5af (de+cf))+d(be(3
_ d(7be —5af)x (c + dxz)2 (be — af)x (c + dxz)3 / ford?Ytepde ey suftie £+;x2 -
- 10ef2 - 2ef (e + f22) - 10ef2

d(be(35de - 33cf) — 5af (5de - 3cf))x (c +dx?)  d(7be - 5af)x (c + dx2)2 (be - a,
B 30¢/3 * 10ef2 R

d (5af (15d%¢2 — 22cdef + 3c2f2) - be (1054%¢2 — 190cdef + 81c2f2)) x  d(be(35de -
30ef* -

d (5af (15d%¢2 — 22cdef + 3c2f2) - be (1054%¢2 — 190cdef + 81c2f2))x  d(be(35de -
30ef* -

Mathematica [A] time = 0.128194, size = 176, normalized size = 0.73

5 (adf + 3bcf ~2bde) (e~ cPPtan” (%) (el7de~cf) ~af ] + 51D spe— afyite-cpp _de(aaf@

3f° 2032 92 2ef* (e + fx2)

Antiderivative was successfully verified.

[In] Integrate[((a + bxx"2)*(c + d*x"2)73)/(e + f*x72)72,x]

[Out] (d*(3*bx(d*e — c*xf)~2 + a*xd*f*(-2*xd*e + 3*xcxf))*x)/f~4 + (d"2*%(-2*bxd*e + 3
*bkckf + axd*f)*x73)/(3*f~3) + (b*d"3*x75)/(6xf~2) + ((b*e - axf)*(d*e - c*
£)73*x)/ (2xexf~4x(e + £*x72)) - ((d*e - c*f) " 2x(bxex(7*d*e - c*f) - axf*(5x*

dxe + cxf))*ArcTan[(Sqrt[f]1*x)/Sqrtlel])/(2xe~(3/2)*£7(9/2))

Maple [B] time = 0.013, size = 475, normalized size = 2.

1 eZxad® e3xbd?

1 3 e2xbed? _9bczde ) ~ N
Vef)Nef  2£3(fx2+e) 2f*(fx2+e)

1
«/—f)\/_f 2P (fr2we)  2f

arctan [ fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x~2+c) "3/ (f*x"2+e)"2,x)
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[Out] 15/2/f73%e”2/(exf)~(1/2)*arctan(x*f/(exf) " (1/2))*bxc*xd~2-3/2/f " 3xe"2*xx/ (f*x
“2+e) *b*c*d"2-9/2/f"2*xe/ (exf) "~ (1/2) *arctan(x*f/(exf) " (1/2) ) *b*c~2%d-1/2/£f"3
*e72%x/ (£*x72+e) *axd~3+1/2/f"4*e~3*x/ (£ *x"2+e) *b*d~3+3/2/f/ (exf) ~(1/2) *arct
an(x*f/(exf)~(1/2))*axc~2xd+5/2/f"3*%e" 2/ (exf) " (1/2) *arctan (x*f/(exf) " (1/2))
*a*xd~3-9/2/f"2*xe/(exf) " (1/2)*arctan (x*xf/(e*xf) " (1/2)) *axcxd~2+3/2/f " 2*exx/ (f
*x72+e) *axckd"2+3/2/f " 2xexx/ (£xx"2+e) ¥b*c”2*xd-1/2/f*x/ (f*x"2+e) *b*c~3-2/3*d
~3/f73*x"3*b*xe+d”"2/f " 2xx"3xbxc-3/2/f*x/ (£*x"2+e) *axc"2xd+1/2/e/ (exf) ~(1/2) *
arctan(x*f/(exf)~(1/2))*axc~3+1/2/f/(exf) " (1/2) *arctan(x*f/(exf)~(1/2)) *b*c
~3+1/2/e*x/ (£xx"2+e) *a*xc~3+1/5*d"3/f " 2xb*x"5+1/3%d~3/f " 2*x"3*a+3*d"~3/f “4xbx*
e”2xx+3*d/f " 2xbxc”2*x+3%d"2/f " 2*a*xc*xx-2*xd"3/f " 3*xaxexx-6*d"2/f " 3xbxckre*xx-7/2
/f"4xe~3/(exf)~(1/2)*arctan (x*f/(e*xf)~(1/2))*b*xd"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) "3/ (f*x"2+e)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.55181, size = 1701, normalized size = 7.03

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3/ (f*x"2+e)~2,x, algorithm="fricas")

[Out] [1/60*%(12*b*d~3*e~2*%f~4*x"7 - 4*(7*b*xd"3*e"3*f~3 — 5x(3*b*c*d™2 + a*xd”"3)*e”
2%f74)*x"5 + 20*%(7*b*d"3*e"4*f~2 - 5x(3*b*c*xd™2 + axd”3)*e"3*f~3 + 9k (bxc”2
*d + axc*d"2)*xe"2xf74)*x"3 + 16 (7*bxd"3*%e”5 - axc”3*kexf”4 - L5k (3*b*cxd”2 +
a*xd"3) ke 4xf + 9x(bxc"2xd + axc*d"2)*e " 3*f"2 — (b*c”3 + 3xaxc”2*d)*e”2*f"3
+ (7*bxd"3*e~4xf - a*c”3*f"5 - B5x(3*bxcxd™2 + a*d~3)*e”3*f"2 + 9*x(b*xc~2*d
+ axcxd"2)*xe”2*%f"3 - (b*c”3 + 3kakxc”2xd)*exf 4)*x"2)*xsqrt (-exf)*log((f*x~2
- 2xsqrt(-exf)*x - e)/(f*x72 + e)) + 30*(7*b*d"3*e”bxf + a*xc™3xe*xf”5 - 5x(3
*b*xc*d”2 + axd"3)*e"4*xf"2 + 9x(b*c”2+d + axckd"2)*e"3*xf"3 - (b*xc”3 + 3*axc”
2%d) e 2*xf"4) *x) / (e"2*xf"6*xx"2 + e73*%f75), 1/30*%(6xbxd~3*e"2xf 4*x~7 - 2% (7*
b*d"3*e"3*%f"3 - 5% (3*b*c*d”2 + axd"3)*e"2xf"4)*x"5 + 10*(7*bxd"3*e”"4*xf"2 -
5% (3*b*c*d™2 + axd"3)*e"3*xf"3 + Ok (b*c™2*d + axckd"2)*e"2xf"4)*x"3 - 15%(7*
b*d"3*e”5 - a*c”3*exf"4 - 5x(3*bkckd"2 + axd"3)*e"4xf + 9k (bkxc"2xd + axcxd”
2)*%e"3*%f72 - (b*c™3 + 3*axc”2xd)*e”2+xf"3 + (7*b*d"3*ke”"4*xf - axc”3*%f"5 - 5x*(
3*xbkckd"2 + axd"3)xe"3*%f72 + 9k (b*kc”T2*xd + axcxd"2)xe”2%f"3 - (b*c”3 + 3*axc
~2xd) *exf~4) *x”2) *sqrt (exf)*xarctan(sqrt (exf)*x/e) + 15*x(7*bxd~3*%e 5*xf + a*c
~3*e*xf"5 - Bk (3*kbkckd"2 + axd"3)*e"4+xf72 + 9k (bkcT2*d + axcxd"2)*e"3*%f"3 -
(b*c™3 + 3*a*xc™2*d)*e"2*xf"4)*x)/(e”2*%f"6%x"2 + e 3*f"5)]

Sympy [B] time = 7.2812, size = 654, normalized size = 2.7

1 2
3 r4 21,3 2,2 (2 3,3 3,3 27,2 (2 2,3 3,4 V_@(Cf_de) (acj
bd®x> x(acf — 3acdef” + 3acd<e” f< — ad°e’ f — bc’ef° + 3bc-de” f —3bcdef+bde)

+ —_
5f2 2024 + 2ef5x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*x*x*2+c)**3/ (f*x**2+e)**2,x)

[Out] b*d**3%xx*x*x5/(5xf*%x2) + xk(axckx*x3kxf*xx4d — 3kakckxkdkexf*x*3 + Ikakxckd*x*xQkex*x2
*fx%k2 — axd*k3kexx3kf — bkckx3kexf*xx3 + Ikbkckx2kdkex*x2kfx*2 — 3xbkckd*xx2ke
*xk3xf + bkd**3kex*x4)/(2xe*x*x2*kfx*k4 + 2kexf**x5xxx*2) - sqrt(-1/(ex*3*xf*x9))x*(
cxf - dxe)**2x(axckxf**2 + Bkaxdkxexf + bxckexf — Txbxdkex*2)*xlog(—e*x*2xf*x4x
sqrt (-1/ (ex*3xf*x9) ) x (cxf — dxe)*x2* (a*cxf*x2 + bxakxdxexf + bkckxexf - 7*bxd
xex*x2) / (axckx*k3*xfx*k4 + Ikakckkkdkekxf**3 — Oxakckd*kkxkexkx2xf*x*x2 + Bkakxdx*3ke
*%3%f + bkckk3kexf**x3 — Oxbkckkkdke*xkx2*xf*xx2 + 15xbkckdx*x2kex*3xf — Txbkxdk*
3xex*4) + x)/4 + sqrt(-1/(ex*3*xfx*x9))x(c*xf - dxe)**2x(a*xcxf**2 + bkxaxdkxexf
+ bxckexf - Txbkdxe**2)*log(e*x*2*xfx*xdxsqrt (—1/(ex*3xf*x9) )k (cxf — dxe)**2x(
axcxf*x2 + bkxaxdxexf + bkxcxexf — Txbxdxex*2)/(axck*x3xf*xx4d + 3Ikakcx*k2kdxexf*
*¥3 — Oxakxckdkx2kex*k2kf*x*x2 + Bkakdkk3kex*k3xf + bkck*k3kexfx*xk3 — Okbkckx*kkd*ex
*2xf k%2 + 15xbxckd**x2kxex*x3kxf — Txbkxd*x*x3kex*4) + x)/4 + x*x*3*x(a*xd**x3xf + 3%b
kckd*xk2%f — 2xbkd**x3*e) / (3xf*x*3) + xk(3kakckdx*k2xf*x*x2 — 2kxakxd**x3ke*xf + 3xbx
cx*k2kd*f**2 — Gkbkckd**x2ke*xf + 3Ikbkxd*x*3ke*x*x2)/f*xx*x4

Giac [A] time = 1.21962, size = 433, normalized size = 1.79

1 3
(ac3f4 +bc f3e + 3ac’df3e - 9bc?df?e? — 9acd? f2e? + 15bcd?fe + 5ad’fe® — 7 bd3e4) arctan (\/j—fxe(_z)) e(_z)

4

9
2f2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3/ (f*x"2+e)~2,x, algorithm="giac")

[Out] 1/2*%(a*c”™3*f~4 + bxc™3*%f " 3%e + 3ka*xc 2xd*f"3%e — Oxbxc™2%d*f"2%e”2 - Okaxcxk
d"2%f"2%e”2 + 1b*bkc*xd"2xf*e”3 + bxaxd"3xf*e”3 - Txb*d"3*e”4)*arctan(sqrt (f
Yxxxe”(=1/2))*%e”(=3/2)/£7(9/2) + 1/2x(a*c™3*f~4*x - b*c ™ 3*f"3*xx*e — 3*a*xc”2
*d*xf73*kxke + 3kbkcT2xd*fT2xx*ke”2 + 3kakckd 2+xf " 2xx*ke”2 - 3xbxckd 2*xfrxxe”3

- a*xd"3*f*x*ke”3 + b*xd"3kx*e”4)*e” (-1)/((f*x"2 + e)*f~4) + 1/15%(3*b*d"3*f"8

*x75 + 15%b*cxd"2*f"8%x"3 + b*xa*xd"3*f 8*x"3 - 10%b*d"3*f " 7*x"3%e + 45%b*c”2
*d*xf78*x + 45xaxckxd"2+xf 8xx — 90*b¥cxd"2*xf " 7*x¥e — 30*a*d " 3*xf 7*xxke + 45xbx*
d"3xf"6xx*e”2) /710
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(a+bx2)(c+dx2)3

(e4ifx2)3

Optimal. Leaf size=291

3.21 dx

L (F
dx (3af (<3c2f2 — dcdef +15d%2) — be (3c2f2 ~100cdef +105d2¢2)) (de-cf)tanr1(f@;)(be(—cgfz-100d€f*-35
2462 f4 - 852 (912

[Out] (d*x(3*axfx(15*xd"2%e”2 — 4*ckd*exf — 3*xc™2*xf72) - b*e*x(105%d"2*e”2 - 100*c*d
xexf + 3kcT2xf72) ) *x)/(24*xe”2%f~4) + (d*(bkex(35*%d*e — 3xcxf) — Ska*xf*(5*xdx*

e + 3xcxf))xx*x(c + d*x72))/(24%e”2+xf73) - ((b*xe - axf)*xx(c + d*x~2)73)/(4x
exfx(e + £*x72)72) - ((bxex(7*d*e - c*f) - 3*xaxfx(dxe + cxf))*x*x(c + d*x"2)
~2)/(8*%e”2*xf"2x(e + f*x72)) + ((d*e - c*f)*(b*ex(35%xd"2*xe"2 - 10*c*d*exf -
c"2xf72) - 3xaxfx(5xd"2*%e”2 + 2*ckxdxexf + c72xf72))*ArcTan[(Sqrt[f]*x)/Sqrt
[el])/(8*%e~(5/2)*f~(9/2))

Rubi [A] time = 0.415631, antiderivative size = 291, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 26, e .

0.154, Rules used = {526, 528, 388, 205}

integrand size

— X
dx (3af (—302f2 — 4cdef + 15d232) — be (3c2f2 —100cdef + 10501262)) (de~cf) tan™ ( - ) (be (_szz —10cdef + 3!
2462 f4 * 8¢5/2 (912

5

Antiderivative was successfully verified.

[In] Int[((a + b*xx"2)*(c + d*x~2)"3)/(e + f*x~2)"3,x]

[Out] (d*x(3*axfx(15*xd"2%e”2 — 4*ckd*exf — 3*xc™2*xf~2) — b*e*x(105%d"2*e”2 - 100*c*d
xexf + 3kcT2xf72) ) *x)/(24*xe”2%f"4) + (d*(bkex(35%d*e — 3kcxf) — Skaxf*(5kxdx*

e + 3xcxf))xx*k(c + d*x72))/(24%e”2+xf73) - ((b*xe - axf)*xx(c + d*x~2)73)/(4x
exfx(e + £*x72)72) - ((bxex(7*d*e - c*f) - 3*xaxfx(dxe + cxf))*x*x(c + d*x"2)
~2)/(8*xe”2*xf"2x(e + f*x72)) + ((d*e - c*f)*(b*ex(35*xd"2*xe"2 — 10*c*d*exf -
c"2xf72) - 3xa*xfx(5xd"2*%e”2 + 2%ckdxexf + c"2xf72))*ArcTan[(Sqrt[f]*x)/Sqrt
[el])/(8xe~(5/2)*£~(9/2))

Rule 526

Int[((a_) + (b_)*(x_)"(_)) " (p)*((c_) + (d_)*x(x_)"(_))"(q_.)*x((e_) + (f
_I)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + L)*(c +
d*x"n)~q)/(a*b*n*(p + 1)), x] + Dist[1/(a*b*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*e*nx(p + 1) + b*e - axf) + dx(b*exn*x(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] && LtQ[p, -1] && GtQlq, O]

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*x((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_ ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[ck(b*e - axf + bkexnx(p + q + 1)) + (d*(b*xe -
axf) + fxnxqx(b*c - a*xd) + bxd*exnx(p + q + 1))*x"n, xJ, x], x] /; FreeQ[{
a, b, c, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[n*x(p + q + 1) + 1, 0]
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Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + bxx™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
(c+dx2)2(—c(be+3a f)—d(7be=3af )xz)
f (a + bxz) (c + dxz)3 ; (be — af)x (c + dx2)3 f (e+F2) dx
Y= — _
(e + fxz)3 def (e + fxz)2 def
(be —af)x (c + dx2)3 (be(7de — cf) — 3af(de + cf))x (c + dxz)2 ) (exa)ceoostae
def (e + fxz)2 8e? f2 (e + fxz)
_ d(be(35de — 3cf) — 3af (5de + 3cf))x (c + dxz) (be —af)x (c + dxz)3 (be(7de - cf)
N 242 f3 def (e + fxz)z ;
d (3af (1542 - dcdef - 3c2f2) - be (105d%¢2 — 100cdef + 3¢2f2))x  d(be(35de — 3c,
= +
2462 f4

d (3af (15422 — dcdef — 3c2f2) - be (105422 — 100cdef + 3c2f2))x  d(be(35de - 3c;
B 24¢2 f4 "

Mathematica [A] time = 0.157301, size = 219, normalized size = 0.75

(de —cf) tan™ (%) (be (—czf2 —10cdef + 35dzez) - 3af (czf2 + 2cdef + 5dzez)) Px(adf +3bcf — 3bde)  x(a
+ —_—

8¢52 92 Iz

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)x(c + d*x~2)73)/(e + £*x72)73,x]

[Out] (d"2%(-3*bxd*e + 3*bxcxf + a*xd*f)*x)/f"4 + (bxd"3*x"3)/(3*%f~3) + ((b*e - ax
f)*x(d*e - c*f) " 3*xx)/(dxexf~4*x(e + f*x72)72) - ((d*xe - c*f) " 2*x(bxe*(13xd*e -

c*xf) - 3xaxf*(3kdxe + c*xf))*x)/(8*xe”2xf 4x(e + £*x72)) + ((d*xe - cxf)*(bxe
*(35%d72%e”2 - 10*ckxdxexf — c™2%f72) - 3*a*xf*(5xd"2*%e”2 + 2xcxdxexf + c 2x*f
~2))*ArcTan[(Sqrt [£f]1*x)/Sqrt[el])/(8*e~(5/2)*£~(9/2))

Maple [B] time = 0.013, size = 589, normalized size = 2.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((b*x"2+a)*(d*x"2+c) 3/ (f*x"2+e)"3,x)

[Out] 21/8/f73/(f*x"2+e) "2xb*xcxd~2*xe”2xx+3/8/f/e/(exf) " (1/2) *xarctan (x*xf/(exf)~(1/
2))xaxc”2xd-45/8/f"3*e/ (exf) " (1/2) *arctan(xxf/(exf)~(1/2))*b*xcxd~2-15/8/f/(
f*x"2+e) "2*xx"3*bxc"2%d+1/3*%d"3/f " 3*x"3*b+d"3/f " 3*a*x+3*d"2/f " 3*b*cxx-3*xd"3/
f 4xbxexx—-1/8/f/ (f*¥x"2+e) "2*b*xc~3*x+3/8/e”2/ (e*xf) ~(1/2) *arctan(x*f/(exf)~ (1
/2))*a*xc”3+1/8/ (f*x"2+e) "2/exx"3%b*c~3+5/8/ (f*x"2+e) "2/exx*axc~3-9/8/f72/(f
*x"2+e) "2*axckd"2xexx-9/8/f 72/ (£¥x"2+e) "2*b*kc " 2xd*exx+27/8/f 72/ (£¥x"2+e) "2%
X" 3*bxcxd"2xe-13/8/f 73/ (f*x"2+e) "2*x"3*bxd"3*%e"2-3/8/f/ (f*x"2+e) "2*axc"2xd*
x+7/8/f73/ (fxx"2+e) "2%a*d " 3*e"2*x-11/8/f"4/ (f*x"2+e) "2%b*d " 3*e"3*x+9/8/f"2/
(exf)~(1/2)*arctan(xxf/(exf)~(1/2))*a*cxd"2-15/8/f"3*e/(exf) " (1/2)*arctan(x
xf/(exf) " (1/2))*axd"3+1/8/f/e/(exf)~(1/2) xarctan(x*f/(exf)~(1/2))*b*xc~3+9/8
/£72/ (exf) " (1/2)*arctan(x*f/(exf)~(1/2) ) *bxc~2%d+35/8/f"4*xe~2/ (exf) " (1/2) *a
rctan(x*f/ (exf)~(1/2))*b*d"3+3/8/ (£*x"2+e) "2/exx"3xa*xc™2+%d+3/8*f/ (f*x"2+e)”
2/e"2%x"3*%axc"3-15/8/f/ (f*x"2+e) "2*x"3*a*xc*d"2+9/8/f"2/ (f*x"2+e) "2*x " 3*a*xd”
3*e

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x™2+a)*(d*x"2+c) "3/ (f*x"2+e)"3,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.6465, size = 2291, normalized size = 7.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) 3/ (f*x"2+e) 3,x, algorithm="fricas")

[Out] [1/48*%(16xbxd~3*e~3*%f 4*x~7 - 16*(7*b*d"3*e"4*xf~3 - 3% (3*b*c*d™2 + a*xd™3)*e
“3*%f74)*x75 - 2% (175%bxd"3%e”5*xf"2 - Okaxc " 3kexf"6 — 75x(3*b*xc*d”2 + a*xd”3)
*e"4*f"3 + 45%(b*c™2*d + axcxd"2)*e"3*f"4 - 3*x(b*c"3 + 3kaxc”2*d)*e”2+f"5)*
X"3 - 3*%(35*%b*d"3*%e”6 + 3kaxc " 3ke"2xf"4 - 15%(3*b*xckd”2 + axd~3)*e"5xf + 9%
(b*c™2*%d + axc*xd™2)*e"4*f~2 + (b*c™3 + 3*axc™2xd)*e”3*f"3 + (35*b*d~3*e~4x*f
T2 + 3*a*xcT3*fT6 — 15%x(3xbxc*xd”2 + a*d”3)*e " 3*f"3 + 9k (bxcT2xd + axc*d”2)*e
“2+%f74 + (b*c”3 + 3*xaxc”2xd)*exf75)*x"4 + 2% (35*bxd"3xe"5xf + 3kaxc " 3*ke*xf”5
- 15%(3*b*c*xd"2 + a*xd"3)*e"4*f"2 + 9k (b*xc"2*d + axcxd"2)*e"3*f"3 + (b*c”3
+ 3xaxc”2*d) *e”2*xf74) *x”"2) *sqrt (—exf) x1log ((f*x72 - 2*xsqrt(-exf)*x - e)/(f*x
"2 + e)) - 6*%(35xbxd"3*e"6xf - S¥xaxc”"3*%e”2*f"5 - 15%(3xbxcxd”2 + a*d"3)*e”5
*f72 + Ok (bxc™2*%d + axcxd"2)*e”4+xf73 + (b*c™3 + 3*xaxc™2xd)*e”3*%f74)*x)/(e”3
*f77xx"4 + 2%e”4xfT6%x72 + e 7 5xf75), 1/24%(8xb*xd"3%e”3*kf"4xx”7 — 8% (7*xbxd"3
*e"4*f"3 - 3k (3*kbkckd"2 + axd"3)*e"3*xf"4)*x"5 - (175*b*xd"3*e"5*xf"2 - Okaxc”
3kexf"6 — 7hx(3xbxc*xd™2 + a*d"3)*e”4*xf~3 + 45x(bxc~2*%d + a*xc*d”2)*e"3*xf"4 -
3% (b*xc™3 + 3*axc~2*d)*e 2*xf75)*x"3 + 3x(35*b*d"3*e”6 + 3*kaxc " 3xe"2xf"4 - 1
5% (3*%b*c*d™2 + axd~3)*e"5xf + 9% (b*c™2+d + axcxd"2)*e"4*xf"2 + (b*c”3 + 3*ax
c"2xd)*e"3*%f"3 + (35*b*d"3*e"4*xf"2 + 3*a*xc”3*xf"6 - 15k (3*bxcxd"2 + axd"3)*e
“3*%f73 + 9k (bkcT2xd + axcxd"2)*e”2+%f"4 + (b*c”3 + 3kaxc”2xd)*exf"5)*x"4 + 2
* (35%b*d"3*%e”5xf + 3kaxc 3kexf"5 - 15%(3*bkckd"2 + axd"3)*e"4*xf"2 + 9k (b*c”
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2xd + axc*xd"2)*e"3*f73 + (b*c™3 + 3kakc”2*d)*e 2*xf"4)*x"2)*sqrt (exf)*arctan
(sqrt(exf)*x/e) - 3*x(35xb*d~3xe”6*%f - Bxaxc™3*e”2xf~5 - 15%(3*b*cxd”™2 + a*xd
“3)*%e"5*f72 + 9x(b*cT2xd + akxc*xd"2)*e"4*f73 + (b*c”3 + 3xakxc”2xd)*e”3*xf74)*
x)/(e73*f77*x"4 + 2*xe"4xf"6%x"2 + e”5*f"5)]

Sympy [B] time = 59.853, size = 862, normalized size = 2.96

ef4 [—#(cf—de)(&zc

3ac3 f4+3ac2def3+9acd?¢?

1
SF9

(cf - de) (3ac2f? + 6acdef? + 15ad?e?f + bc?ef2 + 10bede? f — 35bd?%e’) log | -

3f3 16
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (d*x*x*2+c)**3/ (f*x**2+e)**3,x)

[Out] bxd**3*x**3/(3*xf**3) - sqrt(-1/(e*x*x5xf**9))*(cxf - dke)*(Skakck*2+xf**3 + 6%
akcxdxexfx*x2 + 15kxaxdxx2xe*x*x2xf + bkxckx2xexf*x*x2 + 10*bxckxdkex*x2xf — 35xbkxd*
*x2%ex*3) *¥log (—e*x*x3*xfx*x4xsqrt (—1/ (ex*5xfx*x9) )k (cxf - dxe)* (3xa*xckx*2xf**x3 + 6
kaxckdkexf*xx2 + 15kxakxdx*2kexx2xf + Dbkxckx*2kexf*xx2 + 10xb*ckxd*xe**x2xf — 35%xbxd
*xQxe*x*x3) / (3kakxckk3kxfxkd + 3kakckkkdkexfx*3 + Okakckdrkkex*2*xf*xx2 — 15kxax*
d**3xexkx3kf + bkxck*3kexf*kx3 + Oxbkck*k2kdkex*2kf**x2 — 45kxbkckd*x*2kexx3xf + 3
Sxb*xdx*3*xexx4) + x)/16 + sqrt(-1/(exx5xf*x9))* (cxf - d*e)*(3kaxck*2xf**3 +
6xakxckdxexf**x2 + 1b5kaxd**2xex*2*xf + Dbkcx*x2kexf*xx2 + 10xbkckdxe*x*2xf — 35%xbx
dx*2xe*xx3) x1log (e*x*x3*xfx*4xsqrt (—1/ (ex*5xfx*x9) )k (ckf - dke)* (3xaxck*2xf**3 +
Bxaxcxdkexf*xx2 + 15kaxd**x2kex*x2xf + bxc*k*x2kexf*xx2 + 10*xbxckdxe*x*x2*xf — 35xb*
d*x*x2xex*3) / (3kakxck*3kxfxkd + 3kakck*kkdke*xf*x*3 + Okakckdx*kexkx2kxf*x*x2 — 15%a
*dxx3ke*x*x3*%f + bkckk3kekxf*x*3 + Oxbkckkkdkex*x2xf*x*x2 — 4A5xbkckd*x*x2ke*x*x3xf +
35xbxd*x*3ke*x*k4) + x)/16 + (x*x*k3x(3ka*xck*x3xfx*x5 + 3Ikakckxkdkexfx*x4d — 15kxa*c
kdxkQke*k*xQkFx*k3 + Okakd**x3kex*k3kf*xkxQ + bkck*3kexf*xk4d — 15kxbkck*kdke*xkQ*xf*kk
3 + 27xbxckd*x2kex*kx3kxf*x*xk2 — 13xbkxd*x*x3kex*k4*xf) + x*k(Bkakxck*kx3kexfxk4d — 3kakck
*kdkex*k2kf*xk3 — Okgkckd**xke*xx3xfx*2 + Trakxdk*k3kex*k4*f — bkck*k3ke*xkQkf*x*x3
— Oxbxck*x2kxdkxe*xkx3*xf*x*x2 + 21xbkckd*x*x2kex*k4xf — 11xbkd*x*x3kex*5))/(8kxe*x*x4qd*xf*x*x4
+ 16%ex*k3kFk*k5kx*k*2 + Skexkx2xfxkGxx*k*4) + x*(axd*x*3*%f + 3xbkxckd**2xf — 3%b
*d*x*x3%e) /fx*x4

Giac [A] time = 1.1868, size = 501, normalized size = 1.72

1
(3 acf* + b f3e + 3acdf3e + 9bc?df?e® + 9 acd? f2e* — 45bed? fe® —15ad® fe3 + 35 bd364) arctan (\/?x (_5)) e(_

2
8f2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3/ (f*x"2+e)~3,x, algorithm="giac")

[Out] 1/8*%(3*a*xc™3*f~4 + b*c~3*xf " 3*e + 3kaxc 2xd*xf~3xe + Oxb*c™2+d*f " 2%e”2 + O*ax
cxd"2xf"2xe”2 - 4bxbxckd"2xf*e”3 - 1b*axd"3*fxe”3 + 35xb*d”"3xe”4)*arctan(sq

rt (£)*xx*xe”™(-1/2))*e~(=5/2) /£~ (9/2) + 1/8%(3*axc”3*xf~5%x~3 + b*c 3*f 4*xx"3*e

+ 3kaxc 2xdxf 4xx"3%e — 15xbxcT2*d*f"3*%x"3*%e”2 - 15kaxcxdT2xf73%x"3%e”2 +
27xb*ckxd"2*%f "2%x"3%e”3 + O*axd " 3*f"2%x"3%xe”3 + bkaxc 3xf "4dkxkxe — 13*%bxd”3xf
*x"3%e"4 — bxcT3kfT3*kx*ke”2 — 3kakcT2kd*xf"3*kx*xe”2 - OxbkxcT2kd*xfT2kx*xe”3 - 9%
axcxd"2xf "2%x*xe”3 + 21xbxcxd"2xf*x*e”4 + Tra*xd " 3xfrxke”4 - 11xbxd”"3*x*e”5)*

e (-2)/((£*x72 + e)~2xf~4) + 1/3*%(b*d"3*f " 6*x"3 + O*xbxcxd " 2xf~6*x + 3*a*d™3
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*f76%x - 9xbxd~3*xf " 5*xx*e)/f"9
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(a+bx2)(c+dx2)3

(eﬁifx2)4

Optimal. Leaf size=348

3.22 dx

x (c + dxz) (be (—3(:2f2 — 8cdef + 35d262) —af (15c2f2 + 4dcdef + SdZeZ)) dx (be (—302f2 —10cdef + 105d2€2) -
48¢3 3 (e + fxz) ’ 4803 f

[Out] (d*(bxex(105*%d"2*e~2 - 10*c*d*e*xf - 3xc™2*xf"2) - axf*(15%d"2%e”2 + 14*xc*d*e
*f + 15%xcT2xf72) ) *x)/(48*%e~3*xf"4) - ((bxe - axf)*x*x(c + d*x"2)73)/(6*xexfx(e

+ fxx72)73) - ((bxex(7*d*e — c*f) - axfx(dxe + 5xcxf))*x*x(c + d*xx"2)72)/(2
4xe”2xf 2% (e + £*x72)72) - ((bxex(35*xd"2*xe~2 - 8*ckd*exf - 3*xc™2xf~2) - axf
*(5%d72%e”2 + 4dxckdrexf + 15xc72+%f72))*x*x(c + d*x"2))/(48%e"3*%f 3% (e + f*x~

2)) - ((b*ex(35%d"3*e”3 — 15xc*d™2%e"2*f - 3*kc ™ 2kd*exf~2 — c¢~3*%f~3) - axfx*(
5xd73%e”3 + 3xckd"2%e”2xf + 3xc”2xd*exf”2 + b5xc”3%f73))*ArcTan[(Sqrt [f]*x)/
Sqrt[ell)/(16xe~(7/2)*£~(9/2))

Rubi [A] time = 0.449597, antiderivative size = 348, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, "> —

integrand size
0.115, Rules used = {526, 388, 205}

X (c + dxz) (be (—3c2f2 — 8cdef + 35d2€2) —af (1562f2 +4dcdef + SdZeZ)) dx (be (—3c2f2 —10cdef + 105d232) -
48¢3f3 (e +f x2) T 4803 f

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(c + d*x"2)73)/(e + f*xx~2)74,x]

[Out] (d*(bxex(105*%d"2*xe~2 - 10*c*d*e*xf - 3*xc™2*xf"2) - axf*x(15%d"2%e”2 + 14*c*d*e
*f + 15%c72*%f72) ) *x)/(48%e~3*%f74) - ((b*e - a*xf)*x*x(c + d*x"2)73)/(6*e*xf*(e

+ f*x72)73) - ((b*ex(7*d*e - c*f) - axfx(dxe + 5xcxf))*x*x(c + d*x"2)72)/(2
dxe”2xf 2% (e + f*x72)72) - ((b*ex(35*xd"2*xe”2 - 8kckd*e*xf - 3xc™2*xf"2) - axf
*(5xd"2%e”2 + 4xckxdxexf + 15xc”™2%f72) )xx*(c + d*x72))/(48*e"3*f 3% (e + f*x~

2)) - ((b*ex(35*%d"3%e”3 - 15*cxd 2%e 2*f - 3kc™2*dke*xf~2 - c~3%f~3) - a*xfx*(
5xd"3%e”3 + 3xckd"2xe”2xf + 3xc”2xd*exf”2 + b5xc”3xf73))*ArcTan[(Sqrt [f]*x)/
Sqrtlell)/(16xe~(7/2)*£~(9/2))

Rule 526

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_)*(x_)"(n_))"(q_.)*x((e_ ) + (f
_I)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(a*xb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*nx(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] & LtQlp, -1 &% GtQlg, 0]

Rule 388

Int[((a_) + (b_)*x(x_ )" ()" (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]
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Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
d22—(b 5af)-d(7be-af)x?
f (a + bxz) (c + dx2)3 ; (be — af)x (c + dxz)S I — (:f;)3 = ax
Y= — _
(e + fx2)4 bef (e + fxz)3 bef

(c+dx2)(c(de(7be—af)+3

(be — af)x (c + dxz)3 (be(7de — cf) — af (de + 5cf))x (c + dxz)2 J
- - +

) bef (e + fxz)3 242 f2 (e + fxz)2
(be — af)x (c + dx2)3 (be(7de — cf) — af(de + 5cf))x (c + dx2)2 (be (35d2 2 — 8cdef -
- 3 2 B
6ef(e+fx2) 2462 f2 (e+fx2)
d (be (105d2 2 —10cdef - 3c2f2) —af (15d232 + l4cdef + 1502f2)) x (be-af)x (c + dx?
) 4854 6ef (e + fxz)3

o d (be (105d2 2 —10cdef — 3czf2) —af (15d2€2 +14cdef + 15c2f2)) x (be—af)x (c + dx?
480°f* bef (e + fxz)3

Mathematica [A] time = 0.209906, size = 295, normalized size = 0.85

x(de - cf) (be (—czf2 — dcdef + 29d2€2) —af (5C2f2 + 8cdef + 11d2€2)) tan™ (%) (be (—3c2def2 = % = 15cd%e? f

16e3f4 (e + fxz) B

Antiderivative was successfully verified.

[In] Integratel[((a + bxx™2)*(c + d*x"2)"3)/(e + f*x~2)74,x]

[Out] (b*d"3*x)/f~4 + ((b*xe - a*xf)*(d*e - c*f) " 3*x)/(6xexf 4x(e + £*x72)73) - ((d
xe — c*f) 2% (bxex(19*d*xe - c*xf) - a*xf*(13*xd*e + bxcxf))*x)/(24*%e”2%f 4*x(e +
f*x72)72) + ((d*xe — c*xf)*(b*xe*x(29*%d"2*%e”2 - 4d*xckxdxexf - ¢ 2+xf72) - axf*x(11
*d"2*%e"2 + 8xckdxexf + 5xcT2*xf72))*x)/(16*%e”3xf"4*x(e + £*x72)) - ((b*ex(35%
d"3*e”3 - 15*c*xd"2xe " 2*f - 3xc"2xd*exf"2 - c73*f"3) - axf*x(5xd"3*xe”3 + 3*c*
d™2%e”2xf + 3*c " 2xd*exf”2 + bxc"3%f73))*ArcTan[(Sqrt[f]*x)/Sqrtlel])/(16*e”
(7/2)*£~(9/2))

Maple [B] time = 0.013, size = 735, normalized size = 2.1

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c) "3/ (f*x"2+e)"4,x)

[Out] b*d~3/f"4*xx+15/16/f73/(exf) "~ (1/2)*arctan(x*xf/(exf)~(1/2))*bxcxd~2+1/16/f/e”
2/ (exf)~(1/2)*xarctan(x*f/(exf) " (1/2) ) *b*c~3-35/16/f"4xe/ (exf) "~ (1/2) *xarctan(
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x*xf/(exf) ™ (1/2))*bxd~3+5/16%f72/ (£*xx"2+e) "3/e " 3*x " b*a*xc~3+1/16*f/ (f*xx"2+e) "~
3/e"2%x"5xb*xc”"3-33/16/f/ (f*x"2+e) "3*x " 5*b*cxd"2+29/16/f"2/ (f*x"2+e) "3*x"5*b
*d"3xe+5/6xf/ (f*x"2+e) "3/e"2*x"3%a*xc”3-1/2/f/ (f*x"2+e) "3*x"3*axcxd~2-5/6/f"
2/ (£*x72+e) "3*x"3*a*xd"3xe-1/2/f/ (£¥x"2+e) "3*x"3*b*xc"2xd-1/16/f/ (f*x"2+e) ~3*
bxc~3*x-11/16/f/ (f*x"2+e) "3*x~5*axd~3+5/16/f73/ (exf) ~(1/2) *arctan (x*f/ (exf)
~(1/2))*axd"3+5/16/e73/(exf) ~(1/2) xarctan(x*xf/(exf)~(1/2) ) *axc”3+1/6/(f*x"2
+e) "3/exx"3xbxc"3+11/16/ (f*x"2+e) "3/exx*axc”3+17/6/£73/ (£*x"2+e) "3*x"3*b*xd"~
3*e~2-3/16/f/(f*xx"2+e) “3*a*xc”2xd*x-5/16/f"3/ (f*x"2+e) "3*xa*xd"3*e~2*x+3/16/ (£
*x"2+e) "3/e*xx"b*xaxcxd"2+3/16/ (f*¥x"2+e) "3/e*x"5xbxc"2xd+1/2/ (f*x"2+e) "3/e*x”
3kaxc 2xd+19/16/f74/ (f¥x~2+e) "3*b*d"3*e”"3*x-3/16/f 72/ (f¥x"2+e) "3*b*kc ~2*xd*ex*
x-15/16/£73/ (f*x"2+e) “3*b*cxd~2%e” 2xx+3/16*f/ (f*x"2+e) “3/e"2*x"5*a*xc~2*d-5/
2/f72/ (£*x"2+e) "3*x " 3*bxcxd"2*%e-3/16/f "2/ (f*x"2+e) ~3*a*xcxd 2*e*xx+3/16/f/e"2
/(exf)~(1/2)*arctan (x*f/(exf) " (1/2))*xaxc”2xd+3/16/f72/e/ (exf) " (1/2) *arctan(
xxf/(exf)~(1/2))*axcxd~2+3/16/f72/e/(exf) " (1/2) *arctan(x*f/(exf) " (1/2)) *b*c
~2xd

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) "3/ (f*x"2+e) 4,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.71072, size = 2913, normalized size = 8.37

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) 3/ (f*x"2+e) 4,x, algorithm="fricas")

[Out] [1/96*(96*xbxd~3*e~4*xf~4*x~7 + 6*%(77*b*xd"3*e"5*xf~3 + bkxa*xc ™ 3*xe*xf”7 - 11x(3*b
*cxd"2 + axd”"3)*e”"4*xf"4 + 3x(b*xc”2+d + axckd"2)*e"3*f"5 + (b*xc”3 + 3kaxc 2%
d) *e"2*f76) *x"5 + 16%(35%b*d"3*%e”6*f"2 + bkaxc~3xe"2*xf"6 - 5x(3*b*ckd”2 + a
*d"3)*xe"5*f"3 - 3*x(b*c”2xd + axc*xd"2)*e"4*f"4 + (b*c”3 + 3xaxc”2xd)*e”3xf"5
)*x7"3 + 3% (35*b*d"3%e”7 - Skxa*xc " 3*e”3*f"4 - 5x(3xbxc*d"2 + axd"3)*e"6xf - 3
*(b*xc™2*d + axckd"2)*e"5xf"2 - (b*c™3 + 3*axc”2*xd)*e"4*xf"3 + (35%b*d"3*e”4x
£73 - B*xaxc"3*f"7 - 5% (3*b*c*d”2 + axd"3)*e"3*xf"4 - 3*x(b*c”2*d + axcxd"2)*e
~2+%f75 - (b*c™3 + 3*kaxc”2xd)*exf"6)*x"6 + 3*%(35xbkxd"3*e"5*xf"2 — Bxaxc 3kexf
"6 - b5*x(3*bkckd"2 + axd"3)*xe"4xf"3 - 3*x(b*c"2*xd + axcxd"2)*xe"3*%f"4 - (b*c”3
+ 3xaxc”2*d) *e"2xf"5) *x"4 + 3% (3b*b*d"3xe"6*xf - Bxaxc 3*xe”"2+xf75 - L5k (3*b*c
*d72 + a*d"3)*e"5*xf"2 - 3x(b*c”2+d + axckd"2)*e"4*xf~3 - (b*c”3 + 3*axc”2*d)
xe”3%f74) *x72) *xsqrt (-exf) *log ((£*x72 - 2*sqrt(-exf)*x - e)/(f*x"2 + e)) + 6
* (35%b*d"3*%e”7*f + 11*axc~3xe”3*%f"5 - 5*(3*bkckd™2 + a*xd~3)*e”6+xf~2 - 3*(b*
c"2xd + axc*xd"2)*e”5xf"3 - (b*c”3 + 3%axc”2*d)*e 4*xf"4)*x)/(e"4*xf"8*xx"6 + 3
*e B TT*xXx"4 + 3%eT6*fT6xx"2 + 7 T7*f75), 1/48*%(48*bxd"3xe 4xf"4xx"T7 + 3% (77
*b*d"3*%e " B5*f"3 + bkxaxc 3xexf”7 - 11%(3*b*ckd”2 + axd"3)*e"4xf"4 + 3*(b*c”2*
d + axcxd"2)*e"3*xf"5 + (b*c™3 + 3*akxcT2*xd)*e"2*xf"6)*x"5 + 8% (35%b*d"3*e”6*f
T2 + BkaxcT3*ke"2%f76 — Bx(3xb*xc*xd”2 + a*d”"3)*e"5xf"3 — 3x(b*xcT2*d + a*c*d”2
Yxe"4xf~4 + (b*c™3 + 3*kaxc~2xd)*e"3*xf"5)*x"3 - 3*%(35*b*d"3*e”7 - bxaxc~3xe”
3*xf~4 - 5x(3*bxcxd”2 + a*d”3)*e”6*xf — 3k (bxc”2*d + a*cxd"2)*e"5xf"2 - (b*c”
3 + 3*xaxcT2xd)*e"4xf"3 + (35%b*d"3*e”4*f"3 - bxaxc 3xf"7 - 5x(3*b*c*kd”2 + a
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*d"3)*e"3*f"4 - 3k (b*xcT2xd + axc*d"2)*e”2*%f"5 - (b*c”3 + 3xaxc”2xd)*e*xf”6)*
X"6 + 3% (35xbxd"3%e”5*f"2 - Bkaxc 3kexf"6 - 5x(3*b*c*d”2 + a*d”"3)*e"4*xf"3 -
3% (b*c™2*xd + axcxd"2)*xe"3*%f74 - (b*c™3 + 3*kaxc~2xd)*e"2xf75)*x"4 + 3*(35*b
*d"3*%e”6*f - Bkxaxc"3xe"2xf"5 - 5x(3*bkckd"2 + axd"3)*e”5xf"2 - 3*x(bkcT2xd +
axcxd"2)*xe"4xf"3 - (b*c™3 + 3xaxc”2xd)*e”3xf74)*x"2)*sqrt (exf)*arctan(sqrt
(exf)*x/e) + 3*%(35xb*d"3*e”7*xf + 1lxa*xc~3*e"3*f"5 - 5x(3*bkxcxd™2 + a*xd~3)*e
“6xf72 - 3% (bxc”2xd + axcxd"2)*e " 5*xf~3 - (b*c”3 + 3*xaxc”2*d)*e"4*xf"4)*x)/ (e
“4xfT8%xX76 + 3keTbxfT7*x"4 + 3%e”6*xf76*x"2 + e 7*xf75)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx*x2+a)* (d*xx*2+c)**3/ (f*x**2+e)**4 %)

[Out] Timed out

Giac [A] time = 1.20757, size = 603, normalized size = 1.73

1
b (5 acf* + b f3e + 3ac?df3e + 3bc2df?e® + 3 acd? f?e® + 15bed? fe® + 5ad° fe3 - 35 bd3e4) arctan (\/_xe(_i)]
+

ft 16 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c) 3/ (f*x"2+e) 4,x, algorithm="giac")

[Out] b*d~"3*x/f"4 + 1/16%(5*a*xc™3*f"4 + bxc~3*xf"3xe + 3*a*xc ™ 2+«d*f " 3*e + 3*xbxc~2*d
*f72%e”72 + 3xaxckd"2*%f"2%xe”2 + 15xbkxcxd"2xfxe”3 + Lbkxaxd"3xfxe”3 - 35%b*xd"3%*
e"4)*xarctan(sqrt (f) *x*e~(-1/2))*e~(-7/2)/£7(9/2) + 1/48*(15xa*c”3*f"6*x"5 +
3*xbxc 3*f"5*xx"5xe + OkaxcT2xd*f"5*xx"5xe + OkbkcT2*d*xf"4*xx"5%xe”2 + Okaxc*d”
2xfT4*xx"5%e”2 — 99*b*c*xd 2*xf"3*x"5%e”3 - 33*a*xd " 3*xf " 3*x"5%xe”3 + 40*axc 3xf”
5xx"3%e + 87*xbxd"3*%f "2%x"5*%e"4 + BxbxcT3*xfT4*xx"3*%e”2 + 24kakxc”2xd*xf 4*xx"3xe
T2 = 24%bxcT2*xd*xf73*%x"3%e”3 - 24*axckd"2*xf73%xx"3*%e”3 — 120%bkxckxd"2xfT2%xx" 3%
e”4 - 40*a*d"3*xf"2xx"3*%e"4 + 33*xaxc”3xf "4*xxxe”2 + 136%xb*d"3xf*x"3%e”5 - 3*b
*CT3*fT3*kx*e”3 — PkaxcT2xd*xf"3*kx*ke”3 — OkbkcT2xdxfT2kx*ke”4 - OkakxckdT2xf 2%
x*e~4 — Abxbxc*xd"2*f*x*e”5 - 15*xaxd"3xfxxxe”5 + 5T7*b*d"3*x*e”6)*e”(-3)/((£*
x"2 + e)~3%xf"4)
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3.23 f(a + bxz) (c + dx2)3/2 Ve + fx2dx

Optimal. Leaf size=544

de

e2Nc + a2 (7adf (de - 9cf) — b (~3c2f2 - cdef + 4d?e2)) EllipticF (tan—1 (%) - 5) N e B ey
+

e(c+dx2)
105df>24/e + fx? )

[Out] -((7*axd*f*x(2%d"2%e”2 - T*xckdxexf - 3%c™2xf72) - b*(8+d"3%e”™3 - 19%cxd~2*e”
2xf + Oxc”2kdxe*xf"2 - 6xc”3*f73))*x*Sqrtc + dxx"2])/(105%d"2*f"2*Sqrt[e +
fxx72]) + ((7xaxd*xf*(d*e + 3kcxf) - bx(4xd"2%e”2 - 6xcxd*xe*xf + 6xc™2*f72))x*
x*xSqrt[c + dxx"2]*Sqrtle + £xx72])/(105%d*f72) + ((b*dxe - 2%bkcxf + Txaxd*
f)*x*x(c + d*x72)7(3/2)*Sqrtle + £*xx72])/(35xd*f) + (b*xxx(c + d*xx~2)7(5/2)*S
grtle + £*x72])/(7*d) + (Sqrtle]l*(7T*xaxd*f*(2xd"2*%e~2 - Txckdxexf - 3*c™2%f~
2) - b*x(8%d”"3xe”3 - 19%ckd"2*e"2*f + 9*kc"2xd*kexf"2 - 6xc”3*f73))*Sqrtlc + d
*x"2]*E1llipticE[ArcTan[(Sqrt [f]*x)/Sqrtlel]l, 1 - (d*e)/(c*xf)])/(105xd~2*f"(
5/2)*Sqrt[(ex(c + d*x"2))/(c*x(e + £*x72))]*Sqrtle + £*x72]) - (e~ (3/2)*(7*a
xdxf*(d*xe - 9*kcxf) - bk (4xd"2%e”2 - Okckxdxexf - 3*xc™2xf72))*Sqrtlc + d*xx"2]
*EllipticF[ArcTan[(Sqrt [f]1*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(1056xd*f~(5/2)*Sq
rt[(ex(c + d*x"2))/(cx(e + £*xx~2))]1*Sqrtle + £*x72])

Rubi [A] time = 0.681249, antiderivative size = 544, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 30, e

0.167, Rules used = {5628, 531, 418, 492, 411}

integrand size

xVe + dx2\Je + fo2 (7adf (3cf +de) — b (6cf2 - 6cdef +4d%¢?))  xVc +dx? (7adf (-3c2f2 - Tedef + 2d%2) - b
10542 10542 f2+[e +

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)*(c + d*x"2)~(3/2)*Sqrtle + f*x72],x]

[Out] -((7xaxd*f*x(2*d"2%e~2 - T*ckdxexf - 3kc™2xf72) - b*(8+d"3%e”3 - 19*cxd~2*e”
2xf + Oxc”2kdxe*xf"2 - 6xc”3*xf73))*x*Sqrtlc + d*xx"2])/(105%d"2*xf"2*Sqrt[e +
fxx72]) + ((7xaxd*f*(d*e + 3kcxf) - bx(4xd"2%e”2 - 6xckxdkexf + 6xc™2*xf72))x*
x*xSqrt[c + dxx"2]*Sqrtle + £*xx72])/(105%d*xf~2) + ((bkdxe - 2xbkcxf + Txaxdx
f)*xx(c + d*x"2)~(3/2)*Sqrte + £*xx72])/(36*d*f) + (bxx*(c + d*x~2)7(5/2)%S
qrtle + £*x72])/(7xd) + (Sqrtle]l*(7T*xa*xd*f*(2xd"2%e~2 - Tkxckxdxexf - 3kc™2*f~
2) - bx(8%d"3%e”3 - 19kckd"2*xe " 2*xf + OkcT2*kd*e*f"2 - 6*%c”3*f73))*Sqrtlc + d
*xx"2]*E1lipticE[ArcTan[(Sqrt [f]*x)/Sqrtle]]l, 1 - (d*e)/(c*f)])/(105*d~2*f~(
5/2)*3Sqrt[(ex(c + d*x72))/(c*x(e + £*x72))]*Sqrtle + £xx72]) - (e~ (3/2)*(7*a
xd*xf*x(dxe — 9xc*f) - b*x(4*d"2%e”2 - Okcxd*exf - 3xc”2xf72))*Sqrtlc + d*x"2]
xEllipticF[ArcTan[(Sqrt [f]1*x)/Sqrtlel], 1 - (dxe)/(cxf)])/(105xd*f~(5/2)*Sq
rt[(ex(c + d*x72))/(cx(e + £xx72))]*Sqrtle + f*x~2])

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(nx(p + g + 1) + 1)), x] + Dist[1/(b*x(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[cx(b*e - a*f + bkexn*x(p + q + 1)) + (dx(b*xe -
axf) + fxnxqx(bxc - a*d) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{



114
a, b, ¢, d, e, £, n, pr, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*x_ )" (@ )) " (p_)*((c_) + (A_)*x_)"(m_))"(q_.)*x((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x™n) p*x(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, £, n, p, q}, x]

Rule 418

Int[1/(Sqrel(a) + (b_.)*(x_)~2]*Sqrt[(c) + (d_.)*(x_)"21), x_Symboll :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 21*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*x(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrtlc + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)~(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"21/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sgrtla + bxx"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 21*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

3/2
(~(bc-7ad)e+(bde~2bcf+7ad f)x?)
dx

5/2 (c+dx2)
f(“ n bxz) (C N dx2)3/2 /76 s Fd = bx (c + dx2) N X f v

7d 7d

32 52 Vet
(bde — 2bcf + 7adf)x (c + dxz) Ve+ fx2  bx (c + dxz) Ve + fx? J
= + +
35df 7d

(7adf(de + 3cf) - b (4d?e? — 6cdef + 6c2f2)) xVe + dx\Je + fx?  (bde - 2bc
10542 "

(7adf(de + 3cf) - b (4d?e? - 6edef + 6¢2f2)) xVe +dx2Je + fa2  (bde - 2bc
105412 i

(7adf (2d2 2 _ 7cdef — 3C2f2) b (8d363 _ 19Cd2€2f " 9C2def2 B 6C3f3)) X\/E

105d2 f2/e + fx?

(7adf (ZdZe2 —7cdef — 3czf2) -b (8d3e3 —19cd?e®f + 9c?def? — 6c3f3)) xVe

10542 f24/e + fx?
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Mathematica [C] time = 1.13472, size = 373, normalized size = 0.69

e\ + 1322 4 1(cf - de) (b (322 ~ 15cdef + 8d2¢%) ~ 14adf(de - 3cf)) EllipticF (i sinh™ (x\ﬁ) , dl) T fry

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2)*(c + d*x"2)7(3/2)*Sqrtle + f*x72],x]

[Out] (Sqrtl[d/cl*fxxx(c + d*x"2)*(e + f*x72)*(7*axd*f*(6*xcxf + dx(e + 3*f*x~"2)) +
b* (3*%c™2%f72 + 3kcxkd*fx(3xe + 8xf*x72) + d72%(-4*%e”2 + 3kexf*x72 + 1b5xf72x

X74))) + Ixex(7*axdxf*x(2xd™2%xe”2 - Tkxckxdxexf - 3%c™2+f72) + b*(-8%d"3%e”3 +
19xc*xd™2xe”2xf - 9xc”2kxd*e*f"2 + 6%c”3*xf73))xSqrt[1 + (d*x72)/cl*Sqrt[1 +
(f*x72) /el *E1llipticE[I*ArcSinh[Sqrt[d/c]l*x], (c*xf)/(d*e)] - Ixex(-(dxe) + c

*f)* (-14*xaxdxfx(d*e — 3*c*f) + b*(8+d"2%e”2 - 1B5kckdkexf + 3%c™2%f~2))*Sqrt

[1 + (d*x72)/c]*Sqrt[1l + (f*x72)/e]*EllipticF[I*ArcSinh[Sqrt[d/c]l*x], (c*f)

/(d*e)])/(105*d*Sqrt [d/c]*f~3*Sqrt[c + d*x~2]*Sqrt[e + f*x72])

Maple [B] time = 0.039, size = 1332, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx~2+a)*(d*x~2+c) " (3/2)*x(f*x"2+e)~(1/2),x)

[Out] 1/105%(d*x~2+c)~(1/2)*(£xx~2+e) ~(1/2)*(27x(-d/c) ~(1/2) *x~5xb*c~2*xd*f~4-6x* ((
d*xx~2+c)/c) " (1/2)x((£*xx~2+e) /e) " (1/2)*EllipticE(x*(-d/c) ~(1/2), (c*xf/d/e)~ (1
/2) ) *b*xc”3xe*xf"3+14* ((d*x"2+c) /c) ~(1/2) * ((f*xx"2+e) /e) ~(1/2)*EllipticF (x*(-d
/c)~(1/2), (cxf/d/e) " (1/2))*xaxd~3*xe~3xf-4*x(-d/c) ~(1/2) *x*b*xc*xd~2*xe " 3*xf+9* ((d
*x72+c) /c) " (1/2) *((£xx"2+e) /e) " (1/2) *E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/
2) ) ¥b*xc”2xd*e " 2xf"2+15% (=d/c) " (1/2) *x~9*b*d"3*f"4-18* ((d*x"2+c) /c) ~(1/2) *((
f*x~2+e)/e) " (1/2)*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*xc~2%d*e 2%f "2
+49x ((d*x"2+c) /c) " (1/2)* ((£*x"2+e) /e) ~(1/2)*E1llipticE(x*(-d/c)~(1/2), (c*f/d
/e)”(1/2))xaxc*xd™2*xe~2xf~2+23* ((d*x~2+c) /c) " (1/2) * ((f*x~2+e) /e) ~(1/2) *Ellip
ticF(xx(-d/c)~(1/2), (cxf/d/e) " (1/2)) *b*xcxd " 2xe " 3xf+21% ((d*xx"2+c)/c) " (1/2) *(
(f*x~2+e)/e) " (1/2)*#E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*c 2xd*exf 3+
42x ((d*x~2+c)/c) " (1/2)*x ((f*x~2+e) /e) " (1/2)*E1llipticF (x*x(-d/c)~(1/2), (cxf/d/
e) " (1/2)) *axc™2*d*xexf~3+3* ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1llipticF
(xx(-d/c)~(1/2),(cxf/d/e) " (1/2) ) *b*xc”~3*xexf~3-14* ((d*x"2+c) /c) " (1/2) * ((f*x~2
+e)/e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*xd”~3xe~3*xf+63*(-d/c
)T (1/2)*x"Bxa*xckd"2xf"4+28*% (—=d/c) " (1/2) *x"5*a*d " 3*xe*xf~3-8* ((d*x"2+c)/c) "~ (1/
2)* ((£*x~2+e) /e)~(1/2)*EllipticF (x*(-d/c) ~(1/2), (cxf/d/e) " (1/2) ) *bkxd~3xe 4+
8% ((d*x~2+c)/c)~(1/2)* ((£*xx~2+e) /e) " (1/2)*E1llipticE(x*(-d/c)~(1/2), (cxf/d/e
)" (1/2)) ¥bxd"3*e"4+51x (=d/c) " (1/2) *x~5*xb*c*d~2xexf~3+70% (-d/c) " (1/2) *x~ 3*ax*
cxd " 2*xexf"3+36* (—d/c) " (1/2) *x~3*bxc~2xd*e*xf~3-19* ((d*x"2+c) /c) ~(1/2) x ((£f*x~
2+e)/e)”(1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e) " (1/2))*b*c*xd™2xe 3*f+21* (-
d/c)”(1/2)*x~7xaxd~3*xf~4+3* (-d/c) " (1/2) *x~ 3xbxc~3*xf~4+9* (-d/c) " (1/2) *x*b*c™
2%d*xe”2%f"2+8*% (-d/c) " (1/2) *x"3*b*c*xd"2%e " 2*xf " 2+42*% (—-d/c) "~ (1/2) *x*a*xc™2*d*e*
£73+7x(=d/c) " (1/2) *x*a*cxd~2xe " 2xf"2-(-d/c) " (1/2) *x"5*xb*d~3*e~2*xf ~2+42* (-d/
c) " (1/2)*x"3*xaxc”2xd*f"4+7x (-d/c) ~(1/2) *x~3*axd " 3*xe"2+xf"2-4x (-d/c) ~(1/2) *x~
3*xb*d"3*e”3*xf+3* (=d/c) " (1/2) *x*¥b*c”3*exf~3+39*% (=d/c) ~(1/2) *x"T7*b*c*d™2*xf "4+
18%(=d/c) "~ (1/2) *x"7*b*d " 3*exf~3-56*% ((d*x~2+c) /c) ~(1/2) *((f*x"2+e) /e) "~ (1/2) *
EllipticF(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*xcxd"2*e~2+xf72) /d/ (d*f*x"4+cxf*x
“2+d*exx"2+c*xe) /f~3/(-d/c) "~ (1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f(bx2 + u)(dx2 + c) N2 +edx

Verification of antiderivative is not currently implemented for this CAS.

N

[In] integrate((bxx~2+a)*(d*xx~2+c)~(3/2)*(f*x"2+e)~(1/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + a)*(d*x~2 + c)~(3/2)*sqrt(f*x"2 + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((bdx4 + (bc + ad)x? + ac)\/dxz +oyfx2+e, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c) ~(3/2)*(f*x"2+e)~(1/2) ,x, algorithm="fricas")

[Out] integral((bxd*x"4 + (b*c + axd)*x"2 + a*xc)*sqrt(d*x™2 + c)*sqrt(f*x~2 + e),

X)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bxz) (c - dxz)g \Je+ fx?dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x*x2+a)* (dkxx**2+c)*x(3/2)* (f*x**2+e)**(1/2) ,x)

[Out] Integral((a + bxx**x2)x(c + dxx*x2)**x(3/2)*sqrt(e + f*xx*x*2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(bxz + a)(dx2 + c)gwlfxz +edx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c)~(3/2)*(f*x"2+e)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*x(d*x"2 + c)~(3/2)*sqrt(f*x"2 + e), x)
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324 | (a + bxz) Ve + dx2+Je + fx2dx

Optimal. Leaf size=381

de

. -1 (Vf
32+/c + dx2(-10adf + bef + bde)EllipticF (tan ! (%) ,1- ;) Ve + dx2 (Sadf(cf +de) - 2b (szz — cdef +
+
c+dx 15d2f ve + fo
15df32+Je + fx? €+fx2

[Out] ((5*axd*f*x(dxe + cxf) - 2xb*x(d"2*%e”2 - ckxd*xexf + c”2xf72))*x*Sqrtc + d*x~2
1)/ (15*%d"2xf*Sqrt[e + £*x72]) + ((b*dxe - 2xbkcxf + Bxaxdxf)x*x*Sqrt[c + d*x
~2]*Sqrt e + £*xx72])/(16%d*f) + (bxx*x(c + d*x72)~(3/2)*Sqrtle + f*x~2])/ (5%

d) - (Sqrtlel*(5*xaxdxfx(dxe + c*f) - 2*¥bx(d"2*%e”2 - c*d*xexf + c~2*f~2))*Sqr

tlc + d*x"2]*EllipticE[ArcTan[(Sqrt [f]*x)/Sqrtlel]l, 1 - (d*e)/(cxf)])/(15%d
~2%£7(3/2)*Sqrt[(ex(c + d*x72))/(cx(e + £*x72))]*Sqrtle + £xx~2]) - (e (3/2
)*(b*d*xe + bxc*f - 10*axd*f)*Sqrtlc + d*xx~2]*EllipticF[ArcTan[(Sqrt[f]*x)/S
qrtlell, 1 - (dxe)/(c*xf)])/(16xd*f~(3/2)*Sqrt[(ex(c + d*x~2))/(cx(e + f*x72
))I*Sqrtle + f*x~2])

Rubi [A] time = 0.377796, antiderivative size = 381, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 30, e e =

0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

xVe + dx? (Sadf(cf +de) - 2b (czf2 —cdef + dzez)) Veve +dx? (5adf(cf +de) - 2b (szz —cdef + dzez)) E (ta]
e s, [ 1)

Antiderivative was successfully verified.

[In] Int[(a + b*x~2)*Sqrtlc + d*x~2]*Sqrtle + f*xx~2],x]

[Out] ((5*a*xd*f*(dxe + cxf) - 2%b*x(d"2*e”2 - ckdkxexf + c™2xf72))*x*Sqrt[c + d*x~2
1)/ (15*%d"2*f*xSqrt[e + £*x72]) + ((b*dxe - 2xbkcxf + bkxaxdxf)*x*Sqrt[c + d*x
~2]1*Sqrt e + £*x72])/(16%d*f) + (bxx*(c + d*x72)"(3/2)*Sqrt[e + f*x72])/ (5%

d) - (Sqrtle]*(b*axd*f*(dxe + cxf) - 2xbx(d"2*%e”2 - cxd*xexf + c~2*xf72))*Sqr

tlc + d*x"2]*EllipticE[ArcTan[(Sqrt [f]*x)/Sqrtlel], 1 - (d*e)/(cxf)])/(156xd
~2xf7(3/2)*Sqrt[(ex(c + d*x~2))/(cx(e + £*x72))]1*Sqrtle + £*xx72]) - (e~ (3/2
)*(b*dxe + bxckxf - 10*axd*f)*Sqrtlc + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/S
qrtlell, 1 - (dxe)/(c*f)])/(156xd*f~(3/2)*Sqrt[(ex(c + d*x~2))/(c*x(e + f*x72
))1*Sqrte + £xx72])

Rule 528

Int[((a_) + (b_)*(x_)"(_ )" (p_.)*((c_) + (d_)*x_)"(n_))"(q_.)*x((e ) + (
f_)*x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + q + 1) + 1)), Int[(a + b*x~
n)“p*x(c + d*x"n)~(q - 1)*Simp[cx(bxe - a*f + b*exn*x(p + q + 1)) + (d*x(bxe -
axf) + fxnxq*(b*c - a*xd) + bxdxexnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, £, n, pr, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x"n) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
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d, e, £, n, p, g}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
tld/c, 2]1*Sqrtlc + d*x"2]*Sqrt[(c*(a + b*x"2))/(ax(c + d*x"2))]), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] &% !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrtlc + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + bxx"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x~2))]1), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps

Ve+dx?(~(be-5ad)e+(bde—2bc f+5ad f)x?) p
X

3/2 c+dx
—= s i) er e [ -

5d 5d

_ (bde - 2bcf +5adf)xVc + dx2\Je + fa2 . bx (C +dx ) \/€+fx2

f —ce(bde+bcf

15df 5d

32
_ (bde —2bcf + 5adf)xVc + dx2\Je + fx2 N bx (C + dxz) Ve + fx? (ce(bde +be

15df 5d

_ (5adf(de + cf) - 2b (de? — cdef + 2f2)) xVe + dx? . (bde —~2bcf + 5ad xve +

1542 fJe + fx?

_ (badf(de +cf)-2b (d2€ - cdef + 2£2)) xVc + dx? , (bde —2bef + 5ad Fxve +

1542 fJe + fx?

Mathematica [C] time = 0.75238, size = 267, normalized size = 0.7

—ie\/—+1\/fx +1(cf — de)(5adf + bef - 2bde)Elhpt1cF(zsmh ( \/g),;j;)+ \/_+1\/fx +1 Zb( 2f2_cd€

15df2\/2\/c + dx?+

Antiderivative was successfully verified.

[In] Integratel[(a + b*x~2)*Sqrtl[c + d*x~2]*Sqrtle + f*xx~2],x]

[Out] (Sqgrtld/cl*f*xx*(c + d*xx"2)*x(e + f*x72)*(bxcxf + Lkaxd*f + bkxdx(e + 3*xf*x72)

) + Ixex(-bkaxd*f*x(d*e + cxf) + 2%bx(d"2*%e”2 - cxd*kexf + c™2*xf72))*Sqrt[1 +
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(d*x~2) /cl*Sqrt[1 + (£*x72)/el*EllipticE[I*ArcSinh[Sqrt[d/c]*x], (c*f)/(d*
e)] - Ixex(-(dxe) + c*f)*(-2*bxd*e + b*cxf + Bxaxd*xf)*Sqrt[l + (d*x"2)/c]*S
grt[1 + (£f*x72)/el*EllipticF[I*ArcSinh[Sqrt[d/cl*x], (c*f)/(d*e)])/(15xd*Sq
rt[d/c]*f"2xSqrt[c + d*x"2]*Sqrtle + f*x~2])

Maple [B] time = 0.015, size = 865, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x~2+c) " (1/2)*x(f*x"2+e)~(1/2) ,x)

[Out] 1/15%(d*x"2+c)~(1/2)*(£*x"2+e) " (1/2)*(3*x(=d/c) " (1/2) *x"7*b*d~2*f~3+5*(-d/c)
~(1/2) *x"5*xaxd"2xf"3+4*x (-d/c) "~ (1/2) *x"5*b*ckxd*xf~3+4* (-d/c) ~(1/2) *x~5*b*d "2
exf"2+5%(-d/c) " (1/2) *x™3*a*xckxd*xf~3+5x(-d/c) ~(1/2) *x~3*a*xd " 2*xexf~2+(-d/c)~ (1
/2) *x"3%b*xc 2%~ 3+5% (-d/c) "~ (1/2) *x"3*bkc*xd*exf 2+ (-d/c) " (1/2) *x~3*b*xd"2%e”2
*xf+5% ((d*x~2+c) /c) " (1/2)x((f*x"2+e) /e) ~(1/2) *EllipticF (x*x(-d/c)~(1/2), (cxf/
d/e) " (1/2))*xaxckxd*xe*xf~2-5x ((d*x~2+c) /c) ~(1/2) x ((f*x"2+e) /e) ~(1/2)*EllipticF
(xx(-d/c)~(1/2), (cxf/d/e) " (1/2) ) xa*xd"2*e " 2+f+((d*x"2+c) /c) "~ (1/2) * ((f*x"2+e)
/e)~(1/2)*E1lipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*xc™2xe*xf~2-3* ((d*x~2+c
)/c)"(1/2)*x ((£f*x~2+e) /e) " (1/2)*E1llipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2))*bx
ckdxe”2xf+2* ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1llipticF (x*(-d/c)~(1/2
), (cxf/d/e)~(1/2)) *bxd"2*xe " 3+5x ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) " (1/2)*E11li
pticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xcxd*xexf~2+5x ((d*x~2+c)/c) " (1/2)*((f
*xx"2+e)/e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *a*xd~2*e~2*f-2x ((
d*xx"2+c)/c) " (1/2)x((f*xx~2+e) /e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~ (1
/2) ) *bxc”2xe*xf"2+2% ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1llipticE(x* (-d/
c)~(1/2),(cxf/d/e) " (1/2)) *bxckd*xe~2xf-2x ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) " (
1/2)*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*bxd~2*e~3+5x(-d/c) " (1/2) *x*a
*ckd*xe*xf"2+(-d/c) " (1/2) *xxb*xc™2%xe*xf "2+ (-d/c) " (1/2) *x*xbxckxd*e~2*f) / (d*f*x"4+
cxf*x"2+d*exx"2+c*e) /d/f72/(-d/c)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f(bx2 + a)\/dxz +cylfx2 + edx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)~(1/2)*(f*x"2+e)~(1/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2 + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral ((bx2 + a) Vdx? + cy[fx? +e, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)~(1/2)*(f*x"2+e)~(1/2),x, algorithm="fricas")
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[Out] integral((bxx~2 + a)*sqrt(d*x”2 + c)*sqrt(f*x"2 + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bxz) Ve + dx2\Je + fx2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((bxx**2+a)* (dkx*x*2+c)**(1/2)* (f*x**2+e)**(1/2) ,x)

[Out] Integral((a + b*x**2)*sqrt(c + d*x**2)*sqrt(e + f*xx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (bx2 + a)\/dxz +cyffx2 + edx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)”~(1/2)*x(£*x"2+e)~(1/2) ,x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2 + e), x)
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3.25

f (a+bx2)\/e+fx2 dx

Ve+dx?

Optimal. Leaf size=283

de

o . - f
2+/c + dx?(bc — 3ad)EllipticF (tan ! (%) 1= 3) + xVc + dx®(3adf — 2bcf + bde) B VeVe + dx2(3adf — 2bc

3d%4\Je + fx?
Bedyfyet 2 :’f; d 3Ty,

[Out] ((b*d*e - 2xbkcxf + 3xaxd*xf)*x*Sqrtlc + d*x~2])/(3*%d"2xSqrtle + f*x72]) + (
b*x*Sqrt [c + d*x"2]*Sqrtle + £*x72])/(3*d) - (Sqrtle]*(b*d*e - 2xb*cxf + 3%
axd*f)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]l*x)/Sqrtle]]l, 1 - (d*e)/(cx
£)1)/(3*d"2*Sqrt [f1*Sqrt [(ex(c + d*x"2))/(cx(e + f£*x72))]1*Sqrtle + f*x"2])

- ((bxc - 3*axd)*e”(3/2)*Sqrtc + d*x~2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtl[

ell, 1 - (dxe)/(cxf)])/(3*cxd*Sqrt [f]*Sqrt[(ex(c + d*x72))/(c*x(e + f*x72))]
xSqrt[e + f*x~2])

Rubi [A] time = 0.181188, antiderivative size = 283, normalized size of antiderivative =
30 number of rules

1., number of steps used = 5, number of rules used = 5, integrand size =

0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

xVe + dx2(3adf — 2bcf + bde) VeVc + dx2(3adf — 2bcf + bde)E (tan_l (%) - ﬁ) e¥2vc + dx?(bc — 3ad)F

cf
3d%+Je + fx2
arh 3d2\[ffe + fa2 :j; 3cdy/fyfe + f3

Antiderivative was successfully verified.

[In] Int[((a + b*x~2)*Sqrtle + f*x72])/Sqrtlc + d*x~2],x]

[Out] ((b*d*e - 2xb*cxf + 3xaxd*xf)*x*Sqrtlc + d*x~2])/(3*xd"2*Sqrtle + f*x72]) + (
bxx*Sqrt [c + d*x"2]*Sqrtle + £xx72])/(3*d) - (Sqrtlel*(b*dxe - 2*bkcxf + 3x
axd*xf)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (dxe)/(cx
£)1)/(3*xd"2xSqrt [f]1*Sqrt[(ex(c + d*x~2))/(cx(e + £*x72))]*Sqrtle + f*x~2])

- ((b*c - 3%axd)*e”(3/2)*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrt[

el]]l, 1 - (dxe)/(cxf)])/(3*cxd*Sqrt [f]1*Sqrt[(ex(c + d*x"2))/(c*x(e + £*xx72))]
xSqrt[e + f*x72])

Rule 528

Int[((a_) + (b_)*(x_)"(_ ) (p_.)*((c_) + (d_.)*x_)"(n_))"(q_.)*((e_) + (
f_Jx(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n) “px(c + d*x"n)~(q - 1)*Simp[c*(b*e - a*f + b*exnx(p + q + 1)) + (d*x(b*xe -
axf) + f*xnxqx(b*c - axd) + bxd*exnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[n*x(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*xxD"(@m_)) " (p_)*((c_) + (d_)*(x_)"(n_)) (q_.)*x((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x"n) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(c*x(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] && !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"21/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x~2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps
~(be-3ad)e+(bde~2bc f+3ad f)x?
[ (0+02) Ve P2 Verdder v R
ve + di2 B 3d 3d
1
be - 3ad)e) [ —=—=dx  (bde - 2bcf + 3adf) [
_ xVe x\/e fx_ VerdJer f2 .\

2
x
Vc+dx2\/e+f:

3d 3d

3d

312/ -1
_ (bde —2bcf + 3adf)xVc + dx? N bxVe + dx2+Je + fa2 (be - 3ad)e¥?Ve + dx?F (tan (

3d?+Je + fx? 3d

C%ccl\/j_r %\/e +f

_ (bde —2bcf + 3adf)xVc + dx? N bxVe + dx2+Je + fx2 Ve(bde = 2bcf +3adf) Ve + dx’E

3d?+Je + fx? 3d

Mathematica [C] time = 0.394991, size = 212, normalized size = 0.75

3d2\/f

[9

e(c+dx2)
(e+ fxz) \ﬂ

~ibey| ™ +1y/ 22 +1(cf - de)EllipticF (i sinh™" (xﬁ) , dl) +iey ™ 1322 L 1(-3adf + 2bef - bde)E (i sinh™! (

3df\/§\/c +dx2yJe + fx2
Antiderivative was successfully verified.

[In] Integrate[((a + bxx~2)*Sqrt[e + f*x72])/Sqrtlc + d*x~2],x]

[Out] (b*Sqrtld/cl*f*x*(c + d*x"2)*(e + f*x72) + Ixe*x(-(bxd*e) + 2xbkcxf - 3xa*xdx

f)*Sqrt[1 + (d*x72)/cl*Sqrt[1 + (f*x72)/el*EllipticE[I*ArcSinh[Sqrt[d/c]*x]
, (cxf)/(d*e)] - Ixbkex(-(d*e) + cxf)*Sqrt[l + (d*x~2)/cl*Sqrt[l + (f*x72)/
e]*EllipticF [I*ArcSinh[Sqrt[d/cl*x], (cxf)/(d*e)])/(3*d*Sqrt[d/c]l*f*Sqrtlc
+ d*x”2]*Sqrt e + f*x72])
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Maple [A] time = 0.017, size = 394, normalized size = 1.4

1 Y —
X + fXZ eVdx? + ¢ \/ __xsbdfz \/ x3bcf2 + \/ ——dx3bd€f 1 \/7 JC_,_C\/Z
(3dfx4 3Cf 2 + 3 dex? 3c€)df C c c c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(f*x"2+e) " (1/2)/(d*x"2+c)~(1/2),x)

[Out] 1/3*(f*x72+e)~(1/2)*(d*x~2+c)~(1/2)*((=d/c) ~(1/2) *x~5xb*d*f~2+(-d/c) ~(1/2)*
X" 3*b*xcxf "2+ (-d/c) " (1/2) *x"3*bxdxexf+((d*x~2+c) /c) ~(1/2) x((£f*x"2+e) /e) ~(1/2
)*E1lipticF(x*x(-d/c)~(1/2), (cxf/d/e)”(1/2))*bxckexf-((d*xx~2+c)/c)~(1/2)*((£f
xx"2+e)/e) " (1/2)*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *bxd*e”2+3* ((d*x"
2+c)/c) " (1/2)x((£xx~2+e) /e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))
xaxd*xexf-2x ((d*x"2+c)/c) " (1/2)*((£*x"2+e)/e) ~(1/2)*E1lipticE(x*(-d/c)~(1/2)

, (cxf/d/e)”(1/2) ) ¥bxckxexf+((d*xx~2+c)/c) " (1/2)x((f*xx"2+e)/e) " (1/2)*EllipticE
(xx(-d/c)~(1/2),(cxf/d/e)~(1/2) ) *bxd*e~2+(-d/c) " (1/2) *x*bxcxexf) / (dxf*x"4+c
*fxx"2+d*exx"2+c*xe) /d/(-d/c)~(1/2) /£

Maxima [F] time = 0., size = 0, normalized size = 0.

f (bxz + a)\/fxz +e N
Vdx? + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(f*x~2+e)~(1/2)/(d*x"2+c)~(1/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + a)xsqrt(f*x~2 + e)/sqrt(d*x”2 + c), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx? + a)\/fxz +e
,X
Vdx? + ¢

integral [ (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)~(1/2)/(d*x"2+c)~(1/2),x, algorithm="fricas")

[Out] integral((b*xx~2 + a)*sqrt(f*x~2 + e)/sqrt(d*x"2 + c), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bx2) Ve + fx?
Ve + dx?

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (£*xx**2+e)x*(1/2)/ (dxx**2+c)**(1/2) ,x)
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[Out] Integral((a + bxx**2)xsqrt(e + f*xxx*2)/sqrt(c + d*x**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bxz +a)\/jmd
J Vizre

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)”~(1/2)/(d*x"2+c)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(f*x~2 + e)/sqrt(d*x"2 + c), x)
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(a+bx2)\/e+fx2

3.26 =

dx

(c+alx2

Optimal. Leaf size=271

o _ d _
be*?vc + dx2EllipticF (tan ! (%) - ai) . fxVe +d@(2be - ad) Ve/fVe + dx2(2bc - ad)E (tan ! (—\/j;) n
c+dx cd? ve + fx2 c+dx
cdr[ffe + fa2 e+fx2 cd?+Je + fx? e+fx2

[Out] ((2*b*c - axd)*f*x*Sqrtlc + d*x~2])/(c*xd"2*Sqrtle + £*x72]) - ((b*c - axd)*
x*xSqrt e + £*x72])/(cxd*Sqrtc + d*x~2]) - ((2*bxc - axd)*Sqrt[e]*Sqrt[f]*S

qrtlc + d*x"2]1*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (dxe)/(c*f)]1)/(c*
d~2*Sqrt [(ex(c + d*x~2))/(cx(e + £xx72))]*Sqrtle + f*x72]) + (b*xe”(3/2)*Sqr

tlc + d*x"2]*EllipticF[ArcTan[(Sqrt [f]1*x)/Sqrtlel]l, 1 - (d*e)/(cxf)])/(c*xd*

Sqrt [f]1*Sqrt[(ex(c + d*x~2))/(cx(e + £*x~2))]1*Sqrtle + £*xx72])

Rubi [A] time = 0.17057, antiderivative size = 271, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 30, e -

0.167, Rules used = {526, 531, 418, 492, 411}

integrand size

B Vea/fVe + dx2(2bc — ad)E (tan™ N n-% _ be32vc + dx2F (t
fxVe + dx?(2bc — ad) Vf ( ( Ve ) cf) _ xye+ fx3(be - ad) N (

et 2 crd?) cdVe +dx?
cd?+Je + fx? e:fx2 cd[fe +

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*Sqrtle + f*x72])/(c + d*x~2)~(3/2),x]

[Out] ((2%b*c - axd)*f*x*Sqrtlc + d*x"2])/(c*d"2*xSqrtle + f*x72]) - ((b*c - a*xd)*
xxSqrt[e + £*x72])/(cxdxSqrtlc + d*x~2]) - ((2*%b*c - axd)*Sqrt[e]*Sqrt[f]*S
qrtlc + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (d*e)/(c*f)])/(cx
d~2*Sqrt[(ex(c + d*x~2))/(cx(e + £xx72))]*Sqrtle + f*x72]) + (b*xe”(3/2)*Sqr

tlc + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (d*e)/(c*f)])/(cxdx

Sqrt [f]*Sqrt[(ex(c + d*x72))/(cx(e + f*x72))]*Sqrtle + f*x72])

Rule 526

Int[((a_) + (b_)*(x_)"(_ )~ (p_)*((c_) + (d_)*x(x_)"(m_)) (q_.)*x((e_) + (f
_D)*(x )7 (n_)), x_Symbol] :> -Simp[((b*e - a*f)*x*(a + b*x™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*(p + 1)), x] + Dist[1/(a*bxn*(p + 1)), Int[(a + bxx"n) (p
+ Dx(c + d*x"n)~(q - 1)*Simp[cx(bxe*nx(p + 1) + bxe - axf) + dx(b*xe*xnx(p +
1) + (b*xe - a*xf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && LtQ[p, -1] && GtQlq, O]

Rule 531

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*x((c_) + (d_)*(x_)"(m_)) (q_.)*x((e_) + (
f_)*(x )~ (n))), x_Symbol] :> Dist[e, Int[(a + b*x"n) px(c + d*x"n)"q, xJ,
x] + Dist[f, Int[x"n*(a + b*x™n) p*x(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, xI]

Rule 418
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(c*x(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] && !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"21/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x~2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps

~bee—(2bc—ad) fx?

f (a + bxz) \e+ fx? e _(be —ad)x~Je + fx* J Vetrdx2 et f2 g

X =
(c + dx2)3/2 cdVc + dx? cd
(be) [ ————dx  (@bc - ad)f) [ —>—— dx
_(bc — ad)xyfe + fx? . Verd@yerf? Verd et f2
- cdVc + dx? d cd
N ) 1 (VFx de 2b
_ (2bc—ad)fxVc+dx*>  (bc - ad)x+Je + fx* N be’2Ve + dx’F (tan (?) - J) _ (
- cd?+\Je + fx? cdVc + dx? e(c+dx2
/ cd+/f Cge:ﬁxzi \e+ fx?

_ fx
_ (2bc — ad)fxVc +dx? ~ (bc — ad)xrJe + fx? _ (2bc - ﬂd)\/éx/?\/c + dx2E (tan ! (%) I1 -
cd?+Je + fx2 cdVc + dx? o jE:iii; N

Mathematica [C] time = 0.348876, size = 192, normalized size = 0.71

—(bc — ad) (x\/g (e + fxz) - ie\/g + 1\/]%2 + 1EllipticF (i sinh ™! (x\/g) , %)) - ie\/# + 1\/%2 +1(2bc — ad)E (i si
2 (1) 2 2
c (E) Ve +dx2+Je + fx

Antiderivative was successfully verified.

[In] Integratel[((a + b*x"2)*Sqrtle + f*x72])/(c + d*x~2)~(3/2),x]

[Out] ((-I)*(2*b*c - axd)*exSqrt[1 + (d*x"2)/cl*Sqrt[l + (£*x72)/el*EllipticE[I*A
rcSinh[Sqrt[d/cl*x], (cxf)/(d*e)] - (b*c - a*xd)*(Sqrtl[d/cl*x*x(e + f*xx72) -
IxexSqrt[1 + (d*x72)/cl*Sqrt[l + (f*x72)/el*EllipticF[I*ArcSinh[Sqrt[d/c]*x

1, (cxf)/(d*e)]))/(c”2%(d/c)~(3/2)*Sqrtc + d*x~2]*Sqrtle + f*x~2])
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Maple [A] time = 0.038, size = 328, normalized size = 1.2
1 d d d dx?

\fx2 +eVdx? + c|xPadf|-—= — xbef/—— + EllipticF [ x4/—=, \/g ade+ s
d(dfx4+cfx2+dex2+ce)c c c c Vde c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(f*x"2+e)~(1/2)/(d*x~2+c)~(3/2),x)

[Out] (f*x"2+e) " (1/2)*(d*x"2+c) " (1/2) *(x"3*axd*xf*(-d/c) " (1/2)-x"3*b*xc*xf*(-d/c) " (1
/2)+E1lipticF(x*(-d/c)~(1/2), (cxf/d/e)”(1/2))*axdxe* ((d*x~2+c)/c)~(1/2)* ((f
xx"2+e)/e) " (1/2)-EllipticF(x*(-d/c)~(1/2),(cxf/d/e)~(1/2))*b*xc*xe* ((d*x~2+c)
/c)”™(1/2)*((£*x~2+e) /e) " (1/2)-EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~ (1/2))*axd

xex ((d*x"2+c) /c)~(1/2) * ((£xx"2+e) /e) ~(1/2)+2*E1lipticE(x*(-d/c)~(1/2), (cxf/

d/e) " (1/2) ) *bxcxex ((d*x~2+c) /c) " (1/2) *((f*x"2+e) /e) ~(1/2)+x*a*xd*e*x(-d/c)~ (1
/2)-x*b*xckex(-d/c) " (1/2))/d/ (d*xf*x"4+c*xf*x"2+d*e*xx"2+c*xe) /c/(-d/c)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (bx2 + a)\/fxz +e ;
X

3

(dx2 + c)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)~(1/2)/(d*x"2+c)~(3/2),x, algorithm="maxima"

[Out] integrate((bxx"2 + a)*sqrt(f*x72 + e)/(d*x"2 + ¢)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx2 + a)\/dxz +oyfx2+e
d?x* + 2 cdx? + ¢2

7

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+a)*(f*xx~2+e)~(1/2)/(d*x"2+c)~(3/2),x, algorithm="fricas")

[Out] integral((b*x"2 + a)*sqrt(d*x~2 + c)*sqrt(f*x72 + e)/(d"2*%x"4 + 2*c*d*x™2 +
c"2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +bx2)m

3

(c + dxz)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (£xx**2+e)x*(1/2)/ (dxx**2+c)**(3/2) ,x)
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[Out] Integral((a + b*x**2)x*sqrt(e + fxxx*2)/(c + d*x**2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (bxz + a)\/fxz +e ;

3

(dx2 + c)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x™2+a)*(f*x"2+e)”(1/2)/(d*x"2+c)~(3/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(f*x~2 + e)/(d*x"2 + ¢)~(3/2), %)
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(a+bx2>Ve+fx2

3.27 -

dx

(c+dx2

Optimal. Leaf size=274

e¥2\[fVc + dx2(bc — ad)EllipticF (tan_l (%) ,1- %er) Ve + fx?(de(2ad + bc) — cf (ad + 2bc))E (tan_1 (%) I1 -
+

2 2
3c2dvJe + fx*(de - cf) oled) 3c32d32vc + dx2(de - cf) ee/?)

c(e+fx2) e(c+dx2)

[Out] -((bxc - axd)*x*Sqrtle + fxx72])/(3*c*xd*(c + d*x~2)7(3/2)) + ((d*x(bxc + 2xa
xd)*xe - c*(2%bxc + axd)*f)x*Sqrtle + f*xx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqr
tlc]]l, 1 - (c*xf)/(d*e)])/(3*xc™(3/2)*d~(3/2)*(d*e - c*f)*Sqrtlc + d*x~2]*Sqr
tl(cx(e + £xx72))/(ex(c + d*x72))]) + ((bxc - axd)*e”(3/2)*Sqrt[f]*Sqrtlc +
d*x"2]*E1llipticF [ArcTan[(Sqrt [f]1*x)/Sqrtle]l]l, 1 - (d*e)/(cxf)])/(3*c™2xdx*(

dxe - c*f)xSqrt[(ex(c + d*x"2))/(c*x(e + f*x72))]*Sqrtle + £*xx72])

Rubi [A] time = 0.20503, antiderivative size = 274, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 30, number of rules _

integrand size
0.133, Rules used = {526, 525, 418, 411}

m(de(Zad + bc) — cf (ad + 2bc))E (tan_l (@) 1- 2() 63/2\/7m(bc —ad)F (tan_l (@) 1- E) ]
+

Ve) de )T of)
2 2
s e oy setiew e - ey e

Antiderivative was successfully verified.

[In] Int[((a + b*x~2)*Sqrtle + f*x72])/(c + d*x~2)~(5/2) ,x]

[Out] -((b*xc - axd)*x*Sqrtle + f*x72])/(3*cxd*(c + d*x"2)7(3/2)) + ((d*x(bxc + 2xa
xd)*e — c*x(2xbxc + axd)*f)*Sqrtle + fxx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqr
tlcll, 1 - (cxf)/(d*e)])/(3*c™(3/2)*d"(3/2)*(d*e - cxf)*Sqrt[c + d*x~2]*Sqr
t[(ckx(e + £xx72))/(ex(c + d*x72))]) + ((b*c - a*xd)*e”(3/2)*Sqrt[f]*Sqrtlc +
d*x~2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrtle]]l, 1 - (d*e)/(c*xf)])/(3*xc™2xdx*(

dxe - cxf)*Sqrt[(ex(c + d*x"2))/(cx(e + f*x72))]*Sqrtle + £*x72])

Rule 526

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*x_)"(m_))"(q_.)x((e_) + (f
_D)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(axb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*xnx(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] && LtQ[p, -1] && GtQ[q, 0]

Rule 525

Int[((e_ ) + (f_.)*x(x_)"2)/(Sqrtl(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*x(x_)"2)"
(3/2)), x_Symbol] :> Dist[(b*e - axf)/(bxc - axd), Int[1/(Sqrt[a + b*x~2]*S
grtlc + d*x72]), x], x] - Dist[(d*e - c*f)/(b*c - axd), Int[Sqrtl[a + bxx"2]
/(c + d*x~2)"(3/2), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && PosQ[b/al &&
PosQ[d/c]

Rule 418
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(c*x(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] && !'SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrtla + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(a*d)])/(cxRt[
d/c, 2]*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x~2))]1), x] /; FreeQ
[{a, b, ¢, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

f—(bc+2ad)e—(2bc+ad)fx2 i
f (Il + bx2) ve + fx2 dy = _(bC - ad)x\/e + fxz : (C+dx2)3/2\/e+fx2

(c + dx2)5/2 B 3cd (c + dx2)3/2 3cd

(e adyer ((bc — ad)ef) [ ﬁ g (d(be +2ad)e — c(2be + ad)f) [ Z

) 3cd (c + dx2)3/2 " 3cd(de - cf) * 3cd(de — cf)
2 1 ( Vdx cf
(be - ad)x le + Fx2 (d(bc + 2ad)e — c(2bc + ad) f)+Je + fx*E (tan (7) I1- E) (b
= - + 4+ —
2 3/2 c\e X
Sed (e + ) 3CRB(de - cf)Ve + dty | L)

e(c+dx2)

Mathematica [C] time = 0.973162, size = 297, normalized size = 1.08

—ie (c + dxz) \/$ + 1\/f%2 +1(2ad + be)(cf — de)EllipticF (i sinh™ (x\/g) , ;{) + x\/g (e + fxz) (ad (2c2f — 3cde + ¢

32
3¢3 (é) (c + ¢

Antiderivative was successfully verified.

[In] Integratel[((a + b*x~2)*Sqrtle + f*x72])/(c + d*x~2)~(5/2),x]

[Out] (Sqgrtld/cl*x*x(e + f£*x72)*(a*xd*(-3*%c*xd*e + 2%xc™2xf - 2%xd"2xe*x"2 + cxd*f*x"2
) + bxckx(cT2xf - d72%e*x”2 + 2kckd*kf*x72)) + Ikex(akdk(-2kdke + c*xf) + bxcx
(-=(d*e) + 2*cxf))*(c + d*x~2)*Sqrt[1 + (d*x"2)/c]*Sqrt[1 + (f*x72)/el*Ellip
ticE[I*ArcSinh[Sqrt[d/cl*x], (cxf)/(d*e)] - Ix(b*xc + 2xaxd)*ex(-(d*e) + cxf

)*¥(c + d*x"2)*Sqrt[1 + (d*x72)/c]*Sqrt[1l + (f*x72)/e]*EllipticF[I*ArcSinh[S
qrt[d/cl*x], (cxf)/(d*e)])/(3*c”3*%(d/c)~(3/2)*(-(d*e) + cxf)*x(c + d*xx~2)7(3
/2)*Sqrt e + f*x~2])

Maple [B] time = 0.042, size = 1236, normalized size = 4.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(f*x"2+e)~(1/2)/(d*x"2+c)~(5/2) ,x%)
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[Out] 1/3%(2xx*axc”2*dxe*xf*(-d/c)”~(1/2)+EllipticF(x*(-d/c)~(1/2),(cxf/d/e)”(1/2))
*xbxc 3kexfx ((d*x"2+c)/c) " (1/2)* ((£xx"2+e) /e) ~(1/2)-EllipticE(x*(-d/c)~(1/2)
,(cxf/d/e) " (1/2)) xa*xc™2xdxexf*x ((d*xx"2+c)/c) "~ (1/2) *x((f*xx"2+e)/e) " (1/2)-2*x"3
*axckd"2*kexfx(-d/c) " (1/2)+2xx"3*b*xc™2*¢d*e*xf* (-d/c) " (1/2) -3*xx*a*xcxd"2*e 2% (-
d/c)”(1/2) +x*xbxc~3xexf* (-d/c) ~(1/2)+x"5*xa*cxd~2*xf 2% (-d/c) ~(1/2) -2*x"5*a*xd”
3xexf*x(-d/c) " (1/2)+2*x"5xb*xc™2xd*f~2x (-d/c) ~(1/2) +2*x~3*a*xc” 2xd*xf ~2*x(-d/c)~
(1/2)-2*x"3*%a*xd"3*e~2x(-d/c) " (1/2) -x"3*bxc*d"2xe”2x(-d/c) " (1/2)+EllipticF(x
*(-d/c)~(1/2),(cxf/d/e)~(1/2) ) *x~2¥b*c™ 2*kd*exf* ((d*xx~2+c) /c) ~(1/2) * ((£*x~2+
e)/e)”(1/2)-EllipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*x~2*kaxc*d™2*e*xf ((d*x
~2+¢)/c) T (1/2) x((f*x"2+e) /e) " (1/2) -x"5*b*c*kd™2*xexf* (-d/c) ~(1/2) +x"3*b*c~3*f
~2x(-d/c)~(1/2)-2*%EllipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2%a*xd~3*e~2%(
(d*x~2+c) /c) " (1/2) * ((£*x"2+e) /e) ~(1/2) -2*EllipticF (xx(-d/c)~(1/2), (cxf/d/e)
~(1/2) ) *xa*xcxd"2*e”2x ((d*x"2+c) /c) " (1/2) * ((£*xx"2+e) /e) " (1/2)+2*E1lipticE (x*(
-d/c)~(1/2), (cxf/d/e) " (1/2)) *x"2%a*xd"3xe" 2% ((d*x"2+c) /c) ~(1/2) x((f*x"2+e) /e
)~ (1/2)-EllipticF(xx(-d/c)~(1/2), (cxf/d/e)~(1/2))*xb*xc~2xd*e” 2% ((d*x~2+c)/c)
“(1/2)* ((£xx"2+e) /e) " (1/2)+2*E1lipticE(x*x(-d/c)~(1/2), (cxf/d/e) ~(1/2) ) *a*c*
d"2%e”2x ((d*x"2+c) /c) " (1/2)x ((f*x"2+e) /e) " (1/2)-2%E1lipticE(x*(-d/c)~(1/2),
(cxf/d/e)~(1/2)) *b*xc™3xexf* ((d*x~2+c) /c) " (1/2) *((f*x"2+e) /e) " (1/2)+Elliptic
E(x*x(-d/c)~(1/2), (cxf/d/e) " (1/2)) *bxc™2*xd*xe 2% ((d*x"2+c) /c) " (1/2) * ((f*x"2+e
)/e)”(1/2)-EllipticF(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2*xb*xc*d~2%e”2x ((d*x~
2+c)/c) " (1/2)x((£*xx~2+e)/e) " (1/2)+EllipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))
*x " 2%bxckd"2xe 2% ((d*x"2+c) /c) ~(1/2)x((£*x"2+e) /e) " (1/2)+2*EllipticF (x* (-d/
c)~(1/2), (cxf/d/e) ~(1/2) ) *a*xc™2xd*exf* ((d*xx~2+c) /c) " (1/2) *((fxx"2+e) /e) " (1/
2)-2xE1llipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x~2*xb*xc~2xd*exf* ((d*x~2+c)/c
)T (1/2)*x ((£*x72+e) /e) ~(1/2)+2xE1lipticF (xx(-d/c)~(1/2), (c*xf/d/e)~ (1/2) ) *x~2
*axckd ™ 2kexfx ((d*xx"2+c) /c) " (1/2) * ((£*x"2+e) /e) " (1/2) )/ (fxx"2+e)~(1/2)/(-d/c
)" (1/2)/ (cxf-dxe)/c”2/d/ (d*xx"2+c) ~(3/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (bxz + a)\/fxz +e N

5

(dx2 + c)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*x"2+e)~(1/2)/(d*x"2+c)~(5/2) ,x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*sqrt(f*x~2 + e)/(d*x"2 + ¢)~(5/2), %)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx2 + a)\/dxz +ey/fx2 +e
Bx6 + 3cdPxt + 322 + 3

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)~(1/2)/(d*x"2+c)~(5/2),x, algorithm="fricas")

[Out] integral((b*x"2 + a)*sqrt(d*x~2 + c)*sqrt(f*x~2 + e)/(d"3*x76 + 3*c*d~2*x"4
+ 3kcT2kd*x"2 + ¢73), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f(a +bx2)m

= dx

(c + dxz)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x*x2+a)* (fxxx*2+e)*x(1/2)/(d*x**2+c)**(5/2) ,%)

[Out] Integral((a + bxx*x2)xsqrt(e + f*xx*x*x2)/(c + dxx**x2)*x*x(5/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (bx2 + a)\/fxz te

5

(dx2 + c)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)”~(1/2)/(d*x"2+c)~(5/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(f*x~2 + e)/(d*x"2 + ¢c)~(5/2), x)
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(a+bx2>Ve+fx2

7/2
)

3.28 dx

(c+dx2

Optimal. Leaf size=385

2\[FVe + dx2(ad(2de - 3cf) + be(cf + de))EllipticF (tan-l (%) 1- d—f) Ve f2 (ad (322 ~13cdef +8
_ +

3 NP LG 502,

15c3d+Je + fx?(de — cf) (e 15¢>2d

[Out] -((bxc - axd)*x*Sqrtle + fxx72])/(B*c*xd*(c + d*x~2)7(5/2)) + ((axd*(4*dxe -
3xckxf) + bxck(dke — 2kcxf))*x*Sqrtle + £xx72])/(15xc™2xd*(d*e - c*f)*(c +
d*xx~2)7(3/2)) + ((2%bxc*x(d"2*%e”2 - ckdkexf + c”2*xf72) + axd*(8*d"2xe”2 - 13
xcxdkexf + 3*xc™2xf72))*Sqrtle + fxx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrt([c]
1, 1 - (c*xf)/(d*e)])/(15%c™(5/2)*d~(3/2)*(d*e - cx*f)~2xSqrt[c + d*x~2]*Sqrt
[(cx(e + £xx72))/(e*x(c + d*x72))]) - (e7(3/2)*Sqrt [f]*(2*a*xd*(2*d*e - 3kcxf
) + bxckx(dxe + c*xf))*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtlel],

1 - (d*xe)/(cxf)])/(16xc~3xd*(d*e - c*f) " 2xSqrt[(ex(c + d*x72))/(c*x(e + f*x
~2))]*Sqrtle + f*xx~2])

Rubi [A] time = 0.380205, antiderivative size = 385, normalized size of antiderivative =
number of rules

1., number of steps used = 5, number of rules used = 5, integrand size = 30,
0.167, Rules used = {526, 527, 525, 418, 411}

Ve + fx? (ad (302]‘2 —13cdef + 8d2€2) + 2bc (czf2 —cdef + dzez)) E (tan_1 (%) n- ;i:) e2\[fVe + dx2(2ad (2

integrand size

15N T e — cf | 1L) 156%
e(c+dx2)

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*Sqrtle + f*x72])/(c + d*x~2)~(7/2) ,x]

[Out] -((b*c - axd)*x*Sqrtle + f*x72])/(5xcxd*(c + d*x72)7(5/2)) + ((axd*(4*d*e -
3xcxf) + bxcx(d*e - 2xcxf))*x*Sqrtle + £*x72])/(15*%c™2*xd*(d*e - c*f)*(c +
d*x~2)7(3/2)) + ((2%bxc*x(d"2*%e”2 - ckdkxexf + c”2xf72) + axd*(8*d"2xe”2 - 13
xckdxexf + 3*xc72xf72))*Sqrtle + fxx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrt([c]
1, 1 - (c*xf)/(d*e)])/(15%c™(5/2)*d~(3/2)*(d*e - cx*f)~2xSqrt[c + d*x~2]*Sqrt
[(cx(e + £xx72))/(ex(c + d*x72))]) - (e7(3/2)*Sqrt[f]*(2*axd*(2xd*e - 3*cxf
) + bxckx(dxe + c*xf))*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrtlel],

1 - (d*xe)/(cxf)])/(16xc~3xd*(d*e - c*f) " 2xSqrt[(ex(c + d*x72))/(c*x(e + f*x
~2))]*Sqrtle + f*xx~2])

Rule 526

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(n_))"(q_.)*x((e_ ) + (f
_D)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(axb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*nx(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] & LtQlp, -1 && GtQlg, O]

Rule 527

Int[((a_) + (b_)*(x_)"(n_))"(p_)*((c_) + (d_.)*x(x_)"(n_))"(q_.)*((e_) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
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d*x"n) " (q + 1))/(a*nx(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*nx(b*c - axd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, q}, x] & LtQ[p, -1]

Rule 525

Int[(Ce_) + (£_.)*x(x_)"2)/(Sqrtl(a_) + (b_.)*x(x_)"2]*((c_) + (d_.)*x(x_)"2)"
(3/2)), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(Sqrt[a + b*xx~2]*S
grtlc + d*x72]), x], x] - Dist[(d*e - c*f)/(b*c - a*d), Int[Sqrtl[a + bxx"2]
/(c + d*x~2)"(3/2), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && PosQ[b/al &&
PosQ[d/c]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + bxx"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(a*R
t[d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a]l &% !'SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + bxx"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(a*xd)])/(c*Rt[
d/c, 21*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x"2))/(a*x(c + d*x~2))]1), x] /; FreeQ
[{a, b, ¢, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

f —(bc+4ad)e—(2bc+3ad) fx2 dx
[ (2 +02)Ver f2 (ke adxyer 2 (crte?) o2
x e — —

(c + dx2)7/2 B 5cd (c + dx2)5/2 Scd

__(bc - ad)x~Je + fx? N (ad(4de — 3cf) + be(de — 2cf))x+Je + fx? N

f e(ad(8de—9cf)+bc(2de—cf))

) 5cd (c + dx2)5/2 15c%d(de - cf) (c + dx2)3/2

_(bc—ad)x+je + fx? . (ad(4de — 3cf) + be(de — 2¢f))x+Je + fx? ~

(ef(2ad(2de — 3cf) + b

) 5cd (c + dx2)5/2 15¢2d(de — cf) (c + dx2)3/2

_ (bc- ad)xm N (ad(4de — 3cf) + be(de — 2cf))xAJe + fx2 N (Zbc (dZez — cdef + ¢

5cd (c + dx2)5/2 15c%d(de — cf) (c + dx2)3/2

Mathematica [C] time = 1.26903, size = 379, normalized size = 0.98

—x\/g (e + fxz) (— (c + dxz)z (ad (3c2f2 —13cdef + SdZeZ) + 2bc (c2f2 —cdef + dzez)) + 3c?(bc — ad)(de — cf)? — ¢ (c -

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*Sqrtle + f*x72])/(c + d*x~2)~(7/2),x]
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[Out] (-(Sqrtld/cl*x*x(e + f£xx72)*(3*c™2*(b*c - a*d)*(d*xe - cxf)~2 - c*x(d*e - cx*f)
x (axd* (4xdxe — 3xc*f) + bkckx(dxe — 2xc*f))*(c + d*x72) - (2xb*cx(d"2%e”2 -
ckdxexf + cT2xf72) + axd*(8*%d"2%e”2 - 13*cxdkexf + 3xc"2xf72))x(c + d*x"2)"

2)) + Ixex(c + d*x72)72xSqrt[1 + (d*x72)/cl*Sqrt[l + (£*x72)/el*((2*xbxc*(d”
2%e”2 - ckxdkxexf + cT2xf72) + axd*(8*d"2%e”2 - 13*ckdxexf + 3xcT2xf72))*ELli
pticE[I*ArcSinh[Sqrt[d/cl*x], (c*xf)/(dxe)] - (-(d*e) + c*f)*(bkxcx(-2xd*e +

cxf) + axd*x(-8xd*e + 9kcxf))*EllipticF[I*ArcSinh[Sqrt[d/cl*x], (c*f)/(d*e)]
))/(15xc™4*x(d/c)~(3/2)*x(d*xe - c*f)~2x(c + d*x~2)~(5/2)*Sqrtle + f*xx~2])

Maple [B] time = 0.055, size = 2856, normalized size = 7.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(f*xx"2+e) " (1/2)/(d*x"2+c)~(7/2) ,x)

[Out] 1/16%(2#EllipticE(x*(-d/c)~(1/2),(cxf/d/e)”(1/2))*bxc 4*xd*xe 2xf* ((d*xx~2+c)/
c)~(1/2)x((£fxx"2+e) /e) ~(1/2)+16*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x
“2xaxckd"4xe”3* ((d*x~2+c)/c) " (1/2)*((f*x"2+e) /e) ~(1/2) +4xEllipticF (x*(-d/c)
~(1/2),(cxf/d/e) " (1/2) ) *x"2%b*c™2*%d"3*e 3% ((d*x~2+c) /c) ~(1/2) * ((f*x"2+e) /e)
~(1/2)-16*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2*a*cxd ~4*e~3* ((d*x"2
+c)/c)"(1/2) *((£*xx~2+e) /e) " (1/2)+2*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2)
) *x"4xbkcxd"4*xe 3% ((d*x~2+c) /c) " (1/2) * ((f*x"2+e) /e) ~(1/2) -2xE1llipticE(x*(-d
/c)”(1/2), (cxf/d/e)~(1/2) ) *x"4dxbxc*xd 4xe"3x ((d*x"2+c)/c) ~(1/2) x((f*x"2+e) /e
)~ (1/2)-3*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *b*c~4d*dxe 2xf* ((d*x~2+c
)/c)"(1/2)*x ((£f*x~2+e) /e) ~(1/2)-3*xEllipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*
axcT4dxdxexf"2x ((d*xx~2+c)/c) " (1/2)*x((f*x~2+e)/e)~(1/2)+13*E1llipticE(x*(-d/c)
~(1/2), (cxf/d/e) " (1/2)) *xa*xc”3xd"2*xe " 2xf* ((d*x"2+c) /c) " (1/2) * ((f*x"2+e) /e) " (
1/2)+9*%E1lipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2)) *xa*xc ™ 4xd*xexf 2% ((d*x"2+c)/c
)T (1/2) % ((£*x~2+e) /e) ~(1/2)-17*E1llipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *ax
c~3*xd"2*e"2xf*x ((d*x~2+c) /c) " (1/2) * ((f*x~2+e) /e) ~(1/2)-3*EllipticF (x*(-d/c)~
(1/2), (cxf/d/e)~(1/2) ) *x"4xb*xc~2*xd " 3*xe 2xf* ((d*x~2+c) /c) ~(1/2) x((f*x"2+e) /e
)~ (1/2)-3*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *x"4*a*xc”~2+d " 3xe*xf~2x ((d
*xx"2+c) /c) T (1/2)*((£xx"2+e) /e) ~(1/2)+13*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)”
(1/2) ) *x"4*a*xckd ™ 4dxe ™ 2xf* ((d*xx"2+c) /c) " (1/2) * ((f*x"2+e) /e) ~(1/2)+8*x"5*a*d”
5%¥e”3x(-d/c) " (1/2)+9*x"5*xa*xc~3*xd"2*f " 3x (-d/c) ~(1/2) +2*x"7T*xb*c~3*d"2*f " 3*x(-d
/c)”(1/2)-4xEllipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*x"2xb*c~2*d"~3*e~3* ((d
*x72+¢) /c) T (1/2)x((f*x"2+e) /e) " (1/2) +6*x"5*xbxc~4xd*f~3x (-d/c) ~(1/2)+2*x"5*b
*cxd"4*e” 3% (-d/c) " (1/2)+9*x"3xa*xc”4*d*f ~3* (-d/c) " (1/2) +20*x"3*axc*d " 4*e~3* (
-d/c) " (1/2)+5*x"3*b*xc~2*xd"3*e~3* (-d/c) " (1/2) +15*x*a*xc~2*xd~3*xe~3* (-d/c) " (1/2
)+x*bxc Ekexf 2% (—d/c) " (1/2)+3*x"T*a*xc™2xd"3*f 3% (-d/c) " (1/2) +8*x"7*a*d 5xe
~2xfx(-d/c)~(1/2)+2*E1lipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*c~3xd"2*e"3
*x((d*xx"2+c)/c) " (1/2)*x((f*x"2+e) /e) " (1/2)-8*EllipticE(x*(-d/c)~(1/2), (cxf/d/
e) " (1/2))*a*xc™2*d"3*e”3*x ((d*x~2+c)/c) " (1/2) x((f*x~2+e)/e) " (1/2)-2+EllipticE
(xx(-d/c)~(1/2),(cxf/d/e) " (1/2) ) *xb*xc " bxexf~2x ((d*x"2+c) /c) ~(1/2) x((f*x"2+e)
/e)~(1/2)-2*EllipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*xc~3xd"2*e~3* ((d*x"2
+c)/c) " (1/2)*x ((£*x"2+e) /e) ~(1/2)+2*EllipticF (x*(-d/c) ~(1/2), (cxf/d/e)~(1/2)
) *x”2*%bxcT4xd*xexf " 2x ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2)-6*E1lipticE (x*(
-d/c)~(1/2), (cxf/d/e) " (1/2)) *x"2%a*xc”3xd"2xexf "2 ((d*x"2+c) /c) ~(1/2) x ((f*x~
2+e)/e) " (1/2)+26*E1llipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2%a*xc~2*d"3*e”
2xfx ((d*xx"2+c)/c) " (1/2)x((£*xx"2+e) /e) " (1/2)+EllipticF (x*(-d/c)~(1/2), (c*xf/d
/e)~(1/2) ) *bxc ™ 5xexf 2% ((d*xx~2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) -13*x"T*a*xc*d
“AxexfT2% (-d/c) " (1/2)-2*x"T*xb*xc~2xd " 3xe*xf 2% (~d/c) " (1/2) +2*x"Txb*xc*xd 4*xe 2
fx(-d/c)”(1/2)-30*x"5*a*xc™2xd " 3*xe*xf 2% (-d/c) ~(1/2)+7*x"5*a*c*d " 4*xe  2xf* (-d/
c)~(1/2)-5%x"5*b*c ™ 3*d"2xexf~2x (-d/c) " (1/2) +3*x"5*xb*c~2*xd"3*xe"2xf* (-d/c) " (1
/2)-17*x"3*axc”3*xd"2xexf 2% (-d/c) " (1/2) +9*x*a*c dxd*xexf 2% (-d/c) " (1/2) -26*x
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xaxc~3xd"2xe”"2xfx (-d/c) " (1/2) +xxbxc~4xd*e~2xf*(-d/c) ~(1/2)+8*E1llipticF (x* (-
d/c)~(1/2), (cxf/d/e) " (1/2)) *x"4*a*d"5xe " 3* ((d*x"2+c) /c) ~(1/2) *((f*x"2+e) /e)
~(1/2)-18*x"3*a*xc™2xd"3*xe"2xf* (-d/c) " (1/2) +7*x"3*bxc~4dxd*xexf 2% (-d/c) ~(1/2)
—T*x"3*b*c~3*%d"2%e " 2xf* (-d/c) ~(1/2) +x”3*b*c~5*xf~3*(-d/c) ~(1/2)-8*E1lipticE(
xx(-d/c)~(1/2), (cxf/d/e) " (1/2)) *x"4d*axd"5xe~3* ((d*x~2+c) /c) " (1/2) *((f*x"2+e
)/e)~(1/2)+8*EllipticF (x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*xc”2xd"3*e” 3* ((d*x~
2+c)/c) " (1/2) * ((fxx"2+e) /e)~(1/2)-2%E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2
) ) *x"4xb*xc"3%d"2xexf " 2x ((d*x"2+c) /c) " (1/2) x((f*xx"2+e) /e) " (1/2)+2+E1lipticE(
xx(-d/c)~(1/2), (cxf/d/e) " (1/2)) *x"4xb*xc~2xd " 3*xe " 2xf* ((d*x"2+c) /c) "~ (1/2) x((£f
*x"2+e) /e) " (1/2)+18*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2*a*xc~3xd"2
xexf 2% ((d*xx"2+c)/c) " (1/2)x((f*xx"2+e) /e) ~(1/2)-34*EllipticF (xx(-d/c)~(1/2),
(cxf/d/e)~(1/2)) *x"2%axc™2xd"3*xe " 2xf* ((d*x"2+c) /c) " (1/2)* ((f*x"2+e) /e) " (1/2
)-4xEllipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*x"2xb*c ~4*d*exf 2% ((d*x"2+c)/
c)~(1/2)x((£fxx"2+e) /e) ~(1/2)+4*E1lipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *x~
2xbxc”3xd"2*xe " 2*xfx ((d*x~2+c) /c) " (1/2)*x ((f*x"2+e) /e) " (1/2)+9*EllipticF (x*(-d
/)" (1/2), (cxf/d/e) " (1/2) ) *x~4*a*xc™2%d " 3xexf 2% ((d*x"2+c) /c) " (1/2) * ((£*x"2+
e)/e)~(1/2)-17*E1lipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *x"4*axc*d 4*xe 2xf*
((@*x~2+c)/c)~(1/2)*((£xx"2+e) /e) " (1/2)+E1llipticF (xx(-d/c)~(1/2), (c*f/d/e)”
(1/2) ) *x”~4xb*xc™3%d™2xe*xf " 2% ((d*x~2+c) /c) " (1/2) * ((£*x"2+e) /e) ~(1/2)-6*E1llipt
icF(xx(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *x~2xb*xc~3*xd~2%e"2xf* ((d*x"2+c) /c) ~(1/2)
*x((f*xx"2+e)/e)~(1/2))/ (f*xx"2+e) ~(1/2)/(-d/c)~(1/2)/ (c*xf-d*e)~2/c~3/d/ (d*x"2
+c)~(5/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (bx2 + a)m N

7

(dx2 + c)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(f*x~2+e)~(1/2)/(d*x"2+c)~(7/2) ,x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*sqrt(f*x~2 + e)/(d*x"2 + ¢)~(7/2), %)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx? + a)Vdx? + cy[fx2 + e
d4x8 + 4 cd3x6 + 6 2d?x* + 4 3dx? + ¢4’ X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)”~(1/2)/(d*x"2+c)~(7/2) ,x, algorithm="fricas")

[Out] integral((b*x~2 + a)*sqrt(d*x~2 + c)*sqrt(f*x72 + e)/(d"4*x"8 + 4*c*d~3*x~6
+ 6%c72%d"2*x"4 + 4xc”3xd*x"2 + c”4), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x**2+a)* (£xx**2+e)x*(1/2)/ (dxx**2+c)**(7/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (bx2 + a)\/jm

dx

(dx2 + c)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx"2+e)~(1/2)/(d*x"2+c)~(7/2) ,x, algorithm="giac")

[Out] integrate((bxx"2 + a)*sqrt(f*x72 + e)/(d*x"2 + ¢)~(7/2), x)
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3.29 f(a + bxz) Ve + dx? (e + fx2)3/2 dx

Optimal. Leaf size=543

e + a2 (7adf (9de — cf) — b (~4c2 f2 + 9cdef +3d2e2)) EllipticF (tan-l (@) 1 "e) VT AT R (14
+

Ve of
2 £3)2 5 e(c+dx2)
10542 f324Je + fx: (o)

[Out] ((7*axd*f*(3*d"2*e”2 + Txckdxexf - 2%c™2+f72) - b*(6*d"3%e”3 - 9xc*xd™2xe” 2%
f + 19%c™2xd*exf~2 - 8*c~3*f73))*x*Sqrtc + d*x"2])/(105*%d"3*xf*Sqrt[e + f*x
~2]) + ((14*axd*xfx(3xdxe — c*f) + b*(3*%d"2%e”2 - 1bxckdkexf + 8*xc™2xf72))*x
xSqrt[c + d*x"2]*Sqrtle + £*xx72])/(105*%d"2*f) + ((3*bxd*e - 4*bxckxf + T*axd
*xf)kxx(c + d*xx"2)7(3/2)*Sqrt e + £xx72])/(35%d"2) + (b*xx(c + d*x~2)~(3/2)*
(e + £xx72)7(3/2))/(7*d) - (Sqrtle]*(7*axd*f*(3*d"2%e”~2 + Txckdkexf - 2%c~2
x£72) - b*x(6*%d"3%e”3 - Okcxd"2xe”2*xf + 19%c”2xd*exf”"2 - 8*c~3*f73))*Sqrtlc
+ d*x"2]*EllipticE[ArcTan[(Sqrt [f]*x)/Sqrtlel], 1 - (dxe)/(c*xf)])/(105%d~3*
£7(3/2)*Sqrt[(ex(c + d*x"2))/(cx(e + £*x~2))]1*Sqrtle + £*x72]) + (e7(3/2)*(
Txaxd*fx(9*dxe - c*xf) - b*(3*d"2xe”2 + 9*cxdkexf - 4xc™2xf72))*Sqrtc + dxx
~2]*EllipticF[ArcTan[(Sqrt [f]*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(1056%xd~2xf~(3/
2)*Sqrt [(ex(c + d*x"2))/(cx(e + £xx72))]*Sqrtle + f*x72])

Rubi [A] time = 0.64488, antiderivative size = 543, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 30, e

0.167, Rules used = {5628, 531, 418, 492, 411}

integrand size

xVe + dx\Je + fx2 (14adf (3de - cf) + b (8c2f2 — 15cdef + 3d2?))  xVc + dx2 (7adf (-2c2f2 + Tcdef + 3d%e?) - b (
+
10542 f 10543 f\fe +

Antiderivative was successfully verified.

[In] Int[(a + b*x~2)*Sqrtlc + d*x"2]*(e + £*x72)7(3/2),x]

[Out] ((7*axd*xfx(3*xd"2%e”2 + Txckxd*e*xf - 2xc™2*f72) - b*x(6*%d"3*e”3 - Okckxd 2%e” 2%
f + 19%c™2xd*exf~2 - 8*c™3*f73))*x*xSqrtc + d*x"2])/(105*%d"3*xf*Sqrt[e + f*x
~2]) + ((14*axd*f*x(3xd*e - c*f) + b*(3*d"2%e”2 - 1Bkckxd*exf + 8xc™2*xf72))*x
xSqrt[c + dxx"2]*Sqrt[e + £*xx72])/(105*%d"2*f) + ((3*bxd*e - 4*bxc*xf + T*axd
xf)xx*k(c + d*x72)7(3/2)*Sqrtle + £*xx72])/(35%d"2) + (b*xxx(c + d*xx~2)~(3/2)*
(e + £*x72)7(3/2))/(7*d) - (Sqrtlel*(7*xaxd*f*(3*xd"2%e”2 + Txcxd*e*xf - 2xc~2
*£72) - b*x(6%d"3%e”3 - 9xc*xd"2%e"2xf + 19xc”2*d*exf"2 - 8*c”3xf73))*Sqrt[c
+ d*x"2]*EllipticE[ArcTan[(Sqrt [f]1*x)/Sqrtlel]l, 1 - (d*e)/(cxf)])/(105*d~3x
£7(3/2)*Sqrt [(ex(c + d*x"2))/(cx(e + f*xx72))]1*Sqrtle + £*x72]) + (e7(3/2)*(
Txaxdxfx(9xd*xe — c*xf) - bk (3*xd"2*%e”2 + 9xckdrexf - 4*c™2xf72))*Sqrtlc + d*x
~2]xEllipticF[ArcTan[(Sqrt [f]*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(105%xd~2xf~(3/
2)*xSqrt[(ex(c + d*x"2))/(cx(e + £*x72))]1*Sqrtle + £xx~2])

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_ Ix(x_)"(n))), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(nx(p + g + 1) + 1)), x] + Dist[1/(b*x(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x™n)~(q - 1)*Simp[c*(b*e - a*f + bkexn*x(p + q + 1)) + (d*x(b*xe -
axf) + fxnxqx(bxc - axd) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{
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a, b, ¢, d, e, £, n, pr, x] && GtQ[g, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*x(x_)"(m_)) " (p_.)*x((c_) + (d_)*(x_)"(m_ D)) (q_.)*x((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x™n) p*x(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrel(a) + (b_.)*(x_)~2]*Sqrt[(c) + (d_.)*(x_)"21), x_Symboll :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 21*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"21/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqgrtla + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*d)])/(cxRt[
d/c, 21*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

bx (c + dx2)3/2 (e + fx2)3/2 il Ve + dx2yJe + fx2 (—(bc — 7ad)e + (3bde — 4
+

f (a + bxz) Ve + dx? (e + fxz)g)/2 dx =

7d 7d
(3bde — 4bcf + 7adf)x (c + dx2)3/2 Ve+ fx2  bx (c + dx2)3/2 (e + fxz)?)/2
= + 4
3542 7d

(14adf(3de — cf) + b (3d2e? — 15cdef +8c2f2)) xVc + dx?Je + f22  (3bd
105421 "

(14adf(3de — cf) + b (3d%e? — 15cdef +8c2f2)) xVc + dx?+fe + f2  (3bd
10542f "

(7adf (3d2e? + Tcdef — 2c2£2) - b (6d%> — 9cd?e? f +19c2def? - 8¢ £3)) x

10543 fyJe + fx?

(7adf (3d2e? + Tcdef — 2c2£2) - b (6d%> — 9cd?e? f +19c2def? - 8¢ £3)) x

10543 fyJe + fx?
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Mathematica [C] time = 1.14135, size = 372, normalized size = 0.69

ie\/g + 1\/%2 +1(cf — de) (b (4:C2f2 — 6cdef + 6d2€2) — 7adf(cf + 3de)) EllipticF (i sinh™! (x\/g) , ;{) + fx (—\/?)

Antiderivative was successfully verified.

[In] Integratel[(a + b*x~2)*Sqrtlc + d*x"2]*(e + £*x72)7(3/2),x]

[Out] (-(Sqrtl[d/cl*fxx*x(c + d*x"2)*(e + f*x72)*(4*xb*c™2*xf72 - 3*bkcxd*xf*(3xe + fx*

X72) - Txaxd*xf*x(6kxdke + ckxf + 3kdxfxx"2) - 3*b*d"2x(e”2 + 8kexf*x"2 + b*xf"2

*x74))) - Ikex(7T*xaxdxfx(3*xd"2%e”2 + Txckxdkexf - 2xc”2*f~2) + b*x(-6%d~3*e”3

+ 9%ckd"2%e”2+f - 19%cT2xd*exf"2 + 8%c"3xf73))*Sqrt[1 + (d*x~2)/c]*Sqrt[1 +
(fxx~2) /el *EllipticE[I*ArcSinh[Sqrt[d/cl*x], (c*f)/(dxe)] + Ixex(-(dxe) +

c*xf)*x (=T*xaxd*xfx(3xdxe + c*f) + b*(6*%d"2%e”2 - 6*ckdxexf + 4*xc™2xf72))*Sqrt [

1 + (d*x72)/cl*Sqrt[1 + (£f*x72)/el*EllipticF[I*ArcSinh[Sqrt[d/cl*x], (c*xf)/
(d*e)])/(105%c™2x(d/c) ~(5/2) *f~2xSqrt [c + d*x~2]*Sqrt[e + f*x~2])

Maple [B] time = 0.016, size = 1332, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*xx~2+a)*(d*x"2+c)~(1/2)*(f*x~2+e)~(3/2),x)

[Out] 1/105%(d*x~2+c)~(1/2)*(£*x"2+e) " (1/2)*(=(=d/c) " (1/2) *x~5*b*c~2*d*f ~4+8* ((d*
x"2+c)/c)"(1/2)*x((fxx~2+e) /e) " (1/2)*E1llipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2
) ) *b*xc”3*xexf3-21% ((d*x"2+c) /c) " (1/2) * ((f*x~2+e) /e) ~(1/2) *EllipticF (x*(-d/c
)" (1/2), (cxf/d/e) " (1/2)) *a*xd~3*e~3*xf+3* (-d/c) " (1/2) *x*b*ckxd " 2*xe~3*xf-19* ((d*
x"2+c)/c)"(1/2)*x((£*x"2+e) /e) " (1/2)*E1llipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2
) ) *¥b*xcT2%d*e " 2*%f "2+15% (=d/c) " (1/2) *x~9%b*d"3*f ~4+10*% ((d*x"2+c) /c) ~(1/2) *((£f
xx"2+e) /e) " (1/2)*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *b*c~2*xd*e 2xf 2+
49% ((d*x~2+c)/c)~(1/2)*x ((f*x~2+e) /e) " (1/2)*E1llipticE(x*(-d/c)~(1/2), (cxf/d/
e) " (1/2)) xaxcxd"2xe~2xf72-12* ((d*x~2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1lipt
icF(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2)) *b*cxd~2*xe~3*xf-14x ((d*x"2+c) /c) ~(1/2)*((
fxx"2+e)/e)~(1/2)*EllipticE(x*(-d/c)~(1/2),(c*xf/d/e)~(1/2) ) *a*xc”™2*dxe*xf~3+7
*x((d*xx"2+c)/c) " (1/2)*x((f*x~2+e) /e) " (1/2)*E1llipticF (x*(-d/c)~(1/2), (cxf/d/e)
~(1/2) ) *xa*xc”2xd*xexf~3-4x ((d*x~2+c)/c) " (1/2)x((f*x~2+e)/e) " (1/2)*EllipticF(x
*(-d/c)"(1/2), (cxf/d/e) " (1/2) ) ¥b*c™3*xe*xf~3+21* ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e
)/e)”(1/2)*E1llipticE(x*x(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xd~3*e " 3*xf+28*(-d/c)~
(1/2) *x"B*axcxd™2*xf ~4+63* (-d/c) " (1/2) *x"5*a*d~3*e*xf " 3+6* ((d*x~2+c) /c) ~(1/2)
*x((fxx"2+e)/e) " (1/2)*EllipticF (x*(-d/c)~(1/2), (c*xf/d/e)~(1/2)) *b*d~3*e”~4-6%
((d*xx~2+c) /c)~(1/2)x((f*xx"2+e) /e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (c*xf/d/e)~
(1/2))*¥b*d"3*%e"4+51*%(-d/c) " (1/2) *x~5xb*xc*d"2*xexf~3+70* (=d/c) ~(1/2) *x"3*a*c*
d"2*xe*xf~3+8% (-d/c) " (1/2) *x"3*bxc~2*xd*e*xf ~3+9% ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e)
/e)”(1/2)*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*cxd"2*e~3*f+21*(-d/c)
“(1/2) *x"T*xaxd"3*f"4-4x (-d/c) " (1/2) *x"3*b*c™3*f~4+9*% (=d/c) ~ (1/2) *x*¥b*c~2*d*
e”2+xf72436*% (-d/c) " (1/2) *x~3*b*c*xd"2%e " 2*f " 2+7* (=d/c) "~ (1/2) *x*a*xc™2*d*e*xf "3+
42*%(=d/c) " (1/2) *x*a*xc*d™2%e " 2xf~2+27* (-d/c) ~(1/2) *x~5*b*d"3*e 2*xf"2+7*(-d/c
)T (1/2) #x”3*axc”2kd*f"4+42*% (-d/c) " (1/2) *x"3*a*d " 3*xe " 2xf"2+3*%(-d/c) ~(1/2) *x~
3*¥b*xd"3*e " 3*xf-4x(-d/c) " (1/2) *x*bxc " 3*xexf~3+18* (-d/c) ~(1/2) *x"Txbxcxd ™ 2*f "4+
39%(=d/c) " (1/2) *x~Txb*xd~3*e*xf ~3+14* ((d*x~2+c) /c) ~(1/2)* ((f*x"2+e) /e) " (1/2) *
EllipticF(x*x(-d/c)~(1/2),(cxf/d/e)~(1/2))*a*xcxd~2*e~2xf72) /£72/ (d*f*x~4+c*f
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*x"2+d*e*xx"2+c*xe) /d"2/(-d/c) " (1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

3

f (bx2 + u)\/dxz + c(fx2 + 6)5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x~2+c)~(1/2)*(f*x"2+e)~(3/2) ,x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)*x(f*x"2 + e)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral ((bfx4 + (be + af)x2 + ae)\/dxz ey fx2+e, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)~(1/2)*(f*x"2+e)~(3/2),x, algorithm="fricas")

[Out] integral((bxf*x"4 + (b*e + a*xf)*x"2 + a*e)*sqrt(d*x”2 + c)*sqrt(f*x~2 + e),

X)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

f(a+bx2) Ve + dx? (e+fxz)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (dxx**2+c)*x* (1/2)* (fxx*k*2+e)**(3/2) ,x)

[Out] Integral((a + b*xx**2)xsqrt(c + dxx*x*2)x(e + f*xx*x2)**x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

3

f (bx2 + a)de2 + c(fx2 + e)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)”~(1/2)*x(f*x"2+e)~(3/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)*(f*x"2 + e)~(3/2), x)
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3/2
) dx

(a+bx2)G%hfx2
330  [——

Optimal. Leaf size=400

de

2yc + dx? (Sad(3de — cf) - b (6cde - 4c2f)) EllipticF (tan-l (%) - ;) VT a2 (10adf (2de - cf) + b (2

+
C+dx 15d3\/€ + fx2
15cd24/f+Je + fx2 e+fx2

[Out] ((10xaxd*f*(2*d*e - c*xf) + b*(3*xd"2*e”2 - 13*cxdxexf + 8xc~2xf~2))*xxSqrt[c
+ d*x~2])/(15%d"3*Sqrt[e + f*x72]) + ((3*bxd*e - 4xbxcxf + Lkxaxd*xf)*x*Sqrt

[c + d*x72]*Sqrtle + f*x72])/(15*%d"2) + (b*x*Sqrtlc + d*x"2]*(e + f*xx72)7(3
/2))/(5xd) - (Sqrtle]l*(10*xaxd*f*(2xdxe - c*f) + b*x(3*d"2xe”2 - 13*ckdxexf +
8xc~2xf72) )*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (dx
e)/(c*x£)])/(15%d~3*Sqrt [f]*Sqrt [(ex(c + d*x~2))/(cx(e + f*x~2))]*Sqrtle + £
xx72]) + (e7(3/2)*(5xaxd*x(3xd*e - c*f) - b*(6*ckxdxe - 4*c”™2xf))*Sqrtlc + dx
x"2]*EllipticF [ArcTan[(Sqrt [f]*x)/Sqrtlel]l, 1 - (d*e)/(c*f)])/(15*%cxd~2*Sqr
t[f]*Sqrt[(ex(c + d*x"2))/(cx(e + f*xx~2))]1*Sqrtle + f*x72])

Rubi [A] time = 0.43864, antiderivative size = 400, normalized size of antiderivative =
30 number of rules

1., number of steps used = 6, number of rules used = 5, integrand size =

0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

xVe + d? (10adf(2de - cf) + b (822 —13cdef +3d22))  VeVe +dx? (10adf(2de — cf) + b (8¢*f> ~ 13cdef + 3d%e
15d3+/e + fx? B o(c+r?)
3 2
15d \/_\/e + fx e+fx2

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(e + £*x~2)7(3/2))/Sqrtlc + d*x~2],x]

[Out] ((10*axdxf*(2*dxe — cxf) + b*x(3*xd"2%e”2 - 13xckd*xexf + 8*c™2xf~2))*x*Sqrt[c
+ d*x~2])/(15%d"3*Sqrt[e + f*x~2]) + ((3*bxd*e - 4xbxcxf + Lkxaxd*f)*x*Sqrt
[c + d*x"2]*Sqrtle + f*x72])/(15%d"2) + (b*x*Sqrtlc + d*x"2]*(e + f*xx72)7(3
/2))/(5%d) - (Sqrtlel*(10*xaxd*f*(2xdxe - c*f) + bx(3*d"2xe”2 - 13*ckdxexf +
8xc~2xf72) )*Sqrt [c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]1*x)/Sqrtlel], 1 - (d*
e)/(cxf)])/(16%d~3*Sqrt [f]1*Sqrt[(e*x(c + d*x"2))/(c*x(e + f*x72))]*Sqrtle + £
*xx72]) + (e7(3/2)*%(5xa*xd*(3*d*xe — c*f) - b*(6%ckdke - 4*xc™2+f))*Sqrtlc + dx
x"2]*EllipticF [ArcTan[(Sqrt [f]*x)/Sqrtlel]l, 1 - (d*e)/(c*f)])/(15*cxd~2*Sqr
t[f]*Sqrt[(ex(c + d*x~2))/(cx(e + f*xx~2))]1*Sqrtle + f*x72])

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*x((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_ ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[ckx(b*e - axf + bkexnx(p + q + 1)) + (d*(b*xe -
axf) + fxnxqx(b*c - a*xd) + bxd*exnx(p + q + 1))*x"n, xJ, x], x] /; FreeQ[{
a, b, ¢, d, e, f, n, p}, x] && GtQl[q, 0] && NeQ[n*x(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*(x_ )" (@ )) " (p_)*((c) + (d_)*x_)"(m_))"(q_.)*x((e ) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
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x] + Dist[f, Int[x"n*(a + b*x"n) p*x(c + d*x"n)"q, xJ, x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(cx(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] &% !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*x(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x"2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps
3/2 32 ye+f xz(—(bc—Sad)e+(3bde—4bc f+5adf )x2)
f (a + bxz) (e + fxz) e bxVc + dx? (e + fxz) N f 0= dx
Ve + dx? 5d 5d
32 —e(2bc(3de-2cf
_ (3bde — 4bef + 5adfyre + dP\e+ P bxVe +dx? (e + fa?) . J——
N 1542 5d

32 -
_ (3bde — 4bcf + Sadf)xVc + dx2+Je + fx2 N bxVc + dx? (6 + fxz) (e(2bc(3de -2

1542 5d

15d3+Je + fx?

(10adf (2de - cf) + b (3d2e% - 13cdef +8c2f2)) xVc + dx? , (3bde — abef + Sadf)x

1542

(10adf (2de — cf) + b (3d2e? - 13cdef + 8c2f?)) xVc + dx? , (Bbde — dbef +5adf)x

15d3+/e + fx?

Mathematica [C] time = 0.84414, size = 275, normalized size = 0.69

1542

ie\/g + 1\/%2 + 1(cf — de)(—=5adf + 4bcf — 3bde)EllipticF (i sinh ™" (x\/g) , %) - iﬁ/@ + 1\/fei2 +1 (10adf(2d

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*(e + f*x72)7(3/2))/Sqrtlc + d*x~2],x]

15¢2 f(§)5
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[Out] (-(Sqrtld/cl*fxxx(c + d*x"2)*(e + f*x"2)*(4d*b*cxf - Bkaxdxf - 3*bxdx(2%e +
fxx72))) - Ixex(10*axd*f*(2+d*e - c*xf) + bx(3*d"2%e”2 - 13*ckdxexf + 8*c™2x
£72))*Sqrt[1 + (d*x"2)/cl*Sqrt[1l + (£*x"2)/el*EllipticE[I*ArcSinh[Sqrt([d/c]

xx], (cxf)/(dxe)] + Ixex(-(d*e) + c*f)*(-3xb*xdxe + 4xbkcxf - Bxaxd*f)*Sqrt[

1 + (d*x~2)/cl*Sqrt[1 + (f*xx~2)/el*EllipticF[I*ArcSinh[Sqrt[d/cl*x], (c*f)/
(d*e)])/(15*xc™2%(d/c) ~(5/2) *fxSqrt[c + d*x~2]*Sqrtle + f*x~2])

Maple [B] time = 0.018, size = 870, normalized size = 2.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(f*x"2+e)~(3/2)/(d*x"2+c)~(1/2) ,x%)

[Out] 1/15%(f*x"2+e) (1/2)*(d*x"2+c) " (1/2)*(3*%(-d/c) "~ (1/2)*x"7*xb*xd~2*xf ~3+5*x(-d/c)
~(1/2) *x"b*xaxd"2*xf"3-(-d/c) " (1/2) *x"5*b*ckxd*f~3+9*% (-d/c) ~(1/2) *x~5*b*d "~ 2*e*
£f72+5%(-d/c) " (1/2) *x"3*xa*xcxd*f~3+5%(-d/c) " (1/2) *x"3*a*xd " 2xe*xf~2-4*(-d/c) "~ (1
/2)*x”3*%b*c 2xf " 3+5% (-d/c) " (1/2) *x"3*bxckxdxe*xf "2+6x (-d/c) " (1/2) *x"3*b*d~2*e
“2%f+5% ((d*x"2+c) /c) " (1/2)*((f*xx"2+e) /e) ~(1/2)*EllipticF (x*(-d/c)~(1/2), (cx
f/d/e)~(1/2)) *axcxd*exf~2-5x ((d*x~2+c)/c) " (1/2)*((f*x~2+e)/e) " (1/2)*Ellipti
cF(xx(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *axd~2xe " 2xf-4* ((d*xx"2+c) /c) " (1/2) x ((f*x~
2+e)/e)~(1/2)*EllipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*bxc~2%e*xf~2+7* ((d*x
~2+c)/c) " (1/2)x((f*x~2+e) /e) " (1/2) *E1llipticF (xx(-d/c)~(1/2), (cxf/d/e)~(1/2)
) ¥bxckxdke”2*f-3* ((d*xx"2+c) /c) ~(1/2)*((f*x"2+e) /e) " (1/2)*EllipticF (x*(-d/c)~
(1/2), (cxf/d/e) " (1/2) ) *bxd"2*xe~3-10* ((d*x~2+c) /c) ~(1/2) *((f*x"2+e) /e) ~(1/2)
*E1lipticE(x*(-d/c)~(1/2), (c*xf/d/e) " (1/2))*a*xcxd*xexf~2+20* ((d*x~2+c)/c) ~(1/
2)*((£f*xx"2+e) /e) ~(1/2)*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*axd ~2xe~2x*
f+8% ((d*xx"2+c)/c) " (1/2)*x((fxx"2+e)/e) ~(1/2)*EllipticE(x*(-d/c)~(1/2), (c*xf/d
/e)~(1/2)) xb*xc™2xexf~2-13* ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1llipticE
(xx(-d/c)~(1/2),(cxf/d/e) " (1/2) ) xbxc*d*e ™ 2+f+3* ((d*x"2+c) /c) ~(1/2) * ((£*x~2+
e)/e)”(1/2)*EllipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*d"2xe~3+5x(-d/c)~ (1
/2) *x*xakxckdrexf"2-4*x (—-d/c) " (1/2) *x*b*xc™2%e*xf"2+6*% (-d/c) " (1/2) *x*b*c*xd*e”2*f
)/d"2/f/ (A*fxx~4+cxf*xx"2+d*e*xx"2+c*e) /(-d/c) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

NI W

dx

(bx2 + a)(fx2 + e)
S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(f*x~2+e)~(3/2)/(d*x"2+c)~(1/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*x(f*xx"2 + e)~(3/2)/sqrt(d*x"2 + c¢), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bfx4 + (be + af)x2 + ae)\/fx2 +e
Vdx? + ¢ a

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x™2+a)* (f*x"2+e)~(3/2)/(d*x"2+c)~(1/2),x, algorithm="fricas")

[Out] integral((bxf*x"4 + (b*e + axf)*x"2 + a*e)*sqrt(f*x~2 + e)/sqrt(d*x~2 + c),

x)

Sympy [F] time = 0., size = 0, normalized size = 0.

N w

dx

(a + bxz) (e + fxz)
=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (f*xx*x*2+e)**(3/2)/(d*x**2+c)**(1/2),x)

[Out] Integral((a + bxx*x2)x(e + fxx*x2)**x(3/2)/sqrt(c + d*xx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3
2

dx

(bx2 + a)(fxz + e)
S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)~(3/2)/(d*x"2+c)~(1/2),x, algorithm="giac")

[Out] integrate((bxx~2 + a)*(f*x"2 + e)7(3/2)/sqrt(d*x”2 + c), x)
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(a+bx2)(e+ fxz)g/2

(c-+dx2)3/2

3.31 dx

Optimal. Leaf size=369

e . - fx d
2V + dx?(3adf - dbcf + 3bde)Elliptick (tan”! (%)1 x) VT dEeT e ~Sad) | e+ d(be
C+dx 3cd? '
2
3cd \/_ \e+ fx? e+fx2

[Out] (f*x(bxc*x(7*d*e — 8xc*xf) - 3xa*xdx(dxe - 2xc*f))*x*xSqrtlc + d*x~2])/(3*%cxd”3%
Sqrtle + £xx72]) + ((4*xb*c - 3*xaxd)*f*x*Sqrtc + d*x"2]*Sqrtle + £xx~2])/(3
xcxd"2) - ((b*c - axd)*x*x(e + £*x72)7(3/2))/(c*d*Sqrtlc + d*x~2]) - (Sqrtle
1xSqrt [f]1* (bxcx(7xd*e - 8kcxf) - 3xaxd*x(dxe - 2xc*f))*Sqrtlc + d*xx~2]*Ellip
ticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (d*e)/(c*f)])/(3xc*d"3*Sqrt[(ex(c + d
xx72))/(cx(e + £xx72))]*Sqrtle + £*xx~2]) + (e7(3/2)*(3*bxd*e - 4*xbxc*f + 3x
axdxf)*Sqrt[c + d*xx"2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrtlel], 1 - (dxe)/(cx
£)1)/(3*c*d"2*Sqrt [f1*Sqrt [(ex(c + d*x"2))/(c*x(e + £*x72))]*Sqrt[e + f*x72]

)

Rubi [A] time = 0.399909, antiderivative size = 369, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 6, integrand size = 30, number of rules_

integrand size
0.2, Rules used = {526, 528, 531, 418, 492, 411}

1 (fx
32+/c + dx?(3adf — 4bcf + 3bde)F (tan ( ) - _) fx\/c +dx?yJe + fx2(4bc - 3ad) fx\/c + dx?(bc(7de — 8¢
c+dx 3cd? 3Cd3\/_

3ed?+[frfe + fx2 foz

Antiderivative was successfully verified.

[In] Int[((a + bxx"2)*(e + f*xx72)7(3/2))/(c + d*x"2)"(3/2),x]

[Out] (£x(bkxcx(7*xdxe - 8*c*f) - 3kaxd*x(dxe - 2*c*f))*x*Sqrtlc + d*x~2])/(3xc*xd”3x*
Sqrtle + £xx72]) + ((4xb*xc - 3xaxd)*f*x*Sqrtc + d*x~2]*Sqrtl[e + f*x72])/(3
xc*d”2) - ((bxc - axd)*x*(e + f*x72)7(3/2))/(cxd*Sqrtlc + d*x~2]) - (Sqrtle
1xSqrt [f]1* (bxcx(7xd*e - 8kcxf) - 3xaxd*x(dxe - 2xc*f))*Sqrtlc + d*x~2]*Ellip
ticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(3*c*d~3*Sqrt[(ex(c + d
xx72))/(ckx(e + £xx72))]*Sqrtle + £*xx72]) + (e7(3/2)*(3*%bxd*e - 4*bxc*f + 3x
axd*f)*Sqrt [c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (dxe)/(cx
£)1)/(3*xc*xd~2%Sqrt [f]1*Sqrt[(e*x(c + d*x72))/(c*x(e + £*x72))]*Sqrtle + fxx~2]

)

Rule 526

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(n_))"(q_.)*x((e_ ) + (f
_D)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(axb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*xn*(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] & LtQlp, -1 && GtQlg, O]

Rule 528

Int[((a_) + (b_)*(x_)"(_)) " (p_)*((c_) + (d_)*x_)"(n_))"(q_.)*x((e ) + (
f_)*x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"q)/
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(bx(nx(p + g + 1) + 1)), x] + Dist[1/(b*x(n*x(p + q + 1) + 1)), Int[(a + b*x"
n)"px(c + d*x™n)~(q - 1)*Simp[c*(b*e - a*f + bkexn*x(p + q + 1)) + (dx(b*xe -
axf) + fxnxqx(bxc - a*d) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*x((c_) + (d_)*(x_)"(m_)) (q_.)*x((e_) + (
f J)*(x_)"(n_)), x_Symbol] :> Distle, Int[(a + b*x"n) px(c + d*x"n)"q, xJ,
x] + Dist[f, Int[x"n*(a + b*x"n) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl[(a_) + (b_.)*(x_)"2]%Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x~2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(axd)]1)/(a*R
t[d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x~2))]), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrtla + b*x~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrt[a
+ b¥xx"2]/(c + d*x~2)"(3/2), x], x] /; FreeQl{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrtla + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(axd)])/(c*Rtl
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(cx(a + b*x~2))/(ax(c + d*x~2))]), x] /; FreeQ
[{a, b, ¢, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps
3/2 32 Ve+f xz(—bce—(4bc—3ad) f x2)
f (a + bxz) (e + fo) e _(bC — ad)x (e + fxz) ) f — dx
(c+av)™ cdVe + di2 cd

—ce(3bde—4bcf+3adf)—f(bc(7

_ (4bc - 3ad) fxVe + dx2rJe + fa? _ (be—ad)x (e + fx2)3/2 /

302 Ve + 2
_ (4bc - 3ad) fx\/c + dx2 \/e + a2 (be - ad)x (e + fx2)3/2 ) (e(3bde — 4bcf + 3adf))
3ed Ve + a2

_ f(be(7de — 8cf) — 3ad(de — 2cf))xVe + dx? N (4bc — 3ad) fxVc + dx2\Je + f? _ (b_c

Bed3+Je + fx? 3cd?

_ f(be(7de — 8¢ f) — 3ad(de — 2¢f))xVc + dx? N (4bc — 3ad) fxVe + dx2+Je + fx2 ~ (b_c

Bed3+Je + fx? 3cd?
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Mathematica [C] time = 0.706238, size = 248, normalized size = 0.67

N (—ie\/ 22 122 + 1(abe - 3ad)(cf - de)ElipticF (i sinh™ (xﬁ) , ;l) +xyf2 e+ £22) (3ad(de - cf) + be (4cf
3d3Ve + dx2 e + fx2

Antiderivative was successfully verified.

[In] Integratel[((a + b*x"2)x(e + £*xx72)7(3/2))/(c + d*x~2)~(3/2),x]

[Out] (Sqrtld/cl*(Sqrtld/cl*x*(e + f*x72)*(3*a*xd*(d*e — c*xf) + bkckx(-3xd*e + 4*cx
f + d*xf*xx72)) + Ixe*x(3xaxdx(d*e - 2%cxf) + bkc*x(-7*dxe + 8xc*f))*Sqrt[1 + (
d*xx~2)/c]*Sqrt[1 + (£f*xx72)/e]*EllipticE[I*ArcSinh([Sqrt[d/c]l*x], (cxf)/(dx*e)

] - Ix(4xbxc - 3*axd)*ex(-(d*e) + c*f)*Sqrt[l + (d*x"2)/cl*Sqrt[l + (£*x72)
/e]l*EllipticF[I*ArcSinh[Sqrt[d/cl*x], (cxf)/(d*e)]))/(3*d~3*Sqrt[c + d*x"2]
*xSqrt[e + f*x72])

Maple [A] time = 0.025, size = 671, normalized size = 1.8

1 [ d | d d
- A fx2 +eVdx2 + c| -xObed f | —— + 3x3acd 2| —— - 3x3ad?ef+[—— — 4 x3bc? 2\/
3d2(dfx4+cfx2+dex2+ce)c / [ / c / c / c /

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(f*x"2+e) " (3/2)/(d*x"2+c)~(3/2),x)

[Out] -1/3*%(f*x72+e) " (1/2)*(d*x"2+c) "~ (1/2) * (=x"5*bxcxd*f~2* (-d/c) " (1/2) +3*xx"3*ax*c
*dxf72*% (=d/c) " (1/2) -3*x"3xaxd"2*xe*xf* (-d/c) " (1/2) -4xx~3*xb*c™2xf~2x(-d/c) "~ (1/
2) +2xx"3*%bxckdxexf* (-d/c) ~(1/2)+3*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))
xaxcxdkexfx ((dxx~2+c)/c) " (1/2)*x((f*x~2+e)/e) " (1/2)-3*EllipticF (x*(-d/c)~(1/
2), (cxf/d/e) " (1/2))*xaxd~2xe~ 2% ((d*x"2+c) /c) ~(1/2) x((f*x"2+e) /e) "~ (1/2)-4%E11l
ipticF(x*x(-d/c)~(1/2),(c*xf/d/e)~(1/2)) *b*xc™2*exf* ((d*xx~2+c)/c) " (1/2) * ((£*x~
2+e) /e) " (1/2)+4xE1lipticF (xx(-d/c)~(1/2), (cxf/d/e) " (1/2))*xb*cxd*xe 2% ((d*x~2
+c)/c) " (1/2)x((£*xx~2+e) /e) " (1/2)-6*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)
) kaxckdkexf* ((d*x"2+c)/c) ~(1/2) * ((£xx"2+e) /e) ~(1/2)+3*EllipticE(x*(-d/c)~ (1
/2), (cxf/d/e)~(1/2) ) xaxd"2*e 2% ((d*x"2+c) /c) ~(1/2) x((f*xx"2+e) /e) "~ (1/2)+8%El
lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *b*xc~2xexfx ((d*x~2+c)/c) ~(1/2) *((f*x
~2+e)/e) " (1/2)-7*EllipticE(x*(-d/c)~(1/2), (cxf/d/e) ~(1/2))*bxckd*e 2% ((d*x"
2+c)/c) " (1/2) % ((£xx"2+e) /e) " (1/2) +3*x*axckd*xexf*x (-d/c) " (1/2) -3*kx*kaxd 2%e 2
(-d/c) " (1/2) -4*x¥b*xc™2xexf*(-d/c) ~(1/2) +3*x*b*xckd*xe~ 2% (-d/c) ~(1/2))/d"~2/ (dx*
frx"4+ckfrx"2+d*e*x"2+c*e) /(-d/c) " (1/2) /c

Maxima [F] time = 0., size = 0, normalized size = 0.

NI

f (bx2 + a)(fx2 + e) i

3

(dx2 + c)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)~(3/2)/(d*x"2+c)~(3/2),x, algorithm="maxima"
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[Out] integrate((b*x™2 + a)*(f*x~2 + e)~(3/2)/(d*x"2 + c)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bfx4 + (be + af)x2 + ae)\/dxz +eyfx2 +e
d2x* + 2 cdx? + 2 -

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((bxx~2+a)*(fxx~2+e)~(3/2)/(d*x"2+c)~(3/2),x, algorithm="fricas")

[Out] integral((bxf*x"4 + (b*e + axf)*x"2 + akxe)*sqrt(d*x™2 + c)*sqrt(f*x~2 + e)/
(d"2%x"4 + 2%cxd*x"2 + ¢c”2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

N

(u -+ bxz) (e + {xz)

(c + dxz)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (fxx**2+e)*x(3/2)/ (d*x**2+c)**(3/2) ,%)

[Out] Integral((a + bxx**2)x(e + fxx*x2)*x*x(3/2)/(c + d*xx*x*x2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3
2

dx

f (bx2 + a)(fx2 + e)

3

(dx2 + c)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)”~(3/2)/(d*x"2+c)~(3/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*(f*xx~2 + e)~(3/2)/(d*x"2 + ¢)~(3/2), x)



150

(a+bx2)(e+ fxz)g/2

(c-+dx2)5/2

3.32 dx

Optimal. Leaf size=373

/ o . -1 \/j_(x de
63/2\/7 ¢ + dx?(4bc — ad)EllipticF (tan (?) A= cf) x\/e + fx?(ad(cf + 2de) + be(de — 4cf)) _ fxve+ dx?(2ac
c+dx 3c2d?V ¢ + dx? 3¢
3c2d?+Je + fx? eiixz

[Out] -(f*(b*cx(dxe - 8xc*xf) + 2*axd*(d*e + c*f))*x*Sqrtlc + d*x~2])/(3*c~2*d~3%S
qrtle + £*x72]) + ((b*cx(d*e - 4xc*f) + a*xd*x(2*d*xe + cx*f))*x*Sqrtle + f*x72

1)/ (3*c2xd"2*xSqrt[c + d*x~2]) - ((bxc - axd)*x*x(e + f*x72)7(3/2))/(3*cxd*(

c + d*x72)7(3/2)) + (Sqrtle]*Sqrt[f]l*(bxc*(d*e - 8*cxf) + 2xaxd*x(dxe + cxf)
)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]l*x)/Sqrtlel], 1 - (dxe)/(c*f)])/
(3*%c™2xd"3*Sqrt[(ex(c + d*x72))/(c*x(e + £*x72))]*Sqrtle + £xx72]) + ((4xb*c

- axd)*e” (3/2)*Sqrt [f]*Sqrt[c + d*x~2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtl[e

11, 1 - (dxe)/(c*x£)])/(3*xc™2xd"2xSqrt [(ex(c + d*x~2))/(c*x(e + f*x72))]*Sqrt

[e + f*x72])

Rubi [A] time = 0.393749, antiderivative size = 373, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 5, integrand size = 30, e .

integrand size
0.167, Rules used = {526, 531, 418, 492, 411}

P (o
P \[fVe + dx?(4bc - ad)F (tan ' ( ) - ;) xyfe + fo2(ad(cf + 2de) + be(de — 4cf)  fxVe + dx2Qad(cf + de

d 3c2d?vc + dx? 3c2d3+Je +
3c2d?+Je + fx? C:fxz

Antiderivative was successfully verified.

[In] Int[((a + bxx"2)*(e + f*xx72)7(3/2))/(c + d*x"2)~(5/2) ,x]

[Out] -(f*(b*xc*x(d*e - 8xcxf) + 2%axd*(d*e + cxf))*x*Sqrtlc + dxx~2])/(3*c™2xd"3%S
grtle + £*x72]) + ((bxcx(d*e - 4*cxf) + axd*(2xd*e + c*xf))*xxSqrtle + f*x~2
1)/ (3%c™2*xd"2*Sqrt [c + d*x"2]) - ((b*c - a*xd)*xx(e + £*xx72)7(3/2))/(3*c*xd*(

c + d*x72)7(3/2)) + (Sqrtle]*Sqrt[f]l*(bxc*(d*e - 8*cxf) + 2xaxd*x(d*e + cxf)
)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (d*e)/(c*x£f)])/
(3*%c™2xd"3*Sqrt[(ex(c + d*x72))/(c*x(e + f*x72))]*Sqrtle + £xx72]) + ((4*bx*c

- axd)*e”(3/2)*Sqrt [f]1*Sqrt[c + d*x~2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrt (e

11, 1 - (d*e)/(c*x£)])/(3xc™2xd"2*Sqrt [(ex(c + d*x"2))/(cx(e + f£*xx72))]*Sqrt

[e + £xx72])

Rule 526

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(n_))"(q_.)*x((e_ ) + (f
_D)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(axb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*xn*(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] & LtQlp, -1 && GtQlg, O]

Rule 531

Int[((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
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x] + Dist[f, Int[x"n*(a + b*x"n) p*x(c + d*x"n)"q, xJ, x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(cx(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] &% !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*x(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x"2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps

f \/e+fx2(—(bc+2ad)e—(4bc—ad)fx2) i
X

f (a + bxz) (e +f x2)3/2 (bc — ad)x (e +f x2)3/2 (c+an2) ™
(c + dx2)5/2 3cd (c + dxz)S/z 3cd
32 f c(4bc—ad)ef—f (be(d
_ (be(de - 4cf) + ad(2de + cf)xyfe + fx2  (be—ad)x (e + fx?) N N
B - 3

3c2d?Vc + dx? 3cd (c " dx2)3/2

_ (be(de — 4cf) + ad(2de + cf ))x+Je + fa? _ (be—ad)x (e+ fxz)3/2 N ((4bc - ad)ef) [

3c2d?Vc + dx? 3cd (c n dx2)3/2

3cd

__flbc(de — 8cf) + 2ad(de + cf))x Ve + dx? N (be(de — 4cf) + ad(2de + cf ))x+Je + fx?

3c2d3+Je + fx? 3c2d?Vc + dx?

_ _fbe(de —8cf) + 2ad(de + cf))xVc + dx? N (be(de — 4cf) + ad(2de + cf))xJe + fx?

3c2d3+Je + fx? 3c2d? Ve + dx?

Mathematica [C] time = 1.0019, size = 296, normalized size = 0.79

(5)3/2 (ie (c+ ) 22 1322 4 1(bcdcf - de) — ad(cf +2de)EllipticF (i sinh! (x\/?) , dl) bxyfZ e £2)

Antiderivative was successfully verified.
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[In] Integrate[((a + b*x"2)*(e + f*x72)7(3/2))/(c + d*x~2)7(5/2),x]

[Out] ((d/c)~(3/2)*(Sqrtld/cl*x*x(e + f*x~2)*(b*xck(-4*c™2+f + d"2%exx"2 - Bkcxd*xfx*
X72) + axd*x(c72+f + 2xd"2%e*x”2 + cxd*(3xe + 2*xf*x72))) - Ixex(-2*xaxdx(dxe

+ cxf) + bxckx(-(d*e) + 8*c*xf))*x(c + d*xx"2)*Sqrt[1l + (d*x"2)/cl*Sqrt[1l + (fx

x72) /el *EllipticE[I*ArcSinh[Sqrt[d/cl*x], (c*f)/(d*e)] + Ikxex(-(axd*(2*xd*e

+ cxf)) + bxckx(-(dxe) + 4kcxf))*(c + d*xx"2)*Sqrt[1 + (d*x~2)/c]*Sqrt[1l + (f

*xx"2) /el *EllipticF [I*ArcSinh[Sqrt[d/c]l*x], (c*xf)/(d*e)]))/(3*d~4*(c + d*x~2

)~ (3/2)*Sqrte + £*xx72])

Maple [B] time = 0.028, size = 1231, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((bxx~2+a)*(f*xx~2+e) ~(3/2)/(d*x~2+c)~(5/2),x)

[Out] -1/3*(-x*xa*xc”™2xd*xexf*(-d/c)~(1/2)+4*E1llipticF(x*(-d/c)~(1/2),(cxf/d/e)~(1/2
))*xbxc”3kexf*x ((d*x"2+c) /c) ~(1/2)* ((£*xx"2+e) /e) ~(1/2)+2*E1lipticE(x*(-d/c)~(
1/2), (cxf/d/e) " (1/2)) *axc”2*dxe*xf* ((d*x~2+c)/c) ~(1/2)*((f*x~2+e)/e) ~(1/2)-5
*x"3kaxckd " 2xexfx (-d/c) " (1/2) +5xx"3*bxc 2xdxexf* (-d/c) " (1/2) -3*x*a*cxd 2xe”
2% (=d/c) " (1/2) +dxxxbxc~3xexf* (-d/c) ~(1/2) -2*x"5*xaxcxd~2*xf ~2x (-d/c) ~(1/2) -2%
x"b*xaxd"3xexf* (-d/c) " (1/2)+5xx"5*xbxc"2xd*xf 2% (-d/c) " (1/2) -x"3*axc”2xd*f " 2% (
-d/c) " (1/2)-2*x"3*a*xd"3*xe"2x(-d/c) " (1/2)-x"3*xb*xcxd"2xe" 2% (-d/c) ~(1/2) +4*xE11l
ipticF(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*x~2*b*c”2*d*e*xf* ((d*x~2+c)/c) ~(1/2)*
((£xx72+e) /e) " (1/2)+2*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *x~2*a*xc*d™2
*exf* ((d*x72+c) /c) " (1/2)x((£*x"2+e) /e) " (1/2) -x"bxbxcxd~2xexf* (-d/c) ~(1/2)+4
*X " 3%b*c"3*xf 72+ (~d/c) " (1/2)-2%EllipticF (x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*x~2
*xaxd”~3*%e”2x ((d*x"2+c) /c) " (1/2) x ((f*x"2+e) /e) ~(1/2)-2*EllipticF (xx(-d/c)~(1/
2), (cxf/d/e) " (1/2)) *xa*xcxd"2*xe " 2x ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) " (1/2) +2*E
1lipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2%a*xd"3*e 2% ((d*x"2+c)/c) ~(1/2)*
((f*x~2+e)/e)~(1/2)-EllipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*bxc~2*d*e” 2% (
(d*x~2+c) /c)~(1/2) * ((£*x"2+e) /e) ~(1/2) +2*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)
~(1/2) ) *xaxcxd"2*e 2% ((d*xx"2+c) /c) ~(1/2) * ((£*xx"2+e) /e) "~ (1/2) -8*E1lipticE (x*(
-d/¢c)"(1/2), (cxf/d/e) " (1/2) ) *bxc~3*e*xf* ((d*x"2+c) /c) " (1/2)*((f*x"2+e) /e) ~ (1
/2)+E1lipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2)) *bxc™2xd*e 2% ((d*x"2+c)/c) ~(1/
2)* ((f*x"2+e)/e) " (1/2)-EllipticF(xx(-d/c)~(1/2), (c*xf/d/e)~ (1/2))*x~2xb*c*d”
2xe~2* ((d*x"2+c) /c) ~(1/2) * ((£*x"2+e) /e) ~(1/2)+E1lipticE(x*(-d/c) ~(1/2), (c*f
/d/e)”(1/2)) *x™2xb*xcxd~2xe~2* ((d*x~2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2)-Ellipt
icF(xx(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *axc™2*d*xexf* ((d*xx~2+c)/c)~(1/2) % ((£f*x~2
+e)/e)~(1/2)-8*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *x~2*b*c~ 2*d*e*xf* ((
d*x~2+c)/c)”(1/2)*((f*x~2+e) /e) " (1/2)-EllipticF (x*x(-d/c)~(1/2), (c*xf/d/e)~ (1
/2))*x " 2%axckd" 2xexf* ((d*xx"2+c) /c) " (1/2) * ((f*xx"2+e) /e) " (1/2)) / (fxx"2+e) "~ (1/
2)/c”2/(-d/c)~(1/2)/(d*x~2+c)~(3/2)/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

[l )

(dx2 + c)z

X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((bxx~2+a)*(f*xx~2+e)~(3/2)/(d*x"2+c)~(5/2),x, algorithm="maxima")

[Out] integrate((b*x~2 + a)*x(f*xx"2 + e)~(3/2)/(d*x"2 + ¢)~(5/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bfx4 + (be + af)x2 + ae)\/dxz +cyfx2 +e
d3x6 + 3 cd?x* + 3 ¢?dx? + 3

7

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(f*x"2+e)~(3/2)/(d*x"2+c)~(5/2),x, algorithm="fricas")

[Out] integral ((bxf*x"4 + (b*e + a*xf)*x"2 + a*e)*sqrt(d*x”2 + c)*sqrt(f*x~2 + e)/
(d73%x76 + 3*c*d™2*x"4 + 3*c"2*xd*x"2 + ¢~3), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (f*xx*x*2+e)**(3/2)/(d*x**2+c)**(5/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

NI

dx

f (bx2 + a)(fx2 + e)

(clx2 + c)g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)~(3/2)/(d*x"2+c)~(5/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*x(f*xx"2 + e)~(3/2)/(d*x"2 + ¢)~(5/2), x)
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(a+bx2)(e+ fxz)g/2

3.33 z

dx

(c+dx2

Optimal. Leaf size=376

2\[FVe + de(ad(dde - cf) + be(de - 4cf))EllipticF (tan-l (%) - d—;) Ve £ (ad (<2622 - Bcdef + 8d2e2
_ +
e\c x2
15c3d?+Je + fx?(de — cf) CE‘:;; 15¢5/245/2

[Out] ((d*(b*c + 4*axd)*e - c*(4*xbxc + axd)*f)*x*Sqrtle + £*x72])/(16%c~2xd"2*(c
+ d*x72)7(3/2)) - ((b*xc - a*d)*x*x(e + f*x72)7(3/2))/(5*c*d*(c + d*x~2)~(5/2

)) + ((b*cx(2%d™2%e™2 + 3kckdxexf - 8xc™2xf72) + a*xd*(8+d"2%e™2 - 3kckdkexf

- 2%c”2xf72))*Sqrt[e + f*xx"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (
cxf)/(d*e)])/(15xc™(5/2)*d~(5/2)x(d*e - c*f)*Sqrtlc + d*xx~2]*Sqrt[(cx(e + £
xx72))/(ex(c + d*x"2))]) - (e~ (3/2)*Sqrt [f]1*(bxc*(d*e - 4*cxf) + axd*(4xdx*e

- cxf))*Sqrt[c + d*xx"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (d*xe)/(
cxf)])/(15%c™3*%d"2*(d*e - c*f)*Sqrtl[(ex(c + d*x72))/(c*x(e + f*x72))]*Sqrt[e

+ £xx72])

Rubi [A] time = 0.423039, antiderivative size = 376, normalized size of antiderivative
number of rules

1., number of steps used = 5, number of rules used = 4, integrand size = 30, “ntegrand size ~
0.133, Rules used = {526, 525, 418, 411}

Ve + fx? (ad (—2czf2 - 3cdef + 8d2€2) +be (—8c2f2 + 3cdef + ZdZeZ)) E (tan_l (%) n- ;{) e¥2\[fVc + dx?(ad (4«

c(e+ fxz)
e(c+dx2)

15¢52d52 ¢ + dx?(de — cf) 15¢3,

Antiderivative was successfully verified.

[In] Int[((a + bxx"2)*(e + f*xx72)7(3/2))/(c + d*xx"2)"(7/2) ,x]

[Out] ((d*(bxc + 4*axd)*e - c*(4xbkxc + a*xd)*f)*x*xSqrtle + f*x72])/(15%c™2xd"2x(c
+ d*x72)7(3/2)) - ((b*c - a*xd)*x*x(e + £*x72)7(3/2))/(5xc*xd*(c + d*xx~2)"(5/2

)) + ((b*ckx(2xd"2*%e”2 + 3xckdxexf - 8*c™2+f72) + a*xd*(8xd"2%e”2 - 3*ckdxex*f

- 2%c72xf72))*Sqrt[e + f*x"2]*EllipticE[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (
cxf)/(d*e)])/(16xc~(5/2)*d~(5/2)*(d*e - cxf)*Sqrtlc + d*x~2]*Sqrt[(cx(e + f
xx72))/(ex(c + d*x"2))]) - (e7(3/2)*Sqrt [f]*(b*xcx(d*e - 4xc*xf) + axd*x(4xdxe

- c*xf))*Sqrtc + d*x"2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrtle]], 1 - (d*e)/(
cxf)])/(15%c™3*%d" 2% (d*e - c*xf)*Sqrt[(ex(c + d*x"2))/(c*x(e + f*x72))]*Sqrt[e

+ £xx72])

Rule 526

Int[((a_) + (b_.)*(x_)"(n_))"(p)*((c_) + (d_)*(x_)"(n_))"(q_.)*x((e_ ) + (f
_D)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x"n)~q)/(a*bxn*x(p + 1)), x] + Dist[1/(axb*n*(p + 1)), Int[(a + bxx"n) (p
+ 1)*(c + d*x"n)~(q - 1)*Simp[c*(b*xe*xn*(p + 1) + bxe - axf) + d*(bxexn*(p +
1) + (bxe - axf)*(n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, n}
, x] & LtQlp, -1 && GtQlg, O]

Rule 525

Int[((e ) + (£_)*(x_)"2)/(Sqrtl(a_) + (b_.)*(x_)"2]*((c_) + (d_.)*x(x_)"2)"
(3/2)), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(Sqrt[a + b*x~2]*S
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qrtlc + d*x~2]), x], x] - Dist[(d*e - c*f)/(b*c - a*d), Int[Sqrt[a + b*x"2]
/(c + d*x~2)"(3/2), x], x] /; FreeQl{a, b, ¢, d, e, f}, x] && PosQ[b/al &&
PosQ[d/c]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x72))]1), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps
Vet fx2(~(be+4ad)e—(4bc-+ad) fx2)
f (a + bxz) (e + fx2)3/2 e (bc — ad)x (e + fxz)?)/2 f (c+dx2)5/2 dx
(c + dx2)7/2 5cd (c + dx2)5/2 5ed

3 f e(ad(8de+cf)+2bc(d
_ (d(be + 4ad)e — c(4bc + ad) fxJe + f2 (be—ad)x (e + fx?)

15c24d? (c + dx2)3/2 5cd (c + dxz)s/2

_ (d(be + dad)e — c(dbe + ad)fxfe + f2 (be —ad)x (e + fxz)s/2 ) (ef (be(de — 4cf)

15¢242 (c + dx2)3/2 5cd (c + dx2)5/2
_ (d(bc + 4ad)e — c(4bc + ad) f)x+/e + fx2  (bc—ad)x (3 + fx2)3/2 (bc (2d2€2 + 3cde
- 3/2 - 5/2

15¢242 (c + dxz) 5cd (c + dxz)

Mathematica [C] time = 1.30004, size = 382, normalized size = 1.02

\/g (—x\/g (e + fxz) ((c + dx2)2 (ad (2c2f2 + 3cdef - 8d2€2) + be (802f2 — 3cdef - 2d2€2)) + 3c?(be — ad)(de - cf)?

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*(e + £*x72)7(3/2))/(c + d*x~2)~(7/2) ,x]

[Out] (Sqrtl[d/cl*(-(Sqrtld/cl*x*(e + f*xx~2)*(3*c™2x(b*c - a*xd)*(d*e - c*f)~2 - cx
(dxe - cx*xf)*x(bxckx(dxe - Txc*xf) + 2%axd*(2xd*e + c*xf))*(c + d*xx"2) + (axd*x(-
8xd"2%e”2 + 3kckdxexf + 2%cT2*f72) + bkcx(-2%xd"2%e”2 - 3xckdxexf + 8kxcT2xf”
2))*(c + d*x"2)72)) - Ixex(c + d*x72)72xSqrt[1l + (d*x72)/cl*Sqrt[l + (f*x72
) /el *((a*xd*x (-8*d"2%e”2 + 3xckdkexf + 2%xc™2xf72) + b*xckx(-2*%d"2%e”2 - 3*cxdx*e
xf + 8xc”™2xf72))*EllipticE[I*ArcSinh[Sqrt[d/cl*x], (cxf)/(d*e)] + (d*e - cx
f)*(axd*(8xd*e + cxf) + 2xbxc*(dxe + 2%cxf))*EllipticF[I*ArcSinh[Sqrt[d/c]*
x], (cxf)/(d*xe)])))/(15*xc™2+d"3*(d*xe - c*f)*(c + d*x"2)7(5/2)*Sqrtle + f*x~
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2])

Maple [B] time = 0.037, size = 2860, normalized size = 7.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)* (f*xx"2+e)~(3/2)/(d*x"2+c)~(7/2) ,x)

[Out] -1/15%(-3*EllipticE(x*(-d/c)~(1/2),(cxf/d/e)~(1/2))*bxc 4xd*e~2*xf* ((d*x~2+c
)/c)"(1/2)*x((f*x~2+e) /e) " (1/2)+16*E1llipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))
*xx"2%axckd 4*e”3x ((d*xx"2+c) /c) " (1/2)x((f*xx"2+e)/e) " (1/2)+4*E1lipticF (x*(-d/
c)~(1/2),(cxf/d/e) " (1/2)) *x"2%b*xc~2*%d " 3*e 3% ((d*x"2+c) /c) ~(1/2) *x((f*x"2+e) /
e)~(1/2)-16*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x~2*xaxc*d ~4*e”3* ((d*x
~2+c)/c)”(1/2) x ((f*x~2+e) /e) " (1/2)+2*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/
2) ) *x~4*xb*xcxd"4xe 3% ((d*x~2+c) /c) " (1/2) * ((f*x~2+e) /e) " (1/2)-2xE1llipticE (x*(
-d/c)"(1/2),(cxf/d/e) " (1/2) ) *x"4xbxc*xd 4*xe~3x ((d*xx"2+c) /c) " (1/2) * ((f*x"2+e)
/e)”(1/2)+2*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e) ~(1/2) ) *b*c 4xdxe 2*f* ((d*xx~2
+c)/c)"(1/2) *((£xx~2+e) /e) " (1/2)+2*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)
)kaxcT4*xdxexf"2x ((d*xx"2+c)/c) " (1/2)x((f*x"2+e)/e) ~(1/2)+3*EllipticE(x*(-d/c
)7"(1/2), (cxf/d/e)~(1/2) ) *axc™3xd"2*e ™ 2*f* ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e) ™
(1/2)-EllipticF(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*axc 4*xd*xexf~2x ((d*x"2+c)/c)
“(1/2)*((£xx"2+e) /e) " (1/2)-7T*EllipticF (x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*xc”
3xd"2xe 2% fx ((d*x~2+c) /c) " (1/2)*x((f*x~2+e) /e) " (1/2)+2xEllipticF (x*(-d/c)~ (1
/2), (cxf/d/e) " (1/2) ) *x"4xbxc~2+%d"3*xe 2% * ((d*x"2+c) /c) ~(1/2)* ((f*¥x"2+e) /e)~
(1/2)+2*EllipticE(x*(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *x"4*xa*xc”2*d"3*xexf 2% ((d*x
“2+c)/c)”(1/2)* ((£*x~2+e) /e) " (1/2)+3*E1llipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/
2) ) *x"4*xaxckd"4dxe" 2xFx ((d*xx"2+c) /c) " (1/2) * ((f*x"2+e) /e) ~(1/2)+8*x"5*a*d " 5*e
~3x(-d/c) " (1/2)-6xx"5*xaxc~3xd"2*xf"3*x(-d/c) " (1/2) -8*x~7*bxc~3*d"2*xf " 3*x(-d/c)
~(1/2)-4*EllipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *x~2*bxc~2xd~3*e~3* ((d*x"
2+c) /c) " (1/2) *x ((fxx"2+e) /e) " (1/2) -9*x~5*bxc 4*d*f ~3* (-d/c) ~ (1/2) +2*x~5*b*c*
d~4xe~3*%(-d/c)~(1/2)-x"3*a*xc™4*xd*f~3*(-d/c) ~(1/2)+20*x~3*a*c*d~4*e”~3*(-d/c)
“(1/2)+5*x"3*b*c"2xd"3*e" 3% (-d/c) " (1/2) +15*xx*a*xc”2xd"3xe~3* (-d/c) " (1/2) -4x*x
*b*xc Bkexf 2% (=d/c) " (1/2) -2xx"T*a*xc ™ 2%d"3*f"3*(-d/c) " (1/2) +8*x"T*a*d " 5*xe 2%
fx(-d/c)”~(1/2)+2*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *bxc~3*d~2*e~3x* ((
d*x~2+c)/c) " (1/2) *((f*x~2+e) /e) " (1/2)-8*E1llipticE(x*(-d/c)~(1/2), (cxf/d/e)”
(1/2) ) *a*xc™2*xd"3*%e 3x ((d*x"2+c) /c) ~(1/2)x((f*x"2+e) /e) ~(1/2)+8*EllipticE (x*
(-d/c)~(1/2), (cxf/d/e) " (1/2)) *bxc~5*xexf 2% ((d*x"2+c) /c) ~(1/2) * ((f*x"2+e) /e)
~(1/2)-2*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *b*c~3xd~2*e”3* ((d*x~2+c)
/c)"(1/2)x((£xx~2+e) /e) " (1/2)-8*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x
“2%b*xcT4*xdxexf " 2x ((d*x"2+c) /c) T (1/2)x((£*x"2+e) /e) " (1/2)+4*E1llipticE(x*(-d/
c)~(1/2),(cxf/d/e) " (1/2) ) *x~2xaxc~3xd " 2*e*xf "2 ((d*x~2+c) /c) " (1/2) x ((£*x"2+e
)/e)”(1/2)+6*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"2%a*c™2*d~3*e 2xf*
((d*xx"2+c) /c) = (1/2)*((£xx"2+e) /e) " (1/2)-4*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e
)" (1/2) ) *¥b*xc”B*xexf 2% ((d*x"2+c) /c) ~(1/2) % ((£*¥x"2+e) /e) " (1/2) -3*x"T*xaxcxd 4%
exf 2% (-d/c) " (1/2) +3*x"7T*xb*xc~2%d " 3*e*xf "2% (-d/c) " (1/2) +2*x"7T*xb*xcxd~4*e~2*f * (
-d/c)~(1/2)-10%x"5*axc”~2*xd"3*xexf 2% (-d/c) ~(1/2) +17*x"5*axc*d~4*xe 2xf* (-d/c)
“(1/2)-10*x"5*xb*c”~3*d"2xexf "2% (-d/c) " (1/2) +8*x"5*xbxc~2xd " 3xe " 2*xf* (-d/c) ~(1/
2)-17*x"3*a*xc™3*d"2xexf~2x (-d/c) " (1/2) —x*a*xc ™ 4dxdxexf~2x (-d/c) " (1/2) -11*x*ax*
c~3xd"2*xe"2*xf*x (~d/c) " (1/2) +x*b*xc~4d*d*e 2xfx(-d/c) " (1/2)+8*EllipticF (x*(-d/c
)" (1/2), (cxf/d/e) " (1/2) ) *x " 4*axd~5xe~3* ((d*x"2+c) /c) " (1/2)*((f*x"2+e) /e) " (1
/2)+T7*x"3*kaxc™2xd"3xe " 2xfx (-d/c) " (1/2) -8*x"3*bxc 4xdxexf 2% (-d/c) ~(1/2) -2*x
“3%bxcT3*%d"2%e”"2xf* (—d/c) " (1/2) —-4*x"3xb*c"5xf 3% (-d/c) " (1/2)-8*EllipticE (x*
(-d/c)~(1/2), (cxf/d/e) " (1/2)) *x"dxa*xd"5xe"3* ((d*x"2+c)/c) ~(1/2) x((f*x"2+e) /
e) " (1/2)+8xEllipticF (x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xc~2*d~3*e 3 ((d*x~2+
c)/c)™(1/2)*((f*x~2+e) /e) " (1/2)+8+E1llipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))
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*x"4xbxc”3xd"2%xexf 2% ((d*x"2+c) /c) " (1/2) * ((f*x"2+e) /e) ~(1/2)-3*E1llipticE(x*
(=d/c)~(1/2), (cxf/d/e)~ (1/2) ) *x~4xbxc~2xd"3xe " 2xf* ((d*x"2+c) /c) " (1/2) * ((£f*x
~2+e)/e) " (1/2)-2xEllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*x"~2%a*xc~3*d ™ 2*ex
£72% ((d*xx"2+c) /c) " (1/2) * ((£xx"2+e) /e) " (1/2)-14xEllipticF (x*(-d/c)~(1/2), (c*
f/d/e)”(1/2)) *x"2xa*xc~2+xd"3xe 2xf* ((d*xx~2+c) /c) ~(1/2) * ((£xx"2+e) /e) ~(1/2)+1
6*E1lipticE(x*x(-d/c)~(1/2), (cxf/d/e) " (1/2))*x"2*%bxc 4*xd*e*xf 2% ((d*x"2+c)/c)
“(1/2)*((£xx72+e) /e) " (1/2)-6*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *x~2x*
b*c”~3%d"2xe 2 f*x ((d*x"2+c) /c) " (1/2)*x((f*x"2+e)/e) " (1/2)-EllipticF(x*x(-d/c)~
(1/2), (cxf/d/e) " (1/2) ) *x"4dxaxc™2xd " 3xexf "2 ((d*x"2+c) /c) " (1/2) *((f*x"2+e) /e
)~ (1/2)-7xEllipticF (x*(-d/c)~(1/2), (c*xf/d/e) ~(1/2)) *x"4xa*xcxd 4*xe” 2*f* ((d*x
“2+c)/c) T (1/2)*x ((£*x~2+e) /e) " (1/2)-4xEllipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/
2) ) *x"4*xb*xc”3*d"2xe*xf 2% ((d*x"2+c) /c) " (1/2) * ((f*x"2+e) /e) " (1/2) +4*E1llipticF
(x*x(=d/c)~(1/2) , (cxf/d/e) "~ (1/2) ) *x™2xb*c”~3*d"2xe 2xf* ((d*x~2+c) /c) ~(1/2) * ((
f*x"2+e)/e) " (1/2)) / (f*x72+e) " (1/2) /c™3/ (c*f-d*e) /(-d/c)~(1/2) / (d*x"2+c) ~(5/
2)/d"2

Maxima [F] time = 0., size = 0, normalized size = 0.

3
2

f (bx2 + u)(fx2 + e) 0

7

(dx2 + c)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(fxx~2+e)~(3/2)/(d*x"2+c)~(7/2) ,x, algorithm="maxima"

[Out] integrate((bxx~2 + a)*(f*xx"2 + e)7(3/2)/(d*x"2 + ¢c)~(7/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bfx4 + (be + af)x2 + ae)\/dxz +eyfx2 +e
d4x8 + 4 cdBx® + 6 c2d?x* + 4 Bdx? + ¢4

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)~(3/2)/(d*x"2+c)~(7/2) ,x, algorithm="fricas")

[Out] integral((b*f*x~4 + (b*e + a*f)*x"2 + axe)*sqrt(d*x~2 + c)*sqrt(f*x~2 + e)/
(d74*x78 + 4*xc*xd"3*x"6 + 6*xc”2*d"2%x"4 + 4*c”3xd*x"2 + c”4), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x*x2+a)* (fxxx*2+e)*x(3/2)/ (d*xx**2+c)**(7/2) ,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

NI W

f (bx2 + a)(fxz + e) n

7

(dx2 + c)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx"2+e)”~(3/2)/(d*x"2+c)~(7/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*(f*xx~2 + e)~(3/2)/(d*x"2 + ¢c)~(7/2), %)
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(a+bx2)(e+ fxz)g/2

3.34 &

dx

(c+dx2

Optimal. Leaf size=531

e2\[fVe + dx? (3ad (czf2 —1lcdef + 8dzez) + 2bc (2c2f2 —cdef + 2d2e2)) EllipticF (tan_1 (%) - 3) v/

elc x2
105c*d?+Je + fx?(de — cf)? cEeiixZ;

[Out] ((d*(bxc + 6xaxd)*e - c*(4xbkxc + 3xaxd)*f)*xxSqrtle + £*x72])/(35%c™2xd~2x*(
c + d*xx"2)7(5/2)) + ((b*xcx(4*d"2%e”2 + cxdkxexf - 8xc™2xf72) + 3*axd*(8xd~2x
e”2 - bkxckdxexf - 2xc72*xf72))*x*Sqrtle + f*x72])/(105%c~3*d"2x(d*e - c*f)*(
c + d*x"2)7(3/2)) - ((b*c - axd)*x*x(e + £f*x72)7(3/2))/(Txc*xdx(c + d*x~2)~ (7
/2)) + ((6xa*xd*(8xd~3*%e~3 - 12xc*d”~2xe”2xf + 2xc™2xd*e*xf~2 + c”3*f73) + b*c
*(8%d73%e”3 - Bxcxd"2%e”2xf - bxc”2xdxexf"2 + 8xc”3xf73))*Sqrtle + f*x"2]+E
11lipticE[ArcTan[(Sqrt[d]l*x)/Sqrtlc]], 1 - (c*f)/(d*e)])/(105*%c~(7/2)*d~(5/2
)*(d*e - c*xf)"2+Sqrtlc + d*xx~2]*Sqrt[(cx(e + £*x72))/(ex(c + d*xx"2))]) - (e
~(3/2)*Sqrt [f]1* (3xaxd* (8%d"2*e”2 — 1lkcxdkexf + c™2*f72) + 2%bxc*(2*d"2%e”2
- ckxdxexf + 2xc”2xf72))*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtl(
el]l, 1 - (dxe)/(cxf)])/(105%c~4*d"2*(d*e - c*f) 2xSqrt[(ex(c + d*x~2))/(c*(
e + £xx72))]*Sqrtle + f*x72])

Rubi [A] time = 0.614756, antiderivative size = 531, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 30, e o e

0.167, Rules used = {526, 527, 525, 418, 411}

integrand size

xv/e + fx? (Bad (—2c2f2 — 5cdef + 8d2€2) + b (—8c2f2 + cdef + 4d262)) e\f Ve +dx2 (3“01 (szz —lcdef + 8
105¢342 (c + dx2)3/2 (de — cf)

105c4d2-

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(e + f*x72)7(3/2))/(c + d*x~2)~(9/2),x]

[Out] ((d*(bxc + 6xaxd)*e - c*(4xbkxc + 3xaxd)*f)*xxSqrtle + £*x72])/(35%c™2xd~2x*(
c + d*x72)7(5/2)) + ((bkxc*x(4*d"2xe”2 + ckdxe*xf - 8*xc™2*f72) + 3kaxd*(8*d™2%
e”2 - bxckdxexf - 2xc72*xf72))*x*Sqrtle + f*x72])/(105%c~3*d"2x(d*e - c*f)*(
c + d*x72)7(3/2)) - ((b*c - axd)*x*x(e + £f*x72)7(3/2))/(Txc*dx(c + d*x~2)~ (7
/2)) + ((6xa*xd*(8*d~3*%e~3 - 12xc*d~2xe”2xf + 2xc ™ 2xd*e*xf~2 + c”3*f73) + b*c
*(8%d73%e”3 - Bkxcxd"2%e”2xf - bxc”2kdxexf"2 + 8xc”3xf73))*Sqrtle + f*x"2]xE
1lipticE[ArcTan[(Sqrt[d]*x)/Sqrtlcl], 1 - (cxf)/(d*e)])/(105*c~(7/2)*d~(5/2
)*(d*e - c*xf)"2+Sqrtlc + d*xx~2]*Sqrt[(cx(e + £*x72))/(ex(c + d*xx"2))]) - (e
~(3/2)*Sqrt [f]* (3xaxd* (8*d"2*%e”2 — 1lkcxdkexf + c™2*%f72) + 2%bxc*(2*d™2%e”2
- ckxdxexf + 2xc”2xf72))*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtl(
el]l, 1 - (dxe)/(c*xf)])/(105%c~4*d"2*(d*e - c*f) 2xSqrt[(ex(c + d*x~2))/(c*(
e + £xx72))]*Sqrtle + f*x72])

Rule 526

Int[((a_) + (b_)*(x_)"(_)) " (p)*((c_) + (d_)*x(x_)"(_))"(q_.)*x((e_) + (f
_I)*(x_)"(n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + L)*(c +
d*x"n)"q)/(axbxnx(p + 1)), x] + Dist[1/(axb*n*x(p + 1)), Int[(a + b*x"n) (p
+ Dx(c + d*x"n)~(q - 1)*Simp[cx(bxe*xnx(p + 1) + bxe - axf) + d*(b*xe*xnx(p +
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1) + (b*e - axf)*(nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && LtQlp, -1] && GtQ[q, O]

Rule 527

Int[((a_) + (b_)*(x_)"(_ )~ (p)*((c_) + (d_)*(x_)"(_))"(q_.)*x((e ) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*xx™n) " (p + 1)*(c + d*x"n) g*Simp[c*x(bxe - axf) + exn*(b*c
- axd)*x(p + 1) + d*x(b*e - axf)*x(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, 4, e, f, n, q}, x] && LtQ[p, -1]

Rule 525

Int[(Ce_) + (£_.)*x(x_)"2)/(Sqrtl(a_) + (b_.)*x(x_)"2]*((c_) + (d_.)*(x_)"2)"
(3/2)), x_Symbol] :> Dist[(b*e - axf)/(b*c - a*xd), Int[1/(Sqrtla + b*x"2]*S
qrtlc + d*x~2]), x], x] - Dist[(d*e - c*f)/(b*c - a*d), Int[Sqrt[a + b*x"2]
/(c + d*xx~2)~(3/2), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && PosQ[b/al &&
PosQ[d/c]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 21*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !SimplerSqrtQ[b/a, d/c]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*(a + b*x~2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps
W(—(bc+6ad)e—(4bc+3ad)fx2)
f (a + bxz) (e + fx2)3/2 e (bc — ad)x (e + fxz)3/2 f (c+dx2)7/2 ax
(c + dx2)9/2 7cd (c + dx2)7/2 7ed

_ (d(be + 6ad)e - c(4bc + 3ad) f)x~Je + fa2  (be = ad)x (e+ fxz)3/2 .\ /

e(4bc(de+cf)+3ad(8de

35¢242 (c + dx2)5/2 7cd (c + dx2)7/2

_ (d(be + 6ad)e — c(4be + 3ad) fxJe + f22 . (be (4% + cdef — 82 f?) + 3ad (842> - 5¢

35¢242 (c + de)S/Z

105c3d?(de — cf) (c + dx

_ (d(be + 6ad)e — c(4bc + 3ad)f)x+Je + f2 . (bc (4d2e? + cdef — 8c2f2) + 3ad (8d2¢? - 5¢

35¢2d? (c + de)S/z 105c3d?(de — cf) (c + dx

_ (d(be + 6ad)e — c(4be + 3ad)fxyfe + fo2 (be (4d%¢? + cdef — 8c2f2) + 3ad (8d%2 - 5¢
35c2d?2 (c + dx2)5/2 105c3d?(de — cf) (c + dx
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Mathematica [C] time = 1.83476, size = 545, normalized size = 1.03

2 (—x\/g (e + fxz) (—c (c + dx2)2 (de - cf) (3ad (—202f2 —Sedef + SdZez) + be (—802f2 + cdef + 4d2€2)) - (c +d:

c

Antiderivative was successfully verified.

[In] Integratel[((a + b*x"2)x(e + £*xx72)7(3/2))/(c + d*x~2)~(9/2),x]

[Out] (Sqrtl[d/cl*(-(Sqrtld/cl*x*(e + f*xx~2)*(16%xc~3*(b*c - axd)*(d*e - cxf)"3 - 3
*c" 2% (d*e - c*f) " 2x(bxcx(dxe - 9xc*f) + 2xa*xd*(3*kd*e + c*xf))*x(c + d*x~2) -
cx(dxe - c*f)*(b*xckx(4*xd"2*e”2 + cxdxexf - 8*c™2*xf~2) + 33*xaxd*(8*xd"2xe”2 - 5
*ckdkexf — 2xc72xf72) )*x(c + d*x72)72 - (B6*xaxd*(8*xd"3*xe”3 - 12%c*xd"2*e”2*xf +
2%c"2xd*exf"2 + c”3*%f73) + bxcx(8%d"3%e”3 — bxckd"2xe”2%xf - 5xc"2xdkexf"2
+ 8xc73*f73))*(c + d*x"2)73)) + Ikex(c + d*xx"2)73xSqrt[1 + (d*x"2)/c]*Sqrt[
1 + (fxx72) /el *((Bxa*xd*(8xd~3%e~3 - 12xc*d~2%e”2xf + 2xc 2xd*e*xf~2 + c 3*f"
3) + bxcx(8*%d"3%e”3 - Bkcxd"2%e”2%f - bkcT2kdkexf"2 + 8%c"3xf73))*EllipticE
[IxArcSinh[Sqrt[d/c]*x], (cxf)/(d*e)] - (-(dxe) + c*xf)*(3xa*xd*(-16*xd"2xe"2
+ 16xc*xdxexf + c™2%xf£72) + bxc*x(-8+%d"2xe”2 + ckdxexf + 4*xc”2%f72))*EllipticF
[IxArcSinh[Sqrt[d/cl*x], (c*xf)/(d*e)])))/(105*c~3*xd"~3*(d*e - c*xf) 2x(c + dx
x72)7(7/2)*Sqrt[e + £*xx72])

Maple [B] time = 0.069, size = 5113, normalized size = 9.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)* (f*x"2+e) " (3/2)/(d*x"2+c)~(9/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

NI W

5 dx

(dx2 + c)E

f (bx2 + a)(fx2 + e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(f*xx~2+e)~(3/2)/(d*x"2+c)~(9/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + a)*(f*xx~2 + e)~(3/2)/(d*x"2 + ¢)~(9/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bfx4 + (be + af)x2 + ae)\/dxz +cyfx2 +e
d°x10 + 5 cd*x8 + 10 c2d3x® + 10 c3d2x* + 5 c*dx? + ¢® X

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((b*x™2+a)* (f*x"2+e)~(3/2)/(d*x"2+c)~(9/2) ,x, algorithm="fricas")

[Out] integral((bxf*x"4 + (b*e + axf)*x"2 + a*e)*sqrt(d*x~2 + c)*sqrt(f*x~2 + e)/
(d75%x710 + B*cxd™4*x78 + 10%c™2*d"3*x"6 + 10%c”3*d"2*x"4 + 5*xcT4xd*x"2 + C

~5), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (f*xx*x*2+e)**(3/2)/(d*x**2+c)**(9/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

NI

f (bx2 + a)(fx2 + e) n

9

(dx2 + c)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(f*x~2+e)~(3/2)/(d*x"2+c)~(9/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*x(f*xx"2 + e)~(3/2)/(d*x"2 + ¢)~(9/2), x)



163

5/2
) dx

(a+bx2)(c+dx2
335 | e

Optimal. Leaf size=551

de

VeV +dx? (7af (15622 — 11cdef + 4d?e?) — be (45¢2f2 — 6lcdef + 24d%?)) EllipticF (tan‘1 (%) 1= 3) v

Adx2
105477 e 5 F | )

c(e+fx2)

[Out] ((7*axd*f*x(8xd~2*e”2 - 23*xckd*kexf + 23*xc”2*xf72) - b*(48%d"3*e”3 - 128*c*xd"2
xe”2xf + 103*c”2xd*exf~2 - 16xc”3%f73))*x*Sqrt[c + d*x~2])/(105%d*f~3*Sqrt [
e + £xx72]) - ((28*axdxfx(dxe - 2*c*f) - b*(24xd"2%e”2 - 43*xcxdxexf + 15%c”
2%£72) ) *x*Sqrt [c + d*x"2]*Sqrt[e + f*x72])/(105%£73) - ((6*b*d*e - 5¥b*c*f
- Txaxdxf)*x*(c + d*x"2)7(3/2)*Sqrtle + f*x72])/(35*%f72) + (b*x*x(c + d*x~2)
~(6/2)*Sqrt e + £xx72])/(7*f) - (Sqrtlel*(7xaxd*xf*(8+xd"2xe”2 - 23*ckdxe*xf +
23*c72xf72) - b*(48*%d"3*%e”3 - 128*c*d"2*e"2*xf + 103*c”2*dxe*f~2 - 15%c”3xf
~3))*Sqrtlc + d*x"2]*EllipticE[ArcTan[(Sqrt[f]l*x)/Sqrtlel], 1 - (dxe)/(c*f)
1)/ (105xd*£~(7/2)*xSqrt [(ex(c + d*x"2))/(cx(e + £*x72))]*Sqrtle + £xx~2]) +
(Sqrt[e] *(7Txa*xfx(4*d"2*%e”2 - 1lkxckdxexf + 16%xc™2*f72) - b*xex(24*d"2*e”2 - 6
1xckdxe*xf + 4b5*xc™2xf72))*Sqrtc + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtl(
el]l, 1 - (dxe)/(cx£f)])/(105%£~(7/2)*Sqrt [(ex(c + d*x~2))/(cx(e + £*xx72))]*S
grtle + f*x~2])

Rubi [A] time = 0.6285, antiderivative size = 551, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 5, integrand size = 30,
0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

xVe + dx2\Je + fx2 (28adf(de — 2cf) - b (15c2f2 — 43cdef +24d%2))  xVc +dx2 (7adf (23c%f2 - 23cdef + 8d2
- +
1053 10¢

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(c + d*x~2)7(5/2))/Sqrtle + f*x~2],x]

[Out] ((7*axd*xfx(8xd~2%e”2 - 23*ckdxexf + 23*%c”™2*xf72) - bx(48*d"3*e”3 - 128*c*xd~2
*xe”2xf + 103*c”2xd*exf~2 - 15xc”3%f73))*x*Sqrtc + d*x~2])/(105xd*f~3xSqrt[
e + £xx72]) - ((28*axdxfx(dxe - 2%c*f) - b*x(24xd"2%e”2 - 43*xcxdkexf + 15*c”
2x£72) )xx*xSqrt [c + d*x~2]*Sqrtle + f£xx72])/(105%f73) - ((6*b*dxe - 5xbkcxf
- Txaxdxf)*x*x(c + d*x"2)7(3/2)*Sqrtle + £*x72])/(35*%£72) + (b*x*(c + d*x~2)
~(5/2)*Sqrtle + £*x72])/(7*f) - (Sqrtlel*(7Txaxdxfx(8*d"2%e™2 - 23*ckd*exf +
23%c”2xf72) - b*x(48*%d"3%e”3 - 128*c*xd"2*e”2*xf + 103*c”2*dxe*xf~2 - 15%c”3xf
~3))*Sqrtlc + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (d*xe)/(cxf)
1)/ (105%xd*£~(7/2)*Sqrt [(ex(c + d*x72))/(cx(e + f*x72))]*Sqrtle + fxx~2]) +
(Sqrt el * (7T*xaxf*(4*d"2%e”2 - 1lkckxdxexf + 15*xc™2+f72) - b*ex(24*d"2*e”2 - 6
1xckd*xexf + 45xc™2+f72))*Sqrtc + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrt(
ell, 1 - (dxe)/(c*f)])/(105%£~(7/2)*Sqrt[(ex(c + d*x72))/(cx(e + £*x72))]*S
grtle + £*x72])

Rule 528

Int[((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) " (p + 1)*(c + d*x"n)"q)/
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(bx(nx(p + g + 1) + 1)), x] + Dist[1/(b*x(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x™n)~(q - 1)*Simp[cx(b*e - a*f + bkexn*x(p + q + 1)) + (dx(bxe -
axf) + fxnxqx(bxc - a*xd) + bxdxexn*x(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, f, n, p}, x] && GtQ[q, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*x(x_)"(n_)) " (p_.)*x((c_) + (d_)*(x_)"(m_)) (q_.)*x((e_) + (
f_)*(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) px(c + d*x"n)"q, x],
x] + Dist[f, Int[x"n*(a + b*x"n) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x~2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x"2]*Sqrt[(cx(a + bxx"2))/(ax(c + d*x"2))]), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrtlc + d*x~2]), x] - Dist[c/b, Int[Sqrtla
+ b¥xx"2]/(c + d*x~2)"(3/2), x], x] /; FreeQl{a, b, c, d}, x] && NeQ[b*c -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + bxx~2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x~2))]1), x] /; FreeQ
[{a, b, ¢, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps
3/2 )
52 5 (c+dx?)™ (~c(be=7af)+(~6bde+5bcf+7ad )x?)
f (a -+ bxz) (c + dxz) e bx (c + dxz) Ve + fx? N J N dx
\e+ fx? 7f 7f

Vc+dx2(—c(7‘

35f2 7f

(6bde — 5bcf — 7adf)x (c + dx2)3/2 Ve+ fx2 bx (c + dx2)5/2 Ve + fx? J
- + +

(28adf(de — 2cf) — b (24d%¢® — 43cdef +15¢2f2)) xVc + dx?\Je + fxZ  (6bde - Sbcf -

105/3

(28adf (de - 2cf) - b (24d%e? — 43cdef +15¢f2)) xVe + dx2+fe + fx2  (6bde - Sbcf -

105£3

(7adf (8d2 2 — 23cdef + 23c2f2) -b (48d3e3 —128cd?e? f +103c?def? - 15c3f3)) xVe +

105df3+/e + fx?

(7adf (8d2% — 23cdef + 23c2f2) — b (48d%¢> — 128cd2e? f +103c%def? —15¢>f3)) x Ve +

105df3+/e + fx?
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Mathematica [C] time = 1.18045, size = 386, normalized size = 0.7

iV 22 +1yLE £ 1(cf - de) (4be (1522 ~ 26cdef +1242¢2) - Taf (1522 ~ 19cdef + 84%%)) EllipticF (i sinh™! (:

Antiderivative was successfully verified.

[In] Integrate[((a + bxx"2)*(c + d*x"2)7(5/2))/Sqrtle + f*x~2],x]

[Out] (Sqgrtld/clx*f*x*(c + d*xx"2)*x(e + f*x72)*(7xaxd*f*x(-4xd*e + 1lxcxf + 3kd*f*x"
2) + b*x(45xc™2xf72 + ckdxfx(-61*%e + 4b*f*x"2) + 3*xd"2x(8xe”2 - Bkexf*x"2 +
5xf72%x74))) - Ixe*x(7T*xaxd*f*(8xd~2*%e”2 - 23xckd*xexf + 23xc”2*xf72) + b*(-48%
d"3%e”3 + 128%cxd"2*%e”2+f - 103*c”2xd*e*f"2 + 15%c”3*f73))*Sqrt[1 + (d*x"2)
/cl*Sqrt[1 + (f*xx72)/el*EllipticE[I*ArcSinh[Sqrt[d/c]*x], (c*f)/(d*e)] + Ix
(-(d*e) + c*f)*x(4xbxe*x(12+%d"2%xe”2 - 26*ckd*e*xf + 15*xc™2xf72) - T*axf*(8+d™2

xe”2 - 19%ckdxexf + 16*xc™2%f72))*Sqrt[1 + (d*x~2)/c]*Sqrt[1l + (f*x72)/e]*El
lipticF[I*ArcSinh[Sqrt[d/c]l*x], (c*xf)/(d*e)])/(105%Sqrt[d/cl*f~4*Sqrtlc + d
*x"2]*Sqrt[e + f*x~2])

Maple [B] time = 0.025, size = 1386, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x~2+c)~(5/2)/(f*xx"2+e)~(1/2),x%)

[Out] 1/105%(d*x"2+c)~(1/2)* (f*x"2+e) " (1/2) *(90*(=d/c) ~(1/2) *x~5*b*c~2*xd*f ~4+105%
((d*x~2+c) /c)~(1/2)x((£*x"2+e) /e) " (1/2)*EllipticF (x*(-d/c)~(1/2), (cxf/d/e)~
(1/2) ) *a*xc™3*f~4+16% ((d*x~2+c) /c) " (1/2) * ((f*x"2+e) /e) " (1/2) *EllipticE(x*(-d
/c)"(1/2),(cxf/d/e) " (1/2) ) *bxc™3*xe*xf~3-56* ((d*x"2+c) /c) " (1/2)x((f*x"2+e) /e)
~(1/2)*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e)~(1/2) ) *a*d~3xe~3*f+24*(-d/c) "~ (1/2
) *xxb*xckd"2%e”3*f-103* ((d*x"2+c) /c) ~(1/2) * ((£xx"2+e) /e) ~(1/2)*E1lipticE (x*(
-d/¢c)"(1/2), (cxf/d/e) " (1/2) ) ¥b*xc™2*d*e " 2xf~2+15x (-d/c) ~(1/2) *x~9*b*d " 3*f "4+
164* ((d*x~2+c) /c) ~(1/2)* ((£*x"2+e) /e) ~(1/2) *E1lipticF (x*(-d/c)~(1/2), (cxf/d
/e) " (1/2)) ¥bxc™2xd*e " 2+xf"2-161*% ((d*x"2+c) /c) ~(1/2)x((f*x"2+e) /e) " (1/2) *E11i
pticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xcxd”~2xe~2xf~2-152* ((d*x~2+c) /c)~(1/
2)*((£f*xx"2+e) /e) ~(1/2)*E1lipticF (x*(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *bxc*d~2%e”
3xf+161* ((d*x~2+c)/c)~(1/2)*((f*x~2+e)/e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (c
xf/d/e)”(1/2))*a*xc ™ 2xd*xexf~3-238* ((d*x~2+c) /c) ~(1/2) * ((f*x"2+e) /e) ~(1/2) *E1
lipticF(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xc™2*d*e*xf~3-60* ((d*x~2+c) /c) ~(1/2
)*((f*xx72+e) /e) ~(1/2)*E1lipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*c~3*e*xf~3
+56* ((d*xx"2+c) /c)~(1/2)*((£xx"2+e) /e) " (1/2)*E1llipticE(x*(-d/c)~(1/2), (c*xf/d
/e)”(1/2)) *axd"3*e”3*xf+98* (-d/c) "~ (1/2) *x"b*axcxd"2*xf~4-7x(-d/c) ~(1/2) *x"5*a
*xd"3*exf~3+48* ((d*x"2+c) /c) " (1/2) * ((f*x"2+e) /e) " (1/2) *EllipticF(x*(-d/c)~ (1
/2),(cxf/d/e) " (1/2) ) *bxd~3%e~4-48* ((d*x~2+c) /c) " (1/2)x((£xx"2+e) /e) "~ (1/2) *E
11lipticE(x*x(-d/c)~(1/2), (c*xf/d/e)~(1/2))*b*d~3*e~4-19%(-d/c) " (1/2) *x"5*xb*c*
A" 2*xexf"3+70x (—=d/c) "~ (1/2) *x~3*a*c*d™2*xe*xf~3+29*% (-d/c) ~(1/2) *x~3*b*c~ 2*xd*xex*f
~3+128* ((d*x~2+c) /c) " (1/2) * ((fxx"2+e) /e) " (1/2)*E1llipticE(x*(-d/c) ~(1/2), (cx*
f/d/e) " (1/2) ) *bxcxd~2%e~3*xf+21* (-d/c) " (1/2) *x~7*a*xd~3*xf~4+45* (-d/c) ~(1/2) *x
“3*xb*xc"3*f"4-61%(-d/c) " (1/2) *x*bxc 2xd*xe 2xf "2-55% (-d/c) ~(1/2) *x~3*b*xc*d~2x*
e 272477 (=d/c) " (1/2) *x*xaxc”2*xd*e*f~3-28*%(-d/c) " (1/2) *x*xa*xc*d~2*xe " 2*f ~2+6
*(=d/c) " (1/2) *x"5*xb*xd"3*e"2*xf~2+77* (-d/c) " (1/2) *x~3*a*xc~2xd*f~4-28* (-d/c) ~(
1/2)*x"3*a*xd~3*e"2+f "2424* (-d/c) " (1/2) *x~3*b*d"3*xe " 3*f+45*x(-d/c) " (1/2) *x*b*
c"3xexf"3+60* (-d/c) " (1/2) *x~7T*xbxc*xd~2%f~4-3* (-d/c) " (1/2) *x~7*b*d~3*xe*xf~3+18
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9% ((d*xx~2+c)/c)~(1/2)x((f*xx"2+e)/e) ~(1/2)*EllipticF (x*(-d/c)~(1/2), (cxf/d/e
)7 (1/2)) *a*xc*d"2%e 2xf~2) /f~4/ (dxf*x~4+c*xf*x"2+d*xe*xx~2+c*xe) /(-d/c)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

Nl g

dx

(bx2 + a) (alx2 + c)
f Vi +e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)”~(5/2)/(f*x"2+e)~(1/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + a)*(d*x~2 + c¢)~(5/2)/sqrt(f*x~2 + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
(bd2x6 + (2 bed + adz)x4 +ac® + (bc2 +2 acd)xz)\/dxz +c

integral
V2 +e

Verification of antiderivative is not currently implemented for this CAS.

, X

[In] integrate((bxx~2+a)*(d*xx~2+c)~(5/2)/(f*x"2+e)~(1/2) ,x, algorithm="fricas")

[Out] integral((bxd~2*x"6 + (2%b*cxd + a*xd™2)*x"4 + a*xc”2 + (b*c™2 + 2xa*cxd)*x"2
)*sqrt (d*x~2 + c)/sqrt(f*x72 + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

NG

dx

(a + bxz) (c + dxz)
R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x**2+a)* (dxx**2+c)**(5/2)/(£xx*x*2+e)**(1/2) ,x)

[Out] Integral((a + bxx**x2)x(c + dxx*x2)**x(5/2)/sqrt(e + f*xx*x*2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

N gl

dx

(bx2 + a) (dx2 + c)
|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)”~(5/2)/(f*x"2+e)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*(d*x"2 + c)~(5/2)/sqrt(£*x~2 + e), x)
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3/2
) dx

(a+bx2)(c+dx2
336 | v

Optimal. Leaf size=396

VeV + dx? (Suf(de -3cf)-b (4d€2 - 6cef)) EllipticF (taun_1 (%) 1= %i) xVe + dx? (10adf(de ~2cf)-b (

de) 15df2\/€ +
15f524/e + fx? et

c(e+ fxz)

[Out] -((10*axd*xfx(d*xe - 2%c*f) - b*(8*d"2*e”2 - 13*ckd*exf + 3xc™2xf72))*x*Sqrt[
c + d*x72])/(16*d*f~2*Sqrt[e + f*xx72]) - ((4*bxd*e - 3*bkxckxf - Lkxaxd*f)*x*S

grtc + d*x~2]*Sqrtle + £*x72])/(16*%£72) + (b*xx(c + d*x~2)~(3/2)*Sqrt[e +
fxx72])/(6%f) + (Sqrtlel*(10*axd*f*x(dxe — 2xc*f) - b*(8*d"2%e”2 - 13*cxd*ex

f + 3%c™2*x£72))*Sqrtlc + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 -
(dxe)/(c*x£)]1)/(16xd*xf~(5/2)*Sqrt [(ex(c + d*x~2))/(cx(e + fxx72))]*Sqrtle +
fxx72]) - (Sqrtlel*(5*xaxfx(dxe - 3*c*f) - bkx(4*xd*e”2 - 6xckexf))xSqrt[c + d
*x"2]*EllipticF [ArcTan[(Sqrt [f]*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(156%x£~(5/2)*
Sqrt[(ex(c + d*x"2))/(cx(e + £xx72))]*Sqrtle + f*x~2])

Rubi [A] time = 0.447957, antiderivative size = 396, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 30, LT

0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

xVe + dx? (10adf (de — 2cf) — b (3c2f2 - 13cdef + 8d2%?)) VeVe +dx? (10adf (de - 2cf) — b (3 f2 — 13cdef +:
- +
15df2\/8 + fxz 15df5/2 ,—e n fo e(c+dx

C(B+fx

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*(c + d*x~2)7(3/2))/Sqrtle + f*x~2],x]

[Out] -((10*a*xd*fx(d*e - 2%c*f) - b*(8*d"2xe”2 - 13*ckxd*exf + 3xc™2xf72))*x*Sqrt[
c + dxx"2])/(15xd*f~2*xSqrt e + £*x72]) - ((4xbxd*e - 3*bkxc*f - b¥xaxd*f)*x*S

grtlc + d*x"2]*Sqrtle + f*x72])/(15%f72) + (b*x*(c + d*x~2)~(3/2)*Sqrtle +
fxx72])/(6%f) + (Sqrtlel*(10*axd*f*(dxe - 2xc*f) - b*(8*d"2%e”2 - 13*ckxd*ex

f + 3xc™2*f72))*Sqrtlc + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 -

(dxe) /(c*x£)])/(15%d*£~(5/2) *Sqrt [(ex(c + d*x"2))/(c*x(e + f*x72))]*Sqrtle +
fxx72]) - (Sqrtlel*(5xaxf*(d*e — 3*c*xf) - bx(4xd*e”2 - 6xckexf))*Sqrtlc + d
xx~2]*EllipticF[ArcTan[(Sqrt[f]l*x)/Sqrtle]]l, 1 - (d*e)/(cxf)])/(16%xf~(5/2)*
Sqrt[(ex(c + d*x"2))/(cx(e + £xx72))]*Sqrtle + f*x~2])

Rule 528

Int[((a_) + (b_.)*(x_)"(n_))"(p_.)*x((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_ ) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + g + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[ck(b*e - axf + b*exnx(p + q + 1)) + (d*(b*xe -
axf) + fxnxqx(b*c - a*xd) + bxd*exnx(p + q + 1))*x"n, xJ, x], x] /; FreeQ[{
a, b, ¢, d, e, f, n, p}, x] && GtQl[q, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*(x_)"(n_)) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*x((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x]J,
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x] + Dist[f, Int[x"n*(a + b*x™n) p*x(c + d*x"n)"q, xJ, x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(cx(a + bxx~2))/(ax(c + d*x~2))]), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] &% !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*x(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]

:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -
axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(a*xd)])/(c*Rt[
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(c*(a + b*x"2))/(a*x(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al] && PosQ[d/c]

Rubi steps

(—c(be-5af)+(~4bde+3bcf +5adf)x?) p
x

c+dx
f (a + bxz) (c + dxz)g)/2 (c +dx ) \/e + fx2 J Ve

dx =

Ve + fx? 5f 5f
(4bde — 3bcf — 5adf)xVc + dx2+Je + fx2 . bx (c + dx ) \/e + fx2

f —c(5af(de-3cf)-2

15/2 5f

(abide = 3bcf - Sadfye+ dde s 2 bx(c+ a2 Jer a2 (c(5af(de =3/

15f2 5f

. (10adf(de — 2cf) - b (8d%¢> — 13cdef + 3c2f2)) x Ve + da2  (4bde - 3bcf — 5ad Ve

15df2\Je + fx2

15f2

(10adf (de — 2cf) - b (8d%¢2 — 13cdef + 3¢ f2)) xVc + dx?  (4bde - 3bcf - 5adf)xVc

15df2+Je + fx?

Mathematica [C] time = 0.82325, size = 279, normalized size = 0.7

1572

iV 22 +1yLE £ 1(cf - de)Baf(2de - 3ef) + be(9cf — 8de)EllipticF (i sinh! (xf ) ) iy 22 4122 41 (b

Antiderivative was successfully verified.

[In] Integrate[((a + b*x"2)*(c + d*x"2)7(3/2))/Sqrtle + f*x~2],x]

15f3\£\/
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[Out] (Sqrtl[d/clxfxxx(c + d*x"2)*(e + f*x72)*(5*xaxd*f + bx(-4*d*e + 6xcxf + 3xdxf
*x72)) - Ikex(-10%axd*f*(d*e - 2%c*xf) + bx(8*d"2%e”2 - 13*ckdxexf + 3kc™2%f
~2))*Sqrt[1 + (d*x72)/cl*Sqrt[l + (f*x72)/el*EllipticE[I*ArcSinh[Sqrt[d/c]*

x], (cxf)/(d*e)] + Ix(-(d¥e) + cxf)*(Sxaxf*(2kdxe — 3kcxf) + brex(-8kdxe +
9kckxf))*xSqrt[1 + (d*x"2)/cl*Sqrt[1l + (f*xx~2)/el*EllipticF[I*ArcSinh[Sqrt[d/
cl*x], (cxf)/(d*e)])/(15*Sqrt[d/cl*f73*Sqrtlc + d*x~2]*Sqrtle + f*xx~2])

Maple [B] time = 0.02, size = 924, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x~2+a)*(d*x"2+c)~(3/2)/(f*x"2+e)~(1/2) ,x)

[Out] 1/15%(d*x"2+c) " (1/2)*(f*xx72+e) " (1/2)*(3*%(-d/c) ~(1/2) *x~7T*xb*d~2*f ~3+5*(-d/c)
~(1/2) *x"5*axd"2xf"3+9% (-d/c) " (1/2) *x"5*xbxcxd*f~3-(-d/c) " (1/2) *x"5*b*d "~ 2*ex*
£7245%(=d/c) " (1/2) *x~3*a*xcxd*f ~3+5*x(-d/c) " (1/2) *x~3*xa*xd " 2*xe*xf ~2+6* (-d/c) " (1
/2)*x"3*%bxc”2xF"3+5x (=d/c) " (1/2) *x"3*b*ckdrexf"2-4*x (-d/c) " (1/2) *x~3*b*d"2*e
“2%f+15% ((d*x~2+c) /c) " (1/2)* ((f*x"2+e) /e) " (1/2)*EllipticF (xx(-d/c)~(1/2), (c
*xf/d/e) " (1/2))*axc™2x£73-25% ((d*x"2+c)/c) ~(1/2)*((f*xx"2+e)/e) " (1/2)*Ellipti
cF(xx(-d/c)~(1/2), (cxf/d/e)~ (1/2) ) *axckd*re*xf~2+10* ((d*x"2+c) /c) " (1/2) * ((f*x
~2+e)/e) " (1/2)*EllipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*d~2*e 2xf-9% ((dx*
x"2+c)/c)"(1/2)*x((f*xx"2+e) /e) " (1/2)*EllipticF(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2
)) *¥b*xc™2%exfT2+17*x ((d*x~2+c) /c) " (1/2) * ((f*x~2+e) /e) ~(1/2)*EllipticF (x*(-d/c
)7(1/2), (cxf/d/e) " (1/2)) *bxc*xd*xe™2+xf-8x ((d*x"2+c) /c) ~(1/2)*((f*x"2+e) /e)~ (1
/2)*E1lipticF(xx(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*xd"~2xe~3+20* ((d*x~2+c)/c)~ (1
/2)*((fxx"2+e)/e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*a*xcxd*exf
~2-10*% ((d*x"2+c) /c) ~(1/2) * ((£*x"2+e) /e) ~(1/2) *E1llipticE(x*(-d/c) ~(1/2), (cxf
/d/e)”(1/2)) *axd~2*e”2%f+3x ((d*x~2+c) /c) " (1/2)x((£*x~2+e) /e) " (1/2)*Elliptic
E(x*x(-d/c)~(1/2), (cxf/d/e) " (1/2) ) *bxc " 2xexf~2-13* ((d*x"2+c) /c) "~ (1/2) * ((f*x~
2+e)/e) " (1/2)*EllipticE(x*(-d/c)~(1/2), (cxf/d/e)~(1/2)) *b*xc*dxe ™ 2xf+8* ((d*x
~2+c)/c)”(1/2)* ((£*x~2+e) /e) " (1/2)*E1llipticE(x*(-d/c) ~(1/2), (cxf/d/e)~(1/2)
) *bxd"2%e”3+5* (-d/c) " (1/2) *x*xaxcxd*xe*xf~2+6* (-d/c) " (1/2) *x*xbxc~2xexf~2-4* (-4
/c)”(1/2) *x*xbxckxd*xe~2xf) /£~3/ (d*f*x"4+ckf*xx"2+d*e*xx"2+c*xe) /(-d/c) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

N w

dx

(bx2 + a) (dx2 + c)
/ JiZie

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)~(3/2)/(f*x"2+e)~(1/2) ,x, algorithm="maxima"

[Out] integrate((b*x~2 + a)*x(d*x"2 + c¢)~(3/2)/sqrt(f*x"2 + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bdx4 + (be + ad)x?® + ac)\/ dx? +c
VX2 +e

integral ,X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*x~2+c)~(3/2)/(f*x"2+e)~(1/2),x, algorithm="fricas")

[Out] integral((b*d*x~4 + (b*c + a*d)*x"2 + axc)*sqrt(d*x~2 + c)/sqrt(f*x"2 + e),

X)

Sympy [F] time = 0., size = 0, normalized size = 0.

N W

dx

(u + bxz) (c + dxz)
R s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (dxx**2+c)**(3/2)/(f*x**2+e)**(1/2) ,x)

[Out] Integral((a + bkxx**2)*(c + d*x**2)**(3/2)/sqrt(e + f*xx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3
2

dx

(bx2 + a) (dx2 + c)
f Vi +e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*x~2+a)*(d*x"2+c)~(3/2)/(f*x"2+e)”~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*x(d*x"2 + c¢)~(3/2)/sqrt(f*x"2 + e), x)
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(a+bx2>Vc+dx2

Optimal. Leaf size=282

337 dx

cf Ve cf

c+dx
3f32 /e + fx? e+fx2 3df32+Je + fx?, / e+fx2

VeV + dx2(be — 3af)EllipticF (tan_1 (%) ,1- @) VeVe + dx2(-3adf — bef + Zbde)E tan (\/Tx) 11— %)

[Out] -((2xb*d*e - bxc*f - 3kaxd*f)*x*xSqrtlc + d*x~2])/(3xd*f*Sqrtle + f*x72]) +
(b*xx*Sqrt [c + d*x"2]*Sqrtle + fxx72])/(3*%f) + (Sqrtle]l*(2*b*dxe - b*c*f - 3

xaxd*f)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (d*xe)/(c

*£)])/(3*%d*xf7(3/2)*Sqrt [(ex(c + d*x72))/(c*x(e + f*x72))]*Sqrtle + f*x72]) -
(Sqrt[e]*(b*e - 3*axf)x*Sqrt[c + d*x"2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtle

11, 1 - (d*e)/(c*x£)])/(3*x£~(3/2)*Sqrt [(ex(c + d*x"2))/(cx(e + f£xx~2))]*Sqrt

[e + £xx72])

Rubi [A] time = 0.18439, antiderivative size = 282, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 30, e -

0.167, Rules used = {528, 531, 418, 492, 411}

integrand size

‘ﬁWZGFm%SﬁWGmﬂ(I)l—e)fﬁ%;EF(MW'Mj+%@E“m1(ﬂ)u——) T

cf f

ofcrd?) e(c+r?)
3f32\Je + fx? e+fx2 3df324Je + fx? e+fx2

Antiderivative was successfully verified.

[In] Int[((a + b*x"2)*Sqrtlc + d*x~2])/Sqrtle + f*x72],x]

[Out] -((2xb*d*e - bxcxf - 3kaxd*f)*xxSqrt[c + d*x~2])/(3xd*xf*Sqrtle + f*x~2]) +

(b*x*Sqrt[c + d*x”2]*Sqrtle + f*x72])/(3*%f) + (Sqrt[e]l*(2*bxd*e - b*cxf - 3

xaxdxf)*Sqrt[c + d*x"2]*EllipticE[ArcTan[(Sqrt[f]*x)/Sqrtlel], 1 - (dxe)/(c

*x£)])/(3%d*x£~(3/2)*Sqrt [(ex(c + d*x"2))/(cx(e + £xx"2))]*Sqrtle + f*x72]) -
(Sqrt[e]l*(b*xe - 3*xaxf)*Sqrtlc + d*x~2]*EllipticF[ArcTan[(Sqrt[f]*x)/Sqrtle

11, 1 - (d*e)/(c*x£)]1)/(3*x£~(3/2)*Sqrt [(ex(c + d*x~2))/(cx(e + £xx72))]*Sqrt

[e + £xx72])

Rule 528

Int[((a ) + (b_D)*(x )" (@ )~ (p_)*((c ) + (d_)*x_)"(n D)) (q_.)*x((e_) + (
f_)*(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x™n)"q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(bx(nx(p + q + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[cx(b*e - a*f + bkexn*x(p + q + 1)) + (d*x(bxe -
axf) + fxnxq*(b*c - axd) + bkxdxe*xnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, c, d, e, £, n, p}, x] && GtQ[qg, 0] && NeQ[nx(p + q + 1) + 1, 0]

Rule 531

Int[((a_) + (b_)*(x_)"(_ ) (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_) + (
f_)x(x_)"(n))), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x"n) p*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, xJ
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Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 21*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQ[{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/al && !SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*x(x_)"2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrtla + b*x~2])/(b*Sqrtlc + d*x~2]), x] - Dist[c/b, Int[Sqrt[a
+ b*xx72]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/cl

Rule 411

Int[Sqrtl(a_) + (b_.)*x(x_)"2]1/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + b*x~2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(axd)])/(c*Rt[
d/c, 2]1*Sqrtlc + d*x~2]*Sqrt[(c*x(a + bxx~2))/(ax(c + d*x~2))]), x] /; FreeQ
[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

—c(be=3af)+(~2bde+bc f+3adf)x?

f(a+bx2) VC+dx2d 3 bxVe + dx2Je + fx2 . f Verd@ et 2 dx
Ve + fx? ' 3f 3f

1 2

beVer AR er R (c(be—3uf))fmdx ) (—2bde + bef +3adf)fm
N 3f 3f 3f

_ (2bde—bcf - 3adf)xm . bxVe + dx2 e + fx2 ~ Ve(be —3af)Vc + dx2F (tan_l (
Bfvet f o 3312 i:ﬁ206+f
__(2bde = bef - Badf)xVe + dx? . bxVe + dx2 e + fa? . Ve(2bde — bef —3adf) Ve + dx?

3dfe + fx2 3f 3492 e(c+r?)
c(e+fx2) 3

Mathematica [C] time = 0.424289, size = 215, normalized size = 0.76

iV 22 + 1322+ 1(2be - 3af)(cf — de)EllipticF (i sinh™! (x\/?) , d—f) —iey 22 1322 4 1adf + bef - 2bde)E (i s
3f2\/§\/c +dx2yJe + fx?

Antiderivative was successfully verified.

[In] Integrate[((a + b*x72)*Sqrtlc + d*x~2])/Sqrtle + f*x~2],x]

[Out] (b*Sqrt[d/cl*f*x*(c + d*x"2)*(e + f*x72) - Ixe*x(-2%bkdxe + bkckxf + 3xaxdx*f)
xSqrt[1 + (d*x72)/cl*Sqrt[l + (£f*x72)/el*EllipticE[I*ArcSinh[Sqrt[d/c]*x],
(cxf)/(d*e)] + Ix(2xb*xe - 3kaxf)*x(-(d*e) + c*f)*Sqrt[l + (d*x~2)/c]l*Sqrt[1

+ (£*x72)/e]*EllipticF [I*ArcSinh[Sqrt[d/cl*x], (c*f)/(d*e)])/(3xSqrt[d/c]*f
~2%Sqrt[c + d*xx"2]*Sqrtle + f*x72])
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Maple [A] time = 0.016, size = 501, normalized size = 1.8

1 d d d dx?
Vdx? + o[ fx2 + e|\[—-=xbd f? + \[-=x3bcf? + \[-—x3bdef + 34 i +C\/
(Bdfx‘l+3cfx2+3alex2+3ce)f2 c c c c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*x"2+a)*(d*x"2+c)~(1/2)/(f*x"2+e)~(1/2) ,x%)

[Out] 1/3%(d*x"2+c)~(1/2)*x(fxx"2+e) " (1/2)*((-d/c) ~(1/2)*x~5*b*d*f~2+(-d/c) ~(1/2)*
x"3xbkcxf72+(-d/c) T (1/2) *x"3*b*d*exf+3* ((d*x"2+c)/c) ~(1/2)x ((fxx"2+e) /e) " (1
/2)*E1lipticF(x*(-d/c)~(1/2), (cxf/d/e)~(1/2))*axcxf~2-3* ((d*x~2+c)/c)~(1/2)
*x((f*x"2+e)/e) " (1/2)*EllipticF(xx(-d/c)~(1/2), (c*xf/d/e)~ (1/2))*axd*e*xf-2x% ((
d*x~2+c)/c)”(1/2)*((£*x"2+e) /e) " (1/2)*E1llipticF (x*x(-d/c) ~(1/2), (c*xf/d/e)~ (1
/2) ) *bxckexf+2x ((d*x"2+c) /c) ~(1/2)*x ((f*x"2+e) /e) " (1/2) *EllipticF (x*x(-d/c)~(
1/2), (cxf/d/e) " (1/2) ) *b*xd*xe~2+3*x ((d*x"2+c) /c) " (1/2) x((f*x"2+e)/e) " (1/2) *E1l
ipticE(x*(-d/c)~(1/2), (c*xf/d/e)~(1/2))*a*xdxe*xf+((d*x~2+c)/c) ~(1/2) * ((£*x~2+
e)/e)”(1/2)*EllipticE(x*x(-d/c)~(1/2), (cxf/d/e)~(1/2))*b*xckexf-2x ((d*x~2+c)/
c)~(1/2)*((£xx~2+e) /e) " (1/2)*E1lipticE(x*(-d/c)~(1/2), (cxf/d/e) ~(1/2)) *b*dx*
e"2+(-d/c) " (1/2) *x*¥bxckexf) / (d*xf*x"4+c*f*xx"2+d*e*x"2+c*e) /£72/(-d/c) ~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

(bx2 + a)\/dxz +c
| ==

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((bxx~2+a)*(d*xx~2+c)~(1/2)/(f*x"2+e)~(1/2),x, algorithm="maxima"

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)/sqrt(f*x~2 + e), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx2 + a)\/dxz +c
J2re

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx~2+a)*(d*xx~2+c)~(1/2)/(f*x"2+e)~(1/2),x, algorithm="fricas")

[Out] integral((b*x~2 + a)*sqrt(d*x~2 + c)/sqrt(f*x"2 + e), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + bxz) Ve + dx?
|7

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((bxx**2+a)* (dxx*x*2+c)*x(1/2)/(f*x**2+e)**(1/2) ,x)

[Out] Integral((a + b*x**2)*sqrt(c + d*x**2)/sqrt(e + f*xx**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (bxz + a)\/dxz +c
Vi +e

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((bxx~2+a)*(d*xx~2+c)”~(1/2)/(£*xx"2+e)~(1/2),x, algorithm="giac")

[Out] integrate((b*x~2 + a)*sqrt(d*x~2 + c)/sqrt(f*x"2 + e), x)
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a+bx?
3.38 f Ve+dx2Je+ 22 ax

Optimal. Leaf size=206

aveVc + dx?EllipticF (tan_1 (@) ,1- de) bxm by/eVc + dx2E (tan_l (@) n- de)

e cf Ve f
) +dx d ve + fx2 ) +d
C\/_ e+ fx? Z+fx2 d\/_ e+ fx? Z+fjc2

[Out] (b*x*Sqrtlc + d*x~2])/(d*Sqrtle + f*x72]) - (bxSqrt[el*Sqrtlc + d*x~2]x*Elli
pticE[ArcTan[(Sqrt[f]*x)/Sqrtlel]l, 1 - (d*xe)/(cx£f)])/(d*Sqrt[f]*Sqrt[(ex*(c

+ d*x72))/(cx(e + £*x72))]*Sqrtle + £*xx72]) + (a*Sqrt[e]l*Sqrtlc + d*x~2]*El
lipticF[ArcTan[(Sqrt [f]1*x)/Sqrtlel], 1 - (dxe)/(c*f)])/(c*xSqrt[f]*Sqrt[(ex*(

c + d*x72))/(c*x(e + £*x72))]*Sqrtle + £*xx~2])

Rubi [A] time = 0.101872, antiderivative size = 206, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 30 number of rules_

> integrand size
0.133, Rules used = {5631, 418, 492, 411}

o B (1 (F)1 - 5) e e o ()1 )
Ve @

cf
c dx d Ve + fo c dx
cy/frfe + fa2 eifxz d\[fJe + fx2 eifxz

Antiderivative was successfully verified.

[In] Int[(a + b*x"2)/(Sqrtlc + d*x~2]*Sqrtle + f*x72]),x]

[Out] (b*xx*Sqrtlc + d*x~2])/(d*Sqrtle + f*x~2]) - (b*Sqrtl[el*Sqrtl[c + d*x"2]*E1li
pticE[ArcTan[(Sqrt [f]1*x)/Sqrtlel], 1 - (dxe)/(cxf)])/(d*Sqrt[f]*Sqrt[(ex(c

+ d*x72))/(cx(e + £*x72))]*Sqrtle + £xx~2]) + (a*Sqrtle]l*Sqrtlc + d*xx~2]*El
lipticF[ArcTan[(Sqrt[f]1*x)/Sqrtlel], 1 - (d*e)/(cxf)])/(c*Sqrt[f]*Sqrt[(ex*(

c + d*x72))/(c*x(e + £*x72))]*Sqrtle + £*x~2])

Rule 531

Int[((a_) + (b_)*(x_)"(_)) " (p_.)*x((c_) + (d_.)*x_)"(n_))"(q_.)*((e_ ) + (
f_)x(x_)"(n_)), x_Symbol] :> Dist[e, Int[(a + b*x"n) p*x(c + d*x"n)~q, x],
x] + Dist[f, Int[x"n*(a + b*x™n) p*x(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c,
d, e, f, n, p, q}, x]

Rule 418

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(Sqrt[a + b*x"2]*EllipticF[ArcTan[Rt[d/c, 2]*x], 1 - (b*xc)/(axd)])/(a*R
t[d/c, 2]1*Sqrtlc + d*x~2]1*Sqrt[(c*x(a + bxx~2))/(a*x(c + d*x~2))]1), x] /; Fre
eQl{a, b, c, d}, x] && PosQ[d/c] && PosQ[b/a] && !'SimplerSqrtQ[b/a, d/c]

Rule 492

Int[(x_)"2/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]
:> Simp[(x*Sqrt[a + bxx~2])/(b*Sqrt[c + d*x~2]), x] - Dist[c/b, Int[Sqrtl[a
+ bxx"2]/(c + d*x"2)7(3/2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc -

axd, 0] && PosQ[b/al && PosQ[d/c] && !SimplerSqrtQ[b/a, d/c]
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Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"2]/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrt[a + bxx"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (bxc)/(a*xd)])/(c*Rt[
d/c, 21*Sqrtlc + d*x~2]*Sqrt[(c*x(a + b*x~2))/(ax(c + d*x~2))]1), x] /; FreeQ
[{a, b, ¢, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps
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Ve+dx?
N ) 1 Vfx de\  (be) [ —— dx
by [c + dx2 aveVc + dx2F (tan ( 7 ) 1- 5) f (foz)s/z
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- +

e cf
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